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Abstract

In these notes we investigate noncommutative smooth projective curves of
genus zero, also called exceptional curves. As a main result we show that each such
curve X admits, up to some weighting, a projective coordinate algebra which is a
not necessarily commutative graded factorial domain R in the sense of Chatters
and Jordan. Moreover, there is a natural bijection between the points of X and the
homogeneous prime ideals of height one in R, and these prime ideals are principal
in a strong sense.

Curves of genus zero have strong applications in the representation theory of
finite dimensional algebras being natural index sets for one-parameter families of
indecomposable modules. They play a key role for an understanding of the notion
of tameness and conjecturally for an extension of Drozd’s Tame and Wild Theorem
to arbitrary base fields. The function field of X agrees with the endomorphism
ring of the unique generic module over the associated tame hereditary algebra.
This skew field is of finite dimension over its centre which is an algebraic function
field in one variable. As another main result we show that the function field is
commutative if and only if the multiplicities determined by the homomorphism
spaces from line bundles to simples sheaves (originally defined by Ringel for tame
hereditary algebras) are equal to one for every point.

The study provides major insights into the nature of arithmetic complications
in the representation theory of finite dimensional algebras that arise if the base field
is not algebraically closed.
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Introduction

Curves of genus zero. In these notes we study noncommutative curves of
genus zero. By a curve we always mean a smooth, projective curve defined over a
field k. A noncommutative curve is given by a small connected k-category H which
shares the properties with the category coh(X) of coherent sheaves over a smooth
projective curve X, listed below:

e 7 is abelian and each object in H is noetherian.

e All morphism and extension spaces in H are of finite k-dimension.

e There is an autoequivalence 7 on H (called Auslander-Reiten translation)
such that Serre duality Ext},(X,Y) = D Hom (Y, 7X) holds, where D =
Homy(—, k).

e H contains an object of infinite length.

It follows from Serre duality that H is a hereditary category, that is, Ext},
vanishes for all n > 2. Let Hy be the Serre subcategory of H formed by the objects
of finite length. Then Hy = [[, cx U, (for some index set X) where U, are connected
uniserial categories, called tubes. The objects in U, are called concentrated in x.
Of course, any curve should also have the following property.

e X consists of infinitely many points.

We call X equipped with H, a noncommutative (smooth, projective) curve.

It follows from the axioms (see [74]) that the quotient category H/Hy is the
category of finite dimensional vector spaces over some skew field k(H), called the
function field. We denote it also by k(X). The dimension over k(H) induces the
rank of objects in H. The full subcategory of H of objects which do not contain
a subobject of finite length is denoted by H.; these objects themselves are called
(vector) bundles. Bundles of rank one are called line bundles. The category H has
the Krull-Remak-Schmidt property, that is, each object is a finite direct sum of
essentially unique indecomposable objects. Moreover, each indecomposable object
lies either in H or in Hy.

In the classical case where X is a smooth projective curve with structure sheaf
O, the genus of X is zero, that is, dimy EXt%g(0,0) = 0, if and only if the cat-
egory H = coh(X) contains a tilting object [69]. This is an object T' € H with
Exty,(T,T) = 0 and such that Homy(T,X) = 0 = Ext},(T, X) only holds for
X =0.

We therefore say that a noncommutative curve H is of (absolute) genus zero if

e H contains a tilting object.

Thus, a noncommutative curve of genus zero is just an exceptional curve as defined
in [68], a term which we will mainly use in these notes. (These curves are called
“exceptional” since the existence of a tilting object is equivalent to the existence

1



2 INTRODUCTION

of a complete exceptional sequence of objects in H.) In the case of genus zero the
request that there are infinitely many points is automatic.
In this setting noncommutativity occurs in two different styles:

(1) The curves are allowed to be “weighted” which gives a parabolic structure
on H. This means that there are some points x in which more than
one simple object is concentrated. Such a point x is called exceptional;
the other points are called homogeneous. We emphasize that for the
weighted curves additionally a genus in the orbifold sense (called virtual
genus in [66]) is of importance.

(2) There is a another kind of noncommutativity of an arithmetic nature,
determined by the function field k(H). This skew field is commutative
only in very special cases.

The first kind of noncommutativity arising by weights is well-known and the
phenomenon is described in its pure form by the weighted projective lines! (over
an algebraically closed field) defined by Geigle-Lenzing [34]. Each weighted curve
of genus zero admits only finitely many exceptional points and has an underlying
homogeneous curve of genus zero (where all points are homogeneous) from which
it arises by so-called insertion of weights. Since this homogeneous curve has the
same function field, the homogeneous case and the associated arithmetic effects of
noncommutativity are the main topic of these notes.

In the following we assume this homogeneous case, which can be also expressed
in the following way.

e For all simple objects S € H we have Ext%{(S, S) # 0 (equivalently, 7.5 ~
S).

Such a homogeneous curve H has genus zero if and only if Ext%(L,L) =0
for one, equivalently for all line bundles L (which follows from [74]). In this case
the function field k() is of finite dimension over its centre which is an algebraic
function field in one variable [7]. Moreover, there is a tilting object T which con-
sists of two indecomposable summands, a line bundle L and a further indecom-
posable bundle L so that Homs(L,L) # 0. The endomorphism ring Endy (T)
is a tame hereditary bimodule k-algebra. This underlying bimodule is given as
End(T) Homa¢ (L, L)End(r)-

We always consider H together with a fixed line bundle L which we consider
as a structure sheaf. This yields a projective coordinate algebra for H, depending
on the choice of a suitable endofunctor o on H, and given as the orbit algebra with
respect to L and o defined as

T(L, ) = @ Homy (L, 0" L),
n>0

with multiplication given by the rule

de m
g1 e (g)o .
where f € Hom(L,o0™L) and ¢ € Hom(L,0™L). Formation of orbit algebras is
a standard tool for obtaining projective coordinate algebras in algebraic geometry

1Even though in all of these cases we have graded coordinate rings and function fields
which are commutative, these curves are nonetheless noncommutative since the coherent sheaves
over an affine part correspond to (finitely generated) modules over a ring that is in general not
commutative.
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(although not under this name) and is frequently used in representation theory,
see [7, 65, 49]. Note that II(L, o) typically is noncommutative. M. Artin and J. J.
Zhang used orbit algebras to define noncommutative projective schemes [2] and to
prove an analogue of Serre’s theorem [102].

Let for example o be the inverse Auslander-Reiten translation 7. Then it is
easy to see that the pair (L,77) is a so-called ample pair ([2, 105]), and thus by
the theorem of Artin-Zhang [2, Thm. 4.5]

_mod”“(TI(L,77))

~ modj(II(L,77))’
the quotient category modulo the Serre subcategory of Z-graded modules of finite
length. Hence II(L,77) is a projective coordinate algebra for X, and it coincides
with the (small) preprojective algebra defined in [7]. However the graded algebras
constructed in this way are often not practical for studying the geometry of X ex-
plicitly. For example, in the case of the projective line X = P* (k) over k (understood
in the scheme sense) we have

(L, 77) = k[X?, XY, Y?],

which consists of the polynomials in X and Y of even degree. This algebra is a
projective coordinate algebras for ]P’l(k), as is the full polynomial algebra k[X,Y],
graded by total degree. This example illustrates the well-known fact that projec-
tive coordinate algebras are not uniquely determined, and also that some projective
coordinate algebras are more useful than others. Of the two, only k[X, Y] is graded
factorial.

Main results. We show that there exists a graded factorial coordinate algebra
in general, given as orbit algebra II(L, o) for a suitable autoequivalence o on H. Of
course, one has to replace the usual factoriality by a noncommutative version.

The geometry of X is given by the hereditary category H. For this an un-
derstanding of the interplay between vector bundles and objects of finite length is
important. In particular, with the structure sheaf L, for each point € X and the
corresponding simple object S, € U, the bimodule

End(s,) Hom (L, Sz)End(L)
is of interest. By Serre duality this is equivalent to studying the bimodule
End(z) Ext' (Sz, L)gna(s. )
and this leads directly to the universal extension
0— L5 L(z) — S¢@ — 0
with the multiplicity (originally defined by Ringel in [90])
e(x) = [Ext'(S,, L) : End(S,)].
The above universal extension (for L) is a special case of a more general construction
which leads to the tubular shift automorphism o, of H, sending an object A to A(x).
We realize the kernels m, (for each z € X) as homogeneous elements in a
suitable orbit algebra. This is accomplished by an automorphism ¢ on H which we
call efficient (in 1.1.3). We show that such an automorphism always exists and has

the property that for any x the middle term L(x) in the universal extension is of
the form L(z) ~ o%(L) for some positive integer d, depending on z.
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The following theorem provides an explicit one-to-one correspondence between
points of X and homogeneous prime ideals of height one in II(L, o), given by forming
universal extensions.

THEOREM. Let R = II(L,0) with o being efficient. Let S, be a simple sheaf
concentrated in the point x € X. Let

0— L™ o4L) — 8¢ —0

be the S;-universal extension of L. Then the element w, is normal in R, that is,
Rm, = myR. Furthermore, P, = Rm, is a homogeneous prime ideal of height one.

Moreover, for any homogeneous prime ideal P C R of height one there is a
unique point x € X such that P = P,.

In this way X becomes the projective prime spectrum of R. See 1.2.3 and 1.5.1
for the complete statements.

Since a commutative noetherian domain is factorial if and only if each prime
ideal of height one is principal, we say that a noetherian graded domain R, not
necessarily commutative, is a (noncommutative) graded factorial domain if each
homogeneous prime ideal of height one is principal, generated by a normal element.
This is a graded version of a concept introduced by Chatters and Jordan [13].

COROLLARY. Fach homogeneous exceptional curve admits a projective coordi-
nate algebra which is graded factorial.

The following results clarify the role of the multiplicities e(z). The conclusion
is that they measure noncommutativity (“skewness”) in several senses:

THEOREM. The function field of X is commutative if and only if all multiplic-
ities are equal to one.

See 4.3.1 for the complete statement; the commutative function fields are ex-
plicitly determined. Moreover:

e The multiplicities e(x) are bounded from above by the square root s(X)
of the dimension of the function field over its centre. More precisely, if
e*(x) denotes the square root of the dimension of End(S,) over its centre,
then always e(x) - e*(z) < s(X), and equality holds for all points x except
finitely many (2.2.13 and 2.3.5).

e In the graded factorial algebra R we have unique factorization in the sense
that each normal homogeneous element is an (essentially unique) prod-
uct of prime elements (which are by definition homogeneous generators
of prime ideals of height one). In contrast to the commutative case, a
prime element 7, may factorize into a product of several irreducible ele-
ments. The number of these factors is essentially given by e(x) (see 1.6.5
and 1.6.6).

e We describe the localization Rp at a prime ideal P. It turns out that Rp
is a local ring if and only if the corresponding multiplicity e(x) is one;
otherwise Rp is not even semiperfect (2.2.15).

Another surprising phenomenon due to noncommutativity is the occurrence of
so-called ghost automorphisms. Denote by Aut(X) the group of all (isomorphism
classes of) automorphisms of the category H fixing the structure sheaf L. Let
R =1TI(L, o) be the orbit algebra formed with respect to an efficient automorphism
o. Every prime element m, € R (that is, a normal element generating the prime
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ideal P, associated to the point y) induces a graded algebra automorphism v, on
R, given by the formula rm, = m,v,(r). This in turn induces an automorphism
Yy € Aut(X) whose action on the set of all points of X is invisible, but it is a non-
trivial element of Aut(X) if (under an additional assumption, see 3.2.4) for all units
u the element 7 u is not central. This means that the functor v, fixes all objects
but acts non-trivially on morphisms. Such a functor we call a ghost automorphism.

The simplest example in which this effect arises is given by the curve X with
underlying bimodule M = ¢(C @ C)¢ over k = R, where C acts from the right on
the second component via conjugation. A projective coordinate algebra is given by
the graded twisted polynomial ring R = C[X;Y,~], graded by total degree, where
X is a central variable and for the variable Y we have Ya = @Y for all a € C. We
write R = C[X,Y]. Then Y is a prime element which is not central (up to units).
It follows that complex conjugation induces a ghost automorphism of X. Moreover,
denote by o, and o, the (efficient) tubular shifts corresponding to the points x
and y associated with the prime ideals generated by X and Y, respectively. Then
C[X,Y] =T1I(L, 0,) holds.

The following theorem expresses the interrelation between various automor-
phisms in more detail.

THEOREM. Let R =1I(L, o), where o is efficient. Let m, be a prime element of
degree d in R, associated to the pointy and vy, the induced graded algebra automor-
phism. Let o, be the tubular shift associated to y. Then there is an isomorphism
of functors o, ~ o%o Yy

The theorem contains important information about the structure of the Picard
group Pic(X), defined as the subgroup of Aut(H) generated by all tubular shifts
0, (z € X). In particular, in contrast to the algebraically closed case, the Picard
group may not be isomorphic to Z.

In Chapter 5 we develop a technique which allows explicit calculation of the
automorphism group Aut(X) in many cases. We illustrate this for the preceding
example, where R = C[X,Y]. The ghost group is the subgroup of Aut(X) consisting
of all ghost automorphisms.

PROPOSITION. Let X be the homogeneous curve with projective coordinate al-
gebra R =C[X,Y]. Then R =1I(L,0,), and Aut(X) is generated by

e the automorphism v, of order two, induced by complex conjugation, gen-
erating the ghost group;

o transformations of the formY — aY fora € Ry ;

e the automorphism induced by exchanging X and Y.

Moreover, the Picard group Pic(X) is isomorphic to Z X Zs, and for the Auslander-
Reiten translation the following formula holds true:

—1 -1 _ -2 *
x OUy _Ua: Ofyy'

See Sections 5.3 and 5.4 for more general statements. In general the functo-
rial properties of the Auslander-Reiten translation have not been extensively stud-
ied. The preceding result shows that interesting effects appear. On objects the
Auslander-Reiten translation 7 acts like o, 2, which agrees with the degree shift by
—2. But on morphisms the ghost automorphism induced by complex conjugation
enters the game.



6 INTRODUCTION

So far in this introduction we have concentrated on the homogeneous case.
These notes also deal with the weighted case. The following results show that the
problem of determining the geometry of an exceptional curve can often be reduced
to the homogeneous case.

e We show that insertion of weights into a central prime element in a graded
factorial coordinate algebra preserves the graded factoriality; the resulting
graded algebra is a projective coordinate algebra of a (weighted) excep-
tional curve (6.2.4).

e The automorphism group of a (weighted) exceptional curve is given by
the automorphisms of the underlying homogeneous curve preserving the
weights (6.3.1). In particular, both curves have the same ghost group.

The insertion of weights is particularly important for our treatment of the
tubular case in Chapter 8. The tubular exceptional curves have a strong relationship
to elliptic curves. They are defined by the condition that the so-called virtual
(orbifold) genus is one. The main feature of the tubular case is that, very similar to
Atiyah’s classification of vector bundles over an elliptic curve, H consists entirely
of tubular families. In fact, there is a linear form deg, called the degree, which

together with the rank rk defines the slope u(X) = drekg)? of (non-zero) objects X

in H. Denote for q € @ = QU {oo} by H@ the additive closure of indecomposable
objects in H of slope q. Then H is the additive closure of all H(9), where ¢ € @

In case the base field is algebraically closed all the tubular families H(?) are
isomorphic to each other as categories, and moreover each is parametrized by the
curve X. The reason for this is that in this case the natural action of the automor-
phism group Aut(D’(H)) on the set Q is transitive. This is not true in general over
an arbitrary base field. We show in Chapter 8 that in general this action may have
up to three orbits [53, 59]. Accordingly, there are up to three different tubular
exceptional curves which are Fourier-Mukai partners.

Another interesting effect treated in the same chapter is the occurrence of line
bundles which are not exceptional. Over an algebraically closed field each line bun-
dle L over an exceptional curve X is exceptional, that is, satisfies Extl(L, L)y=0.
But this does not extend to arbitrary base fields, the simplest counterexamples ex-
isting in the tubular case. We characterize the tubular cases where non-exceptional
line bundles exist and show how they can be determined explicitly (Section 8.5).

Applications to finite dimensional algebras. The study of noncommuta-
tive curves of genus zero has strong applications in the representation theory of finite
dimensional algebras. Conjecturally these curves yield the natural parametrizing
sets for one-parameter families of indecomposable modules over finite dimensional
tame algebras. This is reflected by the definition of tame algebras over an alge-
braically closed field k, using as parametrizing curves (affine subsets of) the pro-
jective line P!(k), and in a certain sense this “explains” that in Drozd’s Tame and
Wild Theorem [32, 17] only rational one-parameter families occur. Note that in
the algebraically closed case P!(k) is the only homogeneous curve of genus zero.

For the class of tame hereditary algebras and the class of tame canonical al-
gebras [92] over an arbitrary field it is well-known that the parametrizing sets are
precisely the (affine) curves of genus zero. For a tame algebra, in general more
than one exceptional curve is needed to parametrize the indecomposables: there is
a tubular (canonical) algebra which requires three such curves (Section 8.3).
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It is important to study representation theory over arbitrary base fields since
many applications deal with algebras defined over fields which are not algebraically
closed. For example, the base field of real numbers is of interest for applications
in analysis, the field of rational numbers for number theory, finite fields for the
relationships to quantum groups (like Ringel’s Hall algebra approach), etc.

When attempting to generalize statements first proven over algebraically closed
fields to arbitrary base fields, three typical scenarios of different nature can be
observed. Frequently statements and proofs carry over to the more general situation
without essential change. Also often the statements remain true but require new
proofs, frequently leading to better insights and streamlined arguments even for
the algebraically closed case?. On the other hand, in a significant number of cases
completely new and unexpected effects occur, causing the statements to fail in the
general case. The present notes focus in particular on these kinds of new effects.

The representation theoretical analogues of the exceptional curves X and their
hereditary categories H are given by the concealed canonical algebras [70] and
their module categories mod(A). The link between the two concepts is given by an
equivalence D?(H) ~ D®(mod(A)) of derived categories which leads to a translation
between geometric and representation theoretic notions. We illustrate this in the
typical case where A is a tame hereditary algebra: the subcategory Hy of objects
of finite length corresponds to the full subcategory R of mod(A) formed by the
regular representations. Simple objects S, in H correspond to simple regular rep-
resentations. Vector bundles correspond to preprojective (or preinjective) modules,
line bundles L to preprojective modules P (or preinjective modules) of defect —1
(or 1, respectively). In particular, the multiplicities e(z) are also definable in terms
of preprojective modules of defect —1 and simple regular representations. The
function field of X agrees with the endomorphism ring of the unique generic [19]
A-module. The importance of the generic module for the representation theory of
tame hereditary algebras is demonstrated in [90]. Our results on exceptional curves
all have direct applications to representation theory. In particular:

e Let A be a tame hereditary algebra. The (small) preprojective algebra

@ Homa (P, 7" P),
n>0

where P is a projective module of defect —1 and 7~ is the (inverse)
Auslander-Reiten translation on mod(A), is a graded factorial domain
if the underlying tame bimodule is of dimension type (1,4) (or (4,1))3.
Note that the (small) preprojective algebra contains the full information
on A and its representation theory.

e In general there are automorphisms of D’(mod(A)) fixing all objects but
acting non-trivially on morphisms, contrary to the algebraically closed
case.

e A tubular algebra requires up to three different projective curves of genus
zero to parametrize the indecomposable modules.

2Some examples for this can be seen in the results of Happel and Reiten about the charac-
terization of hereditary abelian categories with tilting object ([39], generalizing [38]) and in the
proof of the transitivity of the braid group action on complete exceptional sequences for hereditary
Artin algebras by Ringel ([94], generalizing [20]) and by Meltzer and the author for exceptional
curves ([60], summarized in Section 7.1), generalizing [78].

3This is also true for many tame bimodules of dimension type (2,2).
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e A tubular algebra admits generic modules with up to three different (non-
isomorphic) endomorphism rings.

e The endomorphism ring of the generic module over a tame hereditary
algebra is commutative if and only if all multiplicities are equal to one,
a condition automatically satisfied over algebraically closed base fields.
It is surprising that this condition, which essentially says that the mor-
phisms between preprojective and regular representations behave “well”,
yields the commutativity of the generic module’s endomorphism ring, and
conversely.

The results on the function field also provide an explanation of the strange fact
(pointed out in [90]) that a bimodule like gHy, given by noncommutative data,
leads to a commutative function field

Quot(R[U, V]/(U? + V? + 1)),

whereas a bimodule like QQ(\/Q, \/§)Q( V3/3) given by commutative data, leads to
a noncommutative function field, the quotient division ring of

QU,V)/(UV + VU, V? 4 2U? - 3).

There are a number of inspiring papers dealing with tame hereditary alge-
bras. For example, those by Dlab and Ringel on bimodules and hereditary alge-
bras [24, 89, 27, 26, 29] (see additionally [28, 22, 23]), in particular Ringel’s
Rome proceedings paper [90], as well as those by Lenzing [64], Baer, Geigle and
Lenzing [7], and by Crawley-Boevey [18], dealing with the structure of the param-
eter curves for tame hereditary algebras over arbitrary fields.

By perpendicular calculus and insertion of weights many problems for concealed
canonical algebras (and in particular for tame hereditary algebras) can be reduced
to the special class of tame bimodule algebras. This means that we often may
G 0
M F)
where M = Mg is a tame bimodule over k, that is, the product of the dimensions
of M over the skew fields F' and G, respectively, equals 4. These are the analogues

of the Kronecker algebra (

restrict our attention to a tame hereditary k-algebra of the form A =

:2 2), which is isomorphic to the path algebra of the
following quiver.
e—te

In this homogeneous case X parametrizes the simple regular representations of
A. This situation was studied in the cited papers by Dlab and Ringel, by Baer,
Geigle and Lenzing, and by Crawley-Boevey. Over the real numbers the structure
of X as topological space is described explicitly in [24, 25, 26]. In [89, 29] and
more generally in [18] an affine part of X is described by the simple modules over a
(not necessarily commutative) principal ideal domain. In [18] additionally a (com-
mutative) projective curve is constructed, which parametrizes the points of X and
is the centre of the noncommutative projective curves considered in [64] and [7].
A model-theoretic approach using the Ziegler spectrum is described by Prest [86]
and Krause [51, Chapter 14]. One advantage provided by the present notes is that
the geometry of X is described in terms of graded factorial coordinate algebras.
This is useful in particular for studying the properties of the sheaf category H
by forming natural localizations (Chapter 2) and for analyzing the automorphism
group of Db(’H) (Chapter 3). It is also exploited in our proof of the characterization
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of the commutativity of the function field in terms of the multiplicities (Section 4.3).

We have seen that several new and surprising phenomena occur when an ar-
bitrary base field is allowed. Along the way, we will point out several interesting
open problems. The following are particularly worth mentioning:

e Find graded factorial projective coordinate algebras for all weighted cases
(by a suitable method of inserting weights also into non-central prime
elements).

e Determine the ghost group in general. Describe the action of the
Auslander-Reiten translation on morphisms in general.

e The function field k(X) is always of finite dimension over its centre. Is
the square root of this dimension always the maximum of the multiplicity
function e? Describe each multiplicity e(z) in terms of the function field.

e Is it true that the completions R of the described graded factorial algebras
R are factorial again?

These notes are based on the author’s Habilitationsschrift with the title “As-
pects of hereditary representation theory over non-algebraically closed fields” ac-
cepted by the University of Paderborn in 2004. The present version includes further
recent results, in particular those concerning the multiplicities in Chapter 2.

We assume that the reader is familiar with the language of representation the-
ory of finite dimensional algebras. We refer to the books of Assem, Simson and
Skowronski [3], of Auslander, Reiten and Smalg [5], and of Ringel [91].
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CHAPTER 0

Background

In this preliminary chapter we describe the setting and present the background
material from the literature which will be used later. The main parts of this work
will start with Chapter 1. We recommend to browse through this chapter or even
start reading the work with Chapter 1 and look up items here when necessary.

0.1. Notation

We work over an arbitrary field k. If not otherwise specified, all categories will
be k-categories and all functors will be k-functors and covariant. If the isomorphism
classes of objects in a category C form a set, then we call C small. (This is often
called skeletally-small in the literature.) If X is an object in C we write X € C
instead of X € Ob(C).

All rings and algebras are associative with identity. If not otherwise specified,
by modules we mean right modules, and all modules are unitary. The category of
all R-modules is denoted by Mod(R). The full subcategory of finitely presented R-
modules is denoted by mod(R). Since we will only consider noetherian situations,
these are just the finitely generated modules. If R is an algebra graded by an
abelian group H we denote by ModH(R) the category of H-graded R-modules; the
morphisms are those of degree zero. The subcategory mod’ (R) is similarly defined
like in the ungraded situation.

0.2. One-parameter families, generic modules and tameness

In this section we briefly recall the notions of one-parameter families and tame-
ness. Although we will not explicitly use these facts later in the text, they serve as
one of the main motivations.

In the representation theory of finite dimensional algebras certain modules often
form sets with geometric structure. By the Tame and Wild Theorem of Drozd [32]
(see also [17]) the indecomposable modules over a non-wild (= tame) finite di-
mensional algebra over an algebraically closed field k essentially lie in rational one-
parameter families, that is, families indexed by (an affine part of) the projective line
P' (k). (We use the rather unusual notation % in order to stress that temporarily
the field is assumed to be algebraically closed.)

~0.2.1. Let A be a finite dimensional algebra over an algebraically closed field
k. Let M be a k[T]-A-bimodule which is free of finite rank as left k[7]-module.
Consider the associated functor

Fy = — @ M mod(k[T]) — mod(A).

11
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For each A € k let Sy be the simple k[T]-module k[T]/(T — A). If all the images
Fpr(Sy) are indecomposable and pairwise non-isomorphic, then {Fu/(Sx)}, 5 is
called an affine one-parameter family (of indecomposable modules).

0.2.2 (Tame algebras). Let A be a finite dimensional algebra over an alge-
braically closed field k. Then A is called tame, if for each natural number d almost
all indecomposable A-modules of dimension d lie in a finite number of affine one-
parameter families, that is, given d there are finitely many k[T]-A-bimodules M;,
free of finite rank over k[T], such that all but finitely many indecomposable A-
modules of dimension d are isomorphic to Fyy,(Sy) for some i and some \ € k.

0.2.3 (Generic modules). In the study of one-parameter families the concept of a
generic module is important ([19], also [50]). An A-module M is called generic [19],
if it is indecomposable, of infinite length over A, but of finite length over its endo-
morphism ring. Note that for each affine one-parameter family, given by a functor
Fuy, a generic A-module is given by Fy;(k(T)), where k(T) is the field of rational
functions in one variable.

Crawley-Boevey [19] has shown that, over an algebraically closed field, A is
tame if and only if for any natural number d there is only a finite number of generic
modules of endolength d. (In the latter case one also says that A is generically
tame. This notion makes sense over any field.) He showed that in this case the
generic modules correspond to the one-parameter families.

0.2.4 (The Kronecker algebra). The Kronecker algebra A over an algebraically
closed field k provides the prototype of a tame algebra as well as of a one-parameter
family. It is defined to be the path algebra of the quiver

e—te

k 0 - o
and is isomorphic to A = E2 7/ where k;2 = k®k is considered as k-k-bimodule.

The module category mod(A), as well as its Auslander-Reiten quiver, has a partic-
ular simple shape, it is trisected

mod(A)=PVRVQ,

where P is the preprojective component, consisting of the Auslander-Reiten orbits
of two projective indecomposables, Q is the preinjective component, consisting of
the Auslander-Reiten orbits of two injective indecomposables, and R consists of the
regular indecomposable modules, all lying in homogeneous tubes. One can say that
P and Q form the discrete part of mod(A) and R forms the continuous part, since
the tubes are parametrized by the projective line P* (k). Moreover, if one forms the
category
HY 9l-1]vPVR

inside the bounded derived category of mod(A), then H is equivalent to coh(P* (%)),
the category of coherent sheaves over P* (k).

The regular indecomposable modules of a fixed dimension form the one-param-
eter families for A (leave out one tube for an affine family). The regular part R
itself forms a separating tubular family.
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There is (up to isomorphism) precisely one generic A-module, given by the
representation

R(T) == K(T),

where k(T) is the field of rational functions in one variable, which is the function
field of P! (k); the endomorphism ring of this generic module is k(7).

Let A be a tame k-algebra. By Drozd’s theorem all one-parameter families for
A are rational. In all known examples these parametrizations can be realized by a
functor mod(A) — mod(A).

0.2.5. Over an arbitrary field k there is still no convenient definition of tameness.
The definition of generically tameness makes sense over any field and has many
advantages, but it does not capture the geometric flavour of one-parameter families.
One should expect that an extension of Drozd’s Tame and Wild Theorem over
arbitrary field k holds in the sense that, roughly speaking, the indecomposable finite
dimensional modules over any non-wild finite dimensional k-algebra lie essentially in
one-parameter families which are indexed by (affine parts of) the noncommutative
curves of genus zero. The projective line is related to the Kronecker algebra, just
as the noncommutative curves of genus zero are related (up to weights) to the tame
bimodules M = Mg and their associated hereditary algebras

G 0
= r)

which were studied by Dlab and Ringel in several papers (for example [24, 89, 29],
to name a few). Therefore the tame bimodules are of fundamental importance in
the study of one-parameter families. Note that in general different one-parameter
families of genus zero for a fixed finite dimensional k-algebra may be induced by
different tame bimodules over k, as the discussion in Chapter 8 shows.

0.2.6 (The weighted case). In general one has do deal with the so-called weighted
case which leads to the study of the canonical algebras and to the weighted pro-
jective lines (as Ringel pointed out in his survey [93]). Over algebraically closed
fields, the canonical algebras were defined by Ringel [91] and the weighted pro-
jective lines by Geigle and Lenzing [34]. Both definitions were later extended to
arbitrary fields. In the case of the canonical algebras this was done by Ringel and
Crawley-Boevey [92], in the case of the weighted projective lines by Lenzing [68]
who called the more general objects exceptional curves. The canonical algebras
can be characterized (essentially up to tilting equivalence) as the class of finite
dimensional algebras admitting a separating tubular family [70]. These tubular
families are parametrized by the exceptional curves. The tame bimodule algebras
correspond to the subclass of finite dimensional algebras whose tubes are all homo-
geneous. So we call the tame bimodule case also the homogeneous or unweighted
case, the general case also the weighted case.

By some general techniques (perpendicular calculus [35]), insertion of weights
[68]) the general, weighted case can be reduced essentially to the homogeneous case.
Therefore, main parts of this article are concerned with the homogeneous case.
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0.3. Canonical algebras and exceptional curves

In this section we describe briefly the general class of finite dimensional alge-
bras admitting a separating tubular family. This is the class of concealed canoni-
cal algebras, which contains the class of canonical algebras and the class of tame
hereditary algebras, in particular tame bimodule algebras. These algebras have as
geometric counterpart the exceptional curves. These curves correspond to the con-
cealed canonical algebras via tilting theory, and accordingly are derived equivalent
to the corresponding algebra. Thus the study of (concealed) canonical algebras is
essentially equivalent to the study of exceptional curves. Since we are interested
in the geometrical aspects of algebras, we prefer in this paper the usage of the
language and theory of the exceptional curves.

0.3.1 (Concealed canonical algebras). Let k be a field and ¥ a finite dimensional
k-algebra, which is assumed to be connected. Denote by mod(X) the category
of finitely generated right ¥-modules. Then X is concealed canonical ([70], see
also [104]) if and only if mod(X) contains a sincere separating exact subcategory
mody(2). This means

e Exactness. modg(X) is an exact abelian subcategory of mod(X), which is
stable under Auslander-Reiten translation 7 = DTr and 7= = TrD

e Separation.  Each indecomposable from mod(X) belongs either to
mody(X) or to mody(X), which consists of all M € mod(X) such that
Hom(mody(3), M) = 0, or to mod_ (X), which consists of all N € mod(X)
such that Hom(N, mody (X)) = 0.

e Sincerity. For each non-zero M € mod; (X) there is a non-zero morphism
from M to mody(X) and for each non-zero N € mod_ (¥) there is non-zero
morphism from mody(X) to N.

e Stability. Each projective module belongs to mod, (X) and each injective
module to mod_(X).

0.3.2. The most prominent classes of examples are the following:

(1) The canonical algebras, as defined by Ringel and Crawley-Boevey in [92].
Actually, every concealed canonical algebra is tilting equivalent to a canonical al-
gebra. A canonical algebra is defined to be the tensor algebra of a species

Dy 2 D, Dy 2 D,
/D2 P p, Dy -2 D,
M,
F rre G
D, 2 D, D, 2 D,

modulo certain relations (for details we refer to [92]). Here, pMg is a tame bi-
module (see 0.3.16 below), and there are ¢ arms, the i-th arm of length p; > 1,
and the D; are finite dimensional skew fields over k, with k£ lying in their centres.
Moreover, there are F-D;-bimodule U; and D;-G-bimodules V; (k acting centrally)
on the arrows starting in the source and ending in the sink, respectively.
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(2) The tame hereditary algebras. In particular, the tame bimodule algebras
(see 0.3.16 and 0.5.1). Actually, by the so-called insertion of weights [68], and
by the perpendicular calculus [35], two processes which are inverse to each other,
many problems for concealed canonical algebras can be reduced to the special class
of tame bimodule algebras. (We will explain this in 0.3.16.)

0.3.3 (Separating tubular family). A sincere separating exact subcategory
mody(X) defines a separating tubular family of stable tubes [92]: there is the
coproduct of categories

mody(X) = H Uy,
zeX
where U, are connected, uniserial length categories, containing neither non-zero
projective nor non-zero injective modules. The full subcategory 7, = ind(U,) of
indecomposable objects in U, is called a stable tube. Moreover, each non-zero
morphism from an object in mod, () to an object in mod_(X) factorizes through
any prescribed tube U,,.

0.3.4 (Associated hereditary category). In the preceding coproduct, X is an
index set, which is equipped with geometric structure. In [70] there is defined an
associated hereditary abelian k-category H. Hereditary means that Ext%(f, —)=0
for all ¢ > 2. Roughly speaking, to construct H one takes the union of mody(X)
and mod 4 () and forms inside the bounded derived category D’(mod (X)) (see [37])
the closure of this union under all inverse shift automorphisms defined to tubes in
mody(X). By the construction it is immediate that the categories H and mod(X)
are derived equivalent.

In the most important special case when ¥ is a tame bimodule algebra we
describe the category H more explicitly in 0.5.1.

0.3.5 (Bundles/objects of finite length). Denote by Hy (H, respectively) the
full subcategory of H of objects of finite length (of objects, not containing objects
# 0 of finite length, respectively). Then each indecomposable object in H is either
in Ho or in Hy, and Homy (Ho, H4+) = 0. The objects of H (H., respectively) are
also called sheaves (vector bundles or torsionfree, respectively). By construction of
H we have Ho = modo(X) = [[,cx Us-

0.3.6 (Exceptional curves). X, together with the category H, is called an excep-
tional curve [68], and one sometimes writes H = coh(X). This class of categories H
is characterized independently of the construction above by the following properties:

e H is a connected small abelian k-category with finite dimensional mor-
phism and extension spaces.

e H is hereditary and noetherian and contains no non-zero projective object.

e H admits a tilting object (see the following number).

0.3.7 (Tilting object). T € H is called a tilting object, if
e Ext;, (T,T) =0, and
e If X € H, then Homy(T, X) = 0 = Exts,(T, X) implies X = 0.

A tilting object lying in H is called a tilting bundle.
There exists even a tilting bundle T such that Endy(7T) is a canonical algebra
([70, Prop. 5.5]).
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0.3.8 (Exceptional object). An object E in H is called ezceptional if it is
indecomposable and Ext},(E, E) = 0. Tt follows then by an argument by Happel
and Ringel [41] that Endy (E) is a skew field.

0.3.9 (Serre duality). For an exceptional curve there is an autoequivalence 7
on H such that Serre duality

Exty,(X,Y) ~ D Homy (Y, 7X)
holds functorially in X, Y € H, where D is the duality Homy (—, k).
def

Since the category H is hereditary, the (bounded) derived category D?(X) =
D’(H) = D’(®) is just the repetitive category of coh(X). Moreover, H has almost
split sequences and the Serre functor 7 : H — H serves as Auslander-Reiten
translation. Denote by 77 the inverse Auslander-Reiten translation.

0.3.10 (Grothendieck group). Denote by Ko(X) the Grothendieck group of H.
Since H and mod(X) have the same bounded derived category, we have Kq(X) =
Ko(X), and this is a free abelian group of finite rank. We denote by [X] the class
in Ko (X) of an object X € H.

Ko(X) is equipped with the (normalized) Euler form (—, —). This bilinear form
is defined on classes of objects X, Y in H by

(X],[Y]) = %(dimk Homy(X,Y) — dimy, Exty, (X,Y)),

where m is a positive integer such that the image of the resulting bilinear form
generates Z.

The Auslander-Reiten translation 7 induces the Cozeter transformation, which
we also denote by 7 (by a slight abuse of notation), and which is an automorphism
on Ko(X) = Ko(X) preserving the Euler form. The radical of Ko(X) is defined by
Rad(Ko(X)) = {x € Ko(X) | 7x = x}.

0.3.11 (Weights). For each x € X let p(x) be the rank of the tube 7,.. That is,
p(z) is the number of isomorphism classes of simple objects in U,. The tube 7, or
the point z, is called homogeneous ([91]) , if p(x) = 1, exceptional otherwise. X is
called homogeneous if all p(z) = 1. Clearly, a point z is exceptional if and only if
a simple object S, in U, is exceptional.

Each exceptional curve admits only a finite number of exceptional points. De-
note by z1,...,x; € X the exceptional points. We call the numbers p; = p(z;) > 1
weights, accordingly (p1,...,p:) the weight sequence.

0.3.12 (Rank). We define the rank of sheaves: Let zy € X, and let Sy be
a simple sheaf in the tube U, of rank py. Let w := Z?OZBI[TjSO], which is an
element of Rad K¢ (X). By [70] we can assume that g is a so-called rational point
(see 0.4.4), that is, Zw is a direct summand of Rad Ko(X). After normalizing the
linear form (—, w) on Ky (X) by the factor ¢ := [Z : (Ko(X), w)], we get a surjective
linear form, compatible with the Coxeter transformation: For each x € Ky(X)
define rkx := 1 (x, w), and moreover rk(X) = rk([X]) for each X € H. Let X € H
be indecomposable. Then rk(X) = 0 if and only if X € Hp; if X € H., then
rk(X) > 0.

0.3.13 (Function field). The quotient category of H modulo the Serre subcat-
egory Hy, formed by the objects of finite length, is equivalent to the category of
finite dimensional vector spaces over some skew field which is (up to isomorphism)
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uniquely determined by X. We call this skew field the function field. We denote it
by k(X) = k(H):
H/Ho ~ mod(k(X)).

We call an exceptional curve X commutative if the function field k(X) is commuta-
tive.

The function field is known to be of finite dimension over its centre and to be
an algebraic function (skew) field of one variable over k (in the sense of [106]),
see [7].

If L € Hy is a line bundle, that is, of rank one, then k(X) is isomorphic to
the endomorphism ring of L considered as object in H/Hy (given by fractions of
morphisms of the same degree). Moreover, the rank of an object X € H agrees
with the dimension of the vector space over k(X) corresponding to X considered as
object in H/H,.

The function field coincides with the endomorphism ring of the generic module
associated with the separating tubular family mody(X) and was already studied in
detail in [90].

0.3.14 (Special line bundle). From each of the exceptional tubes choose a simple
sheaf S; € U,,. Note that these simple sheaves are exceptional. In the following
let L € Hy be a line bundle, and assume additionally that for each i € {1,...,t}
we have Hom(L,7/S;) # 0 if and only if ; = Omodp;. Such a line bundle L
exists by [70, Prop. 4.2] and is called special. Tt follows from [70, 5.2] that L is
exceptional, since Endy (L) is a skew field and a := [L] is a root in Ko(X). Recall

from [66, 57] that v € K((X) is a root if (v,v) > 0 and é:":i € Z for all x € Ko(X).
For example, the class of an exceptional object is a root. Moreover, an exceptional
object is uniquely determined (up to isomorphism) by its class.

In the sequel, we will always consider H together with a special line bundle L,
also called a structure sheaf. Of course, if X is homogeneous then each line bundle

is special.

0.3.15 (Degree). Let p be the least common multiple of the weights p1, ..., p;.
Define (—, ) := Zf;é (17—, —) and define the degree function deg : Ko(X) — Z
by

degx := %(((a, x)) — rkx((a, a))),
where as above a = [L].

0.3.16 (Underlying tame bimodule). Let L be a special line bundle
and Sp,...,S5; simple objects from the different exceptional tubes such that
Hom(L,S;) # 0. Let S = {798, | 1 <i <t, j # —1modp;}. Then the right
perpendicular category St is equivalent to mod(A), where A is a tame hereditary

k-algebra of the form
G 0
=i v)

where M = p Mg is a tame bimodule (also called affine bimodule), that is:

e F and G are skew fields, finite dimensional over k;
e [k lies in the centres of F' and GG and acts centrally on M.
e For the dimensions, [M : F|-[M : G] = 4;
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We say that M is a (tame) bimodule of (dimension) type (2,2), (1,4) or (4,1) if
this pair is ([M : F],[M : G]). We call the number ¢ € {1,2} the numerical type of
M (or of X), which is defined by

)1 if M is of type (2,2).
|2 if M is of type (1,4) or (4,1).

The numerical type is an invariant of the curve X.
With « := ([L], [L]), for the normalization factor ¢ = [Z : (K¢ (X), w)] as above
we have ¢ = ke.

0.3.17 (Automorphism groups). Let X be an exceptional curve with associ-
ated abelian hereditary category H and structure sheaf L. Denote by Aut(H) the
automorphism class group of H, that is, the group of isomorphism classes of au-
toequivalences of H (in the literature sometimes also called the Picard group [8],
which has a different meaning in our presentation). We call this group the auto-
morphism group of H and call the elements automorphisms. (If there is need to
emphasize the base field k, we also write Autg(X) and use a similar notation in
analogue situations.)

By a slight abuse of terminology, we will also call the autoequivalences them-
selves automorphisms, that is, the representatives of such classes; if F' is an autoe-
quivalence, then its class in the automorphism group is also denoted by F'.

The subgroup of elements of Aut(H) fixing L (up to isomorphism) is denoted
by Aut(X), the automorphism group of X. (We will later see that this group does
not dependent on L.)

Each element ¢ € Aut(H) induces a bijective map ¢ on the points of X by
oUsy) = Uz, for all z € X. We call ¢ the shadow of ¢. If ¢ lies in the kernel of the

homomorphism Aut(H) — Bij(X), ¢ — ¢, then we call ¢ point firing (or invisible
on X). If ¢(z) = = we also say (by a slight abuse of terminology) that the point x
is fixed by ¢. Similarly, if ¢(x) = y we also write ¢(z) = y.

Denote by Autg(H) the (normal) subgroup of Aut(H) given by the point fixing
automorphisms.

Non-trivial elements of Aut(X) which are point fixing are called ghost automor-
phisms, or just ghosts. The subgroup G of Aut(X) formed by the ghosts is called the
ghost group. Tt is a normal subgroup of Aut(H). We have G = Aut(X) N Auto(H).
We call the factor group Aut(X)/G the geometric automorphism group of X, its
elements geometric automorphisms. By a slight abuse of terminology, we also call
the elements in Aut(X) which are not ghosts geometric.

Denote by Aut(Db(X)) the group of isomorphism classes of exact autoequiva-
lences of the triangulated category Db(X), called the automorphism group of Db(X).
(Compare also [9]. There is also the related notion of the derived Picard group [82].)

0.3.18 (Projective coordinate algebras). Let H be a finitely generated abelian
group of rank one, which is equipped with a partial order <, compatible with the
group structure. Let R = @,y Rn be an H-graded k-algebra, such that each
homogeneous component R, is finite dimensional over k and such that R;, = 0 for
0 £ h. Assume moreover that R is a finitely generated k-algebra and noetherian.
Note that we do not require that R is commutative.

Denote by mod? (R) the category of finitely generated right H-graded R-
modules, and by modOH (R) the full subcategory of graded modules of finite length
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(which is equivalent to finite k-dimension). This is a Serre subcategory of mod (R),
that is, it is closed under subobjects, quotients and extensions. The quotient cat-
egory mod” (R)/mod¥ (R) is taken in the Serre-Grothendieck-Gabriel sense. We
refer to [85].

Then the graded algebra R is called a projective coordinate algebra for X if
there is an equivalence of categories

mod (R)
" mod¥(R)
Each exceptional curve admits a projective coordinate algebra, even a Z-graded one
(see 6.2.1). Thus, in the terminology of [2], H is a (noncommutative) noetherian
projective scheme.
Note that a projective coordinate algebra is not uniquely determined by X.

One of the main aims of this article is to show that there is a projective coordinate
algebra with “good” ringtheoretical properties.

0.4. Tubular shifts

One of the most important concepts we will use in these notes is that of shift
automorphisms as developed in [70], which is a particular class of tubular muta-
tions [71, 79, 80]. For the details we refer to [70]. Since we will also deal with
the degree shift of graded objects, we will call a shift automorphism in the sense
of [70] a tubular shift or just shift associated to a point.

0.4.1. Let X be an exceptional curve with associated hereditary category H
and tubular family Hy = J[,cx Us, with connected uniserial length categories U,
which are pairwise orthogonal. We fix a point z € X of weight p(x). Let S, be a
simple object in U, denote by S, additive closure of the Auslander-Reiten orbit of
Sz, which consists of the semisimple objects from U,,.

Let M be an object. By the semisimplicity of the category S, for the object

p(z)
M, = @Extl(erx, M) ®gnd(s,) 7Sz

j=1
there is a natural isomorphism of functors

(0.4.1) na - Hom(—, M,)|s, — Ext'(—, M)|s,,
which by the Yoneda lemma can be viewed as short exact sequence

nM:0—>Ma—M>M(:U)MMI—>0
such that the Yoneda composition Hom(U, M,) — Ext'(U, M), f — nar - f is
an isomorphism for each U € S,. mnjs is called the S,-universal extension of
M. (If p(z) = 1 we also call it Sp-universal.) By means of the identification
Hom(—, M,)|s, = Ext'(—, M)|s, the assignment M +— M, extends to a functor
u +— u, for each u: M — N such that u-ny = Ny - uy. Then M, (u;) is called
the fibre of M (of u, resp.) in z.
Similarly, let

p(x)
+M = @D Hom(7 S, M) @pnas,) 7/ -

j=1
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Then there is a natural isomorphism ~yy; : Hom(—,,M)|s, — Hom(—,S5)|s,,
which corresponds to a morphism s : , M — M, called S,-universal.

0.4.2. Denote by N, the full subcategory of H consisting of objects M such
that Hom(U,,, M) = 0. There is an autoequivalences o, : H — H associated to
the point x or the tube with index x, therefore called tubular shift associated to x,
with the following properties:

(1)

For each M € N, the object o,(M) agrees with M(z). Moreover, if
also N € N, and v € Hom(M, N), then o,(u) agrees with the unique
morphism u(z) making the following diagram commutative

0 M am M(:C) Bm M, 0
an BN
0 N N(x) N, 0.

More precisely, u(z) is already uniquely determined by commutativity of
the left hand square.

Let 0 — M BN VIR C — 0 be a short exact sequence such that
M, M' € N, and C ~ M,. Then there is a commutative exact diagram

0 MOéM M(m) By M, 0
0 M-l 0.

(In fact, the isomorphism Hom(C, M,) ~ Ext'(C, M) implies the pullback
diagram above. In this diagram, the map C — M, is monic, since its
kernel is a subobject of M’ € N,. Since C and M, have the same length,
the map is also epic.)

M € H, implies 0,(M) € H..

If y # x then there is a natural isomorphism o, ooy, ~ 0, 00,. On U, the
tubular shift o, acts functorially as the identity.

If M € U, then there is the exact sequence

0— M5 M — o0,(M) — M, — 0.

0 acts on objects in U, like 77.

(Remark: Assume that € X is homogeneous. Then it is not true in
general that the tubular shift o, or the Auslander-Reiten translation 7
coincides with the identity functor on the homogeneous tube U,. This
will be shown in 5.4.2 and 5.4.3.)

There is a natural transformation ¢, : 15y — o, coinciding on N, with
«. This natural transformation is also denoted by 1y — 0.

On Ky (X), o, induces the automorphism

where | — | denotes the dimension over k.



0.4. TUBULAR SHIFTS 21

0.4.3 (Multiplicity [90, 70]). As special case we have: Let L be a special line
bundle with Ext!(S,, L) # 0. Then the S,-universal extension of L has the form

0— L — L(z) — 8¢ — 0,

with e(z) = [Ext'(S,, L) : End(S,)]. The number e(z) is called the multiplicity of
x. It does not dependent on the choice of the special line bundle L. By Serre duality,
e(x) coincides with [Hom(L,7S;) : End(S;)]. A point x is called multiplicity free
if e(x) = 1. The exceptional curve X is called multiplicity free ([90]) if e(x) = 1
holds for all z € X.

0.4.4 (Index). With the notations as in the preceding number, the dimension
f(z) = 1 [Ext’(S,, L) : End(L)] is called the indez of z. (Recall, that e denotes the
numerical type of X.) A point z is called rational if f(x) = 1. Such a point always
exists [70, Prop. 4.1]. We call a homogeneous point x unirational if e(z) = 1 = f(z).
Such a point does not always exist, compare 0.6.1.

The product e(z) - f(x) is denoted by d(z) and called the ezponent of z.

0.4.5 (Symbol). Let z1,...,2; € X be the exceptional points with weights
p; = p(x;), and let f; = f(z;) the index and d; = d(x;) the exponent of the point x;
(¢ =1,...,t). Let € be the numerical type of X. Following [66] we call the matrix

P1y---5Pt
oX]|=0[X]=| di,...,dt | €
fla ceey ft
the symbol of X. (We make the convention, that rows of the form 1, 1,..., 1 and

the entry € = 1 are omitted in the notation of the symbol.)

For a point z € X we call the numbers p(z), f(x) and e(x) (or d(z)) together
also the symbol data of x. For any simple object S, concentrated in x such that
Hom(L, S;) # 0 we have [Hom(L, S;) : k] = e-f(z)-[End(L) : k] and [End(S;) : k] =
W Moreover, deg(S;) = f(x) - ﬁ with the least common multiple p
of p1,...,p:.

The symbol of X determines the Grothendieck group Ko(X) uniquely up to

isomorphism which preserves the Euler form. (The converse also holds if X is
domestic.) We refer to [66, 57].

0.4.6 ([70, S15]). Let M, N € Hy be non-zero and = € X a point. Then for
sufficiently large (positive) n,
(a) Hom(M, o (N)) # 0.
(b) Hom(oZ(M),N) = 0.

By Serre duality, one gets similar formulae for the extension spaces.

0.4.7 (The Picard group). Denote by Pic(X) the subgroup of Aut(H) generated
by all tubular shifts o, (z € X) and call it the Picard group. It is always abelian.
By Picg(X) denote the subgroup of those elements of Pic(X) of degree zero. That
is, 0 € Pic(X) is of degree zero if and only if the degree of o(L) is zero. By 0.4.5,
deg(L(z)) = d(z) - p/p(x) for all z € X, and it follows, that the definition does not
depend on the choice of the structure sheaf L. Every torsion element from Pic(X)
lies in Pico(X). (The converse is an open question in general.)
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0.4.8. Let x € X be a point and ¢ € Aut(H). The object ¢(S,) is simple,
concentrated in a point y € X. Then as elements in Aut(H),

Oy = ¢Oawo¢_1-
In particular, Pic(X) is a normal subgroup of Aut(H).

It is sometimes useful to have a stronger formulation: there is a natural iso-
morphism o, o ¢ £, ¢ 0 0,, which is compatible with the natural transformations

0] s ¢o, and ¢ paas oy$. One shows this by first considering for M € N, the
¢-image of the Sy-universal extension of M on the one hand and the Sy-universal
extension of ¢(M) on the other hand, and then using 0.4.2 (2). In a second step the
natural isomorphism on A, obtained in this way will be extended to H. (Compare
the proof of 3.1.2 for further details.)

0.5. Tame bimodules and homogeneous exceptional curves

0.5.1 (Bimodule algebra). In these notes we only consider bimodules M =
rMc, where F and G are skew fields of finite dimension over k, with k lying in their
centres, and such that M is finite dimensional over k, with k acting centrally. Such
bimodules, finite dimensional over a central subfield, are also called algebraic [89].

Each bimodule M = g Mg gives rise to a finite dimensional k-algebra

G 0
v= (i 7)
which is hereditary. Moreover, this algebra is of tame representation type (that
is, not of finite and not of wild type) if and only if M is a tame bimodule, that
is, [M : F]-[M : G] = 4. In this case, the indecomposable regular modules lie in

homogeneous tubes.
More precisely, in the tame case there is the trisection

mod(A) =PVRVQ

that is, mod(A) is the additive closure of P, R and Q, where P is the preprojec-
tive component, consisting of the Auslander-Reiten orbits of two indecomposable
projective modules, dually Q is the preinjective component and

R=]]t
z€eX

consists of the regular modules, whose indecomposable summands lie in homoge-
neous tubes U, and thus R = mody(A) is the separating tubular family.

0.5.2 (Associated hereditary category). In this tame bimodule case the associ-
ated hereditary abelian k-category H is constructed in a simple manner,

H=9[-1]VPVR,

formed inside the bounded derived category D°(mod(A)). In other words, H is
obtained from mod(A) by shifting the preinjective component to the left and glu-
ing it to the preprojective component, creating thus a category without non-zero
projectives or injectives.

‘H is a hereditary category on which the Auslander-Reiten translation gives rise
to an autoequivalence and which admits a tilting object with endomorphism ring
A. Hence H is nothing else but a homogeneous exceptional curve. Conversely, any
homogeneous exceptional curve is obtained in this way.
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The regular A-modules become the objects of finite length in H. The objects
of Q[—1] VP are the vector bundles. Denote by L a fixed line bundle (which means
that the corresponding preprojective (or preinjective) A-module is of rank 1 (—1,
respectively). The line bundle L plays the role of the structure sheaf.

0.5.3 (Homogeneous exceptional curves). A homogeneous exceptional curve H
is characterized by the following properties:

e H is a connected small abelian k-category with finite dimensional mor-
phism and extension spaces.

e H is hereditary and noetherian and contains no non-zero projective object.

e H admits a tilting object.

e For each simple object S € H we have Ext'(S, S) # 0.

The last condition precisely means that all tubes in H( are homogeneous.

0.5.4 (Structure sheaf, tilting bundle). In the homogeneous case any line bundle
is special and can play the role of the structure sheaf L. Let L be fixed. Let
L € H4 be indecomposable such that there is an irreducible morphism L — L.
Then M = Hom(L, L) is the (up to duality unique) underlying tame bimodule of
X, and rk(L) = ¢ is the numerical type. Moreover, T' = L @ L is a tilting bundle
such that A = End(7T) is as in 0.5.1.

0.5.5 (The centre). Let M be a tame bimodule and A and H as above. Since
the centre of H (or of A) is a field, it is sometimes useful to assume — without loss
of generality — that k is the centre of A. But we will not assume this in general.

The centre of M is defined to be the set of all pairs (f,g) € F x G such that
fm = mg for all m € M. In this case, f belongs to the centre of F' and g to
the centre of G, and the centre of M is a field K which can be identified with its
projections into F' or into G, see [89, 5.2]. Of course, K/k is a finite field extension,

M is a tame bimodule over K, and A is a tame hereditary K-algebra with centre
K.

Concerning dual bimodules there is the following general fact.

0.5.6 (Dual bimodule [22, 2.1.1]). Let p Mg be an F-G-bimodule over k. There
are isomorphisms of G-F-bimodules

HOInF(FM(;, FFF) ~ HOIIlk(F]\4G7 k) ~ HOmg(FMg, GG@).

0.5.7. The index set X above is naturally equipped with geometric structure,
given by the hereditary category H. It is the aim of the first part to study this
structure. Whereas for algebraically closed field k this structure is well understood
(X is the projective line P*(k)) the structure in general can be very complicated.
Unlike in the algebraically closed case it is in general even impossible to determine
all the points of X explicitly. Also, there are points of many different kinds (of
different degrees, having non-isomorphic endomorphism skew fields of the associated
skyscraper sheaves,...)

One of the still easiest examples is the Kronecker algebra over k = Q. Already
in this innocent looking example the explicit structure of X is quite complicated.
The points of X = P*(Q) (in the scheme-sense) are in one-to-one correspondence
with the irreducible homogeneous polynomials in Q[X, Y] (up to multiplication with
non-zero scalars). In this ring there are infinitely many irreducible homogeneous
polynomials in any degree. It is hopeless to classify all these irreducible elements.
Any finite field extension of Q occurs as endomorphism ring of a skyscraper sheaf.
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0.6. Rational points

Let X be an exceptional curve. In general it is hopeless to know all points
of X. But often one has some control over the points “lying on the lowest level”,
the rational points. Recall that for an exceptional curve X rational points x, that
means, with f(z) = 1, always exist (see 0.4.4).

Let M = pMg be a (2,2)-bimodule with associated homogeneous exceptional
curve X and m a non-zero element in M. Then the representation

S, = (FF, Ga, ™m : Fr® pMg ~ Mg — MG/mGz GG),

involving the canonical projection, induces a simple object in H concentrated in
some point z € X (see [29]). Obviously, = is a rational point, and each rational
point arises in this way.

The following lemma is taken from [53, C.1]. It is a very useful tool for calcu-
lating multiplicities of rational points.

LEMMA 0.6.1. Let M = p Mg be a (2,2)-bimodule. Let m be a non-zero element
in M. Let x € X be the induced rational point. For the multiplicity we have

e(z) = [F: k]

[(FmnmG) : k]’
If M s a simple bimodule, or more generally, if m is a bimodule generator of M,
then e(z) > 1.

PRrROOF. We have Ker(m,,,) = 1 ® mG. Any endomorphism of S, is given by
the commutative diagram

F®M#G

f g

with f € F and g € G, and it follows, that fmG C mG. Consider the subring
R ={f € F | fmG C mG} of F. Sending (f-,9-) to f yields an isomorphism
End(S,) ~ R: Injectivity follows by applying 7, to an element 1 ® y, with y €
M\ mG. Surjectivity follows, since the map f- for f € R restricts to the kernel
of 7, and hence induces a morphism g- on G. Moreover, f — fm gives rise to

an isomorphism R ~ Fm N mG, and with e(z) = [H[ET&LS;S;Z]H = [gff((;))::klj] the
stated formula follows. Finally, if m is a bimodule generator, we have R # F'| since

M # mG.

Alternative proof. We can consider m as monomorphism between L and L
(irreducible map) with cokernel S = S,. Lifting endomorphisms from End(S) to
End(L) induces an isomorphism between End(S) and the subskewfield of End(L)
of those elements g € End(L) such that there is an f € End(L) such that gom =
mo f. O

COROLLARY 0.6.2. Let M = pMg be a (2,2)-bimodule. Then M is a non-
simple bimodule if and only if there exists a unirational point x.

ProOF. If M is simple then no unirational point exists by 0.6.1. If M is non-
simple then F' ~ G, without loss of generality FF = G, and then pM = F & F.
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By [89] there is an automorphism of F over k and an («, 1)-derivation ¢ of F such
that (z,y) - f = (zf + y0(f),ya(f)) for all f, x, y € F. Let m = (1,0). Then
Fm = mF, hence by 0.6.1 the induced rational point has multiplicity one. O

LEMMA 0.6.3. Let M = p Mg be a (2,2)-bimodule. Let m and m’ be non-zero
elements in M inducing points x and x’, respectively. Then x = x’ if and only if
there are non-zero elements f € F and g € G such that m' = fmyg.

PROOF. Assume x = z’. Let S = S,. Consider the exact sequences

m — p

0 L L S 0

’ p’

0 L—"=T S 0,

Applying the functor Hom (L, —) to the lower sequence, since Ext!(L, L) = 0 there

is some f € End(L) such that p’o f = p, and this proves one direction. The converse
is trivial. ]
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CHAPTER 1

Graded factoriality

In this chapter we show how to associate with each homogeneous exceptional
curve X a (not necessarily commutative) graded factorial domain; it will be shown
in the next chapter that such a factorial domain is a projective coordinate algebra
for X. We use the term “graded factorial” for a graded version of rings which
are called noncommutative noetherian unique factorization rings by Chatters and
Jordan [13, 47].

Such a coordinate algebra will be constructed as orbit algebra II(L, o) where
L is a line bundle and o a so-called efficient automorphism on H. This means that
o is point fixing such that the cyclic group (o) acts on the set of line bundles “as
transitively as possible”. This condition guarantees that the middle term in each
Sp-universal extension (defined in 0.4.1) of L

0— L5 L(z) — S¢@ — 0

satisfies L(x) ~ o%(L) for some natural number d depending on z, and therefore
the kernel m, can be interpreted as a homogeneous element in the orbit algebra
II(L, o). Note that this orbit algebra is noncommutative in general.

It is not difficult to see that for each homogeneous exceptional curve an efficient
automorphism exists. The main result of this chapter is the following theorem
(see 1.2.3 and 1.5.1).

THEOREM. Let R = II(L,0) with o being efficient. Let S, be a simple sheaf
concentrated in the point x € X. Let

0— L o4 L) — 8¢ —0

be the S;-universal extension of L. Then the following conditions hold
(1) The element m,, is normal, that is, Rm, = 7, R.
(2) P, = Rm,, is a homogeneous prime ideal.

(3) P, is a completely homogeneous prime ideal (that is, R/P, is a graded
domain) if and only if e = 1.

Moreover, for any homogeneous prime ideal P of height one there is a point
z € X such that P = P,.

Because of the last statement and since R is also a noetherian domain, we say
that R is graded factorial, in analogy to commutative algebra.

With the theorem we have established a link between tubular shifts and the
(projective) prime spectrum of R. It turns out that graded factoriality is very useful
for studying the geometry of X.

29
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1.1. Efficient automorphisms

Let X be a homogeneous exceptional curve with associated hereditary category

H.

1.1.1. Recall that Auto(H) is the subgroup of Aut(H) consisting of those au-
tomorphisms (autoequivalences) ¢ which are point fixing, that is, which satisfy
#(Sy) = S, for all z € X. Note that for example the Auslander-Reiten translation
7, its inverse 7~ and all tubular shifts are in Auto(H). We will usually assume
(without loss of generality) that a point fixing automorphism o of X (that is, a
ghost) satisfies 0(A) = A (equality) for all objects A € H.

1.1.2. We fix a line bundle L (“structure sheaf”). Then L determines the degree
function such that deg(L) = 0 (see 0.3.15). There is an indecomposable L € H,
such that there is an irreducible map L — L. Then T = L @ L is a tilting bundle
on H such that A = End(7) is a tame hereditary bimodule algebra over k and the
End(L)-End(L)-bimodule M = Hom(L, L) serves as underlying tame bimodule.
The rank of L coincides with the numerical type € of M, hence is one or two. The
Auslander-Reiten quiver (species) of H has the following shape:

where the dotted lines indicate the Auslander-Reiten orbits and M™* denotes the
dual bimodule of M. A line bundle is (up to isomorphism) uniquely determined by
its degree. The precise value depends on whether L is a line bundle or not. If it is a
line bundle (that is, ¢ = 1) then we have deg(7~"L) = 2n and deg(7 "L) = 2n+1
for all n € Z. If it is not a line bundle (that is, € = 2), then deg(7~"L) = n for all
ne€Z.

DEFINITION 1.1.3 (Efficient automorphism). Let o € Aut(H). We call o effi-
cient if it is point fixing and such that deg(oL) > 0 is minimal with this property.

Obviously, if o is efficient and ~ is a ghost automorphism, then yo o and oo~
are efficient.

LEMMA 1.1.4. Let X be a homogeneous exceptional curve. Then there exists an
efficient automorphism o. Moreover, such an automorphism o is uniquely deter-
mined up to a ghost automorphism.

PROOF. For the existence it is sufficient to remark that the inverse Auslander-
Reiten translation 77 is point fixing with deg(r—L) = 2/e > 0. Thus there is an
efficient automorphism o such that 1 < deg(cL) < 2/e. (Moreover, either o(L) ~ L
or o(L) ~ 77 (L).) If ¢’ is also efficient then o0~! o ¢’ fixes all objects in H and
hence is a ghost automorphism. O

1.1.5 (The orbit cases). Here we present a division of tame bimodules. Each
tame bimodule M belongs to precisely one of the following three classes, called
orbit cases:
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I M is a tame bimodule of type (1,4) or (4,1). In this case, the set of all
line bundles coincides with the Auslander-Reiten orbit of L and also with
the Autg(H)-orbit of L.

II M is a tame bimodule of type (2,2) and there is precisely one Autg(H)-
orbit of line bundles, that is, Autg(H) acts transitively on the set of all
line bundles.

III M is a tame bimodule of type (2,2), and there are precisely two Auto(H)-
orbits of line bundles, coinciding with the Auslander-Reiten orbits.
Denote by O the Aut(H)-orbit and by Op the Autg(H)-orbit of L, that is, F' € H
lies in Oy if and only if there is 0 € Auto(H) such that o(L) ~ F. (Similarly for
0.)

REMARK 1.1.6. In orbit cases I and III the inverse Auslander-Reiten translation
o = 7~ is an efficient automorphism. In orbit case II there is by definition a

o € Autog(H) such that (L) ~ L, which gives an efficient automorphism. Moreover,

by comparing dimensions of homomorphism spaces, o(L) ~ 7~ L follows. Thus, in
all orbit cases, if o is efficient, the cyclic group (o) acts transitively on Op.

DEFINITION 1.1.7. Let o € Aut(H). We call o
e positive, if deg(oL) > 0.
e ezhaustive, if the cyclic group (o) acts transitively on Oy.
e transitive, if (o) acts transitively on O.

LEMMA 1.1.8. An autoequivalence o € Aut(H) is efficient if and only if it is
positive, point fixing and exhaustive.

ProoF. Follows immediately from Remark 1.1.6 by considering each of the
three orbit cases. 0

The following consequence is the main reason for defining efficient automor-
phisms and will be used in the next section.

COROLLARY 1.1.9. Let o be efficient and o, be a tubular shift associated to a
point . Then there is some positive integer d such that o,(L) ~ o%(L). O

REMARK 1.1.10. (1) Assume that the underlying tame bimodule is non-simple
of type (2,2). Then there is a unirational point zy € X. Let og be the corresponding
tubular shift. Then (og) acts transitively on the set of isomorphism classes of line
bundles, implying orbit case II.

(2) If k is algebraically closed, or if k¥ = R, or if k is a finite field, then each
tame bimodule is either of orbit case I or non-simple as in (1).

(3) The bimodule M = Q(\/ﬁ)@(ﬁ, \/§)Q(\/§) belongs to orbit case III. More
generally each (2,2)-bimodule pM¢g with non-isomorphic F' and G belongs to this
class since there is no automorphism sending L to L.

(4) If k is algebraically closed then an efficient automorphism o is uniquely
determined. If k = R the same is true unless M = C @ C; in that case we have the
two possibilities ¢ = 0 as in (1) and ¢ = g 0y = v 0 gy, where v is induced by
complex conjugation. This will be proved in Section 5.3.

(5) In cases I and II a tubular shift o, at a point « is exhaustive (hence efficient)
if and only if x is a unirational point. In case III a tubular shift o, is exhaustive if
and only if either f(z) =1 and e(z) = 2 or f(x) =2 and e(z) = 1. Tubular shifts
which are efficient do not always exist, see Example 1.1.13 below.
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(6) There are also simple bimodules in orbit case II, see Example 1.1.13 below.
(7) We will see that in orbit case III for any point the product e(z) - f(z) is
even (see 1.2.1 or 1.6.6).

The division of tame bimodules into the orbit cases will be very useful in the
following. On the other hand, this division is quite formal. In order to get a better
understanding it would be interesting to solve the following problem.

PROBLEM 1.1.11. Find a criterion from which one can easily decide whether a
given (2, 2)-bimodule is of orbit case II or III.

We will later see that efficient automorphisms which are tubular shifts are
advantageous for our considerations (see for example 1.7.1). In general efficient
tubular shifts do not exist, see Example 1.1.13 below.

PROBLEM 1.1.12. Does there always exist an efficient automorphism lying in
the Picard group?

EXAMPLE 1.1.13. In [29, 5.3] the following type of (2,2)-bimodules is consid-
ered. Let K be a (commutative) field with subfield F' and G, each of index 2 such
that k = F'NG is of finite index m in F' (and G). Then let M be the F-G-bimodule
K.

(1) M is a simple bimodule if and only if F # G. (Let F # G. Assume
that N is a proper, non-trivial subbimodule of M. Then for 0 # n € N we have
Fn = N = nG. Take an element f € F'\ G to get a contradiction.)

(2) If m is odd then M is of orbit case II. This follows from 0.6.1 together
with 1.1.10 (7).

(3) If m is odd and F # G (hence m > 1) then there is no efficient tubular
shift. This follows from 1.1.10 (5) with 0.6.1.

(4) An explicit example for which (3) holds is given as follows: Let k = Q and
M = g %)Q(\?/Z Qg ) (where ¢ is a primitive third root of unity). By 0.6.1
each rational point = has multiplicity e(x) = 3.

1.1.14. If an efficient automorphism o is fixed, for an object A € H and n € Z
we write A(n) = ¢™(A). A similar notation for morphisms is used. Note in this
context that one can actually assume that o is not only an autoequivalence but an
automorphism, that is, an invertible functor (see the discussion in [2]).

We fix a line bundle L. Then each line bundle in Oy is (up to isomorphism) of
the form L(n) for some (unique) n € Z. Let £ be the degree of L(1); then £ =1 in
orbit cases I and II, and ¢ = 2 in orbit case III. We call ¢ the orbit number of X or
of M.

1.1.15 (Orbit algebra). Let o be an efficient automorphism. Let R be the orbit

algebra
(L, 0) = @ Homy (L, L(n)),
n>0

where the multiplication is defined for elements » € Hom(L,L(m)) and s €
Hom(L,L(n)) by s*r = c™(s) or. (We use the symbol % only if we would like
to emphasize that this orbit algebra multiplication is meant.) This yields a pos-
itively Z-graded k-algebra with Ry = End(L) a skew field, and all homogeneous
components R, are finite dimensional over k. Since non-zero morphisms between
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line bundles are monomorphisms, R is a graded domain, that is, for all non-zero
homogeneous a, b € R we have ab # 0.
For each n > 0 we have

n+1 orbit case I1

di R, =
MR, Hin {2n +1  orbit cases I and III.

In one formula: dimpg, R, = efn + 1. Since each morphism between vector
bundles is a sum of compositions of irreducible morphisms, R is generated in degrees
0 and 1. (This is also true if o is not exhaustive.)

Note that f_or example in case M = Q(ﬁ)(@(\/ﬁ, ﬁ)@(@ the orbit algebras
II(L,0) and II(L, o) are not isomorphic as graded algebras.

For a Z-graded algebra, we call the functor Mod”(R) — Mod”(R), X — X (1),
the degree shift. For R = II(L, o) this is induced by the automorphism o, which
we therefore also call the degree shift (see 2.1.6).

1.2. Prime ideals and universal extensions

We keep the notations from the previous section. In particular, o is efficient.

1.2.1. Let S be a simple object concentrated in the point = € X. Let e = e(x)
be the multiplicity and f = deg(S) the degree of S (compare 0.4.5). With the orbit
number ¢ from 1.1.14 the quotient d := ef/¢ is a natural number. It is easy to see
(compare 1.1.9) that then L(x) ~ L(d) (that is, o,(L) ~ ¢%(L)), and therefore the
S-universal extension of L is given by

0— L "5 L(d) — S —0
and the kernel 7 is a homogeneous element in R = II(L, o) of degree d.

LEMMA 1.2.2. Let o be a positive and point fizing automorphism. Denote o™ (F')
by F(n). Consider the following diagram of exact sequences

0 jo} f2 o) f1 Fy 0
|-
0 G2 92 Gl g1 GO 0

with Fy, Fy, G1, Go € Hy and Fy, Go € Ho. Then there is some integer n > 0
and a commutative diagram

0 2} f2 2 f1 £ 0

SN

0 Ga(n) 2" i) 2 Gy ——0

PROOF. For n > 0 apply Hom(F}, —) to the short exact sequence
0 — Ga(n) 2% G1(n) 2 Gy — 0.
Since by 0.4.6 for sufficiently large n we have
Eth(Fl, Gg(’n)) o~ DHOI’H(G'Q(TL)7 TFl) =0,

the map Hom(F1, G1(n)) — Hom(Fy, Gy) is surjective, and the assertion follows
immediately. (]
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Of course, the lemma can be generalized in an obvious way to the weighted
case.

Let P be a (two-sided) homogeneous ideal in R. Then P is called a (homoge-
neous) prime ideal, if for all a, b homogeneous, aRb C P implies a € P or b € P.
Moreover, P is called a (homogeneous) completely prime ideal, if for all a, b € R
homogeneous, ab € P implies a € P or b € P. A homogeneous element a in R
is called normal if Ra = aR. We additionally assume that normal and central
elements are non-zero. If R is a graded domain then a normal element a defines
a graded algebra automorphism 7, on R by ra = av,(r) for all » € R, and a is
central if and only if v, = 1.

THEOREM 1.2.3. Let R = II(L,0) with o being efficient. Let S, be a simple
sheaf concentrated in the point x € X. Let e = e(x) be the multiplicity, f = deg(Sz)
the degree of Sy, d=ef/l and

O—»LiL(d)—MSV;HO

the S -universal extension of L. Then the following holds.
(1) The homogeneous element T, is normal.
(2) P, = Rm, is a homogeneous prime ideal.
(3) P, is a completely homogeneous prime ideal if and only if e = 1.

PrROOF. We drop the index = and write S = S, 7 = 7, and P = P,.
(1) Let r € R be homogeneous of degree n. We have the commutative diagram
with (universal) exact sequences

0 L i L(d) ge 0

f

0 Lin) =

Lin+d) —— 8¢ ——0,

for some s (by universality 0.4.2 (1)). Since o is an equivalence there is some
homogeneous ¢ € R such that s = ¢(d). Then, by the definition of the multiplication
in R we get mr = tm. Hence mR C Rm. The reverse inclusion follows since each
homogeneous component is finite dimensional.

(2) Let P’ be the graded ideal in R, whose homogeneous elements are given by
those r such that r, = 0, where r, is given by the following diagram

0 L L(d) Se 0

0 L) =% L(d+n) —— §¢ ——0,

(r homogeneous of degree n) where r’ is given as in (1) by universality. Obvi-
ously, m € P’. Moreover, if r € P’ is homogeneous of degree n, then there is a
commutative, exact diagram

p

0 L i L(d) ge 0

R
m(n) p(n)

0 L(n) L(d+n) —= Sc——0.
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Hence the zero morphism 0 : S¢ — L(d + n) satisfies r, = p(n) o 0. By the
Homotopy-Lemma [45, Lemma B.1] (applied to this special situation) there is an
s € Hom(L(d), L(n)) such that r = sw. Hence P’ = Rr follows.

Note that End(S¢) ~ M.(D) (where D = End(S) is a skew field) is a prime ring
and o induces an automorphism of this ring. Using the formula (s*7),; = 0™ (s;)ory
(where m is the degree of r) it is sufficient to show that for some n > 0 the map

R, — End(S°), r—ry

is surjective. But this follows from Lemma 1.2.2.

(3) Let e = 1. If a, b € R are homogeneous such that ab € P then (ab), = 0.
Since End(S) is a skew field, a, = 0 or by, = 0, hence @ € P or b € P and P is
completely prime. For the converse, if e > 1, then there are non-zero matrices A,
B € M.(End S) such that A- B = 0. By the proof of (2) there are homogeneous a,
b € R such that b, = B and a, = 0~ ™(A) (where m is the degree of b). It follows
that ab € P, but a € P and b ¢ P. Hence P is not completely prime. |

1.3. Prime ideals as annihilators

In this section we give another description of the homogeneous prime ideals
which occur in Theorem 1.2.3. We assume R = II(L,0), where o is efficient. As
usual, we set F'(n) = o™ (F) for all F € H.

1.3.1 (Fibre map). Let S be simple, concentrated in z, let e = e(z). For an
f € Hom(L, L"), where L’ is some line bundle, we have the following commutative
diagram with universal exact sequences

T

0 L L(d) Se 0

AL

OHL’LL/(d)HSeHO,

with fibre map f.

1.3.2 (1-irreducible maps). Let f be a (non-zero) morphism between line bun-
dles. Then f is called 1-irreducible, if whenever f = gh with morphisms g and
h between line bundles, then g or h is an isomorphism. The following facts are
obvious:

(1) Each non-zero map between line bundles has a factorization into 1-irreduc-
ible maps.

(2) A morphism between line bundles is 1-irreducible if and only if its cokernel
is a simple object.

(3) Each simple object is cokernel of a 1-irreducible map. Moreover, one of the
line bundles can be chosen arbitrarily.

(4) If u: L — L(n) is a l-irreducible map, then it is an irreducible element in
R. The converse does not hold in general, in orbit case III.

The following lemma is a fundamental statement on 1-irreducible maps.

LEMMA 1.3.3. Let S be simple, concentrated in x, let m = m, and e = e(x),
and let

0—L-5L—8—0
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be exact, where L' is a line bundle. Then there is a morphism v € Hom(L', L(d))
such that m = vu. Moreover, the fibre u, : S¢ — S of u has kernel and cokernel
isomorphic to S.

PRrROOF. Since Hom(S, S¢) ~ Ext'(S,L) by (0.4.1), there is a commutative
exact diagram

0 L—"— L(d) se 0
0 L L S 0,

which proves the first part. For the fibre maps we have 0 = 7, = vyu,. If u, would
be an epimorphism, then we would have v, = 0. Then, as in the proof of part (2)
of Theorem 1.2.3 we would get a non-zero s € Hom(L'(d), L(d)) = 0, contradiction.
Hence, the cokernel of u, is non-zero, hence isomorphic to S. By the snake lemma,
the same follows for the kernel. ]

PROPOSITION 1.3.4. Let S be simple, concentrated in the point x, and P be the
corresponding homogeneous prime ideal (by Theorem 1.2.3). Let M be the graded
left R-module @ Ext,(S, L(n)). Then P = Anngp(M).

n>0

ProOOF. Let r € R,,, r # 0. The S-universal extension induces a commutative
exact diagram

0 i T L(d) ge 0
0—— L(n) X Se 0.

If r € Anng(M) then the lower sequence splits and r € P follows immediately. For
the converse, we show more generally the next proposition. (]

PrOPOSITION 1.3.5. Let S be a simple sheaf concentrated in x and P = Rrm
be the corresponding homogeneous prime ideal. For each n € N let S™ be the
indecomposable sheaf of length n with socle S. Let M™) be the graded left R-module
@D, Ext'(S™, L(i)). Then Anng(M™) > Ra™ = P".

PROOF. There is a short exact sequence
0— § 2y g Py gn=1) 0,
which induces a short exact sequence of graded modules

0 — M= 2, ) 2 g,
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We have to show that 7M™  p*(M®=D) (~ M™=1). A homogeneous, non-zero
element 7 in M) induces the following pushout diagram

0 0
n: 0 L—4—X S(n) 0
:
m™m: 0 L(d) —“ x §(m) 0
e e
0 0

If X decomposes, X = L' & E with E # 0 of finite length and L’ a line bundle,
then E ~ S® for some 1 <i<n (since S is uniserial), and we get the following
commutative exact diagram

E——— g

| ]

n: 0— L ——L ¢k §(n) 0
0 L L §(n—i) —— 0

Then 7 € p*(M™~1V) follows. Similarly, if X’ decomposes, then 70 € p*(M™~1)
follows. But if X and X’ are indecomposable, hence line bundles, then the middle
vertical short exact sequence is (up to shift) the S-universal sequence (for L or for

L). Tt then follows that a, is an isomorphism. Since a is a product of n morphisms
between line bundles with cokernel S, we get a contradiction by Lemma 1.3.3. O

COROLLARY 1.3.6. For each x € X denote by P, the homogeneous prime ideal
as in Theorem 1.2.3. For each infinite subset U of X,

() P =0.
zeU

PROOF. Denote by S, the simple sheaf concentrated in . Let r € R be non-
zero and homogeneous of degree n. Choose z € U such that the cokernel in the
short exact sequence

0— L L(n) — C —0,
has no non-zero summand which is concentrated in . Denote by M, the graded R-

module @,>¢ Ext' (S, L(n)). Then r ¢ Anng(M,) = P, follows by the Homotopy-
Lemma. (]
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1.4. Noetherianness

Let R = II(L,0), where o is positive. We show that R is noetherian. Since
this basic property is very important we give a detailed proof. The arguments are
mainly taken from [7].

1.4.1. Let £ be the full subcategory of H formed by all L(n) (where n € Z).
Denote by £ the full subcategory formed by all L(n) (where n > 0). Similarly,
denote by £_ the full subcategory formed by all L(n) (where n < 0). We denote by
Mod £ the category of (covariant) k-functors F : £ — Mod(k) (similarly for £
and £_), and by ModZ(R) the category of Z-graded right R-modules, by Mod”+ (R)
those graded modules M with M, = 0 for n < 0. The following obvious lemmas
are proved as in [7, 3.6].

LEMMA 1.4.2 (covariant functors = left graded modules). There is an equiva-
lence of k-categories

Mod(£L ;) — Mod™* (R), F +— @ F(L(n)).
n>0

For X € 'H denote by (X, —] the functor Homy (X, —)[c_, by Ext%{(X, —] the

functor Exts, (X, e,

LEMMA 1.4.3 (contravariant functors = right graded modules). There is an
equivalence of k-categories

Mod (L") — Mod? (R), F @) F(L(~n)).
n>0
For X € H denote by [—, X) the (contravariant) functor Homy (—, X)|z_, by
Exty,[—, X) the functor Exty,(—, X)|c_.
PROPOSITION 1.4.4. R =1I(L,0) is (graded) noetherian (left and right).

PRrROOF. (1) (compare [7, 4.2]) We have to show that the functor (L,—] is
noetherian. For this it is sufficient to show, that (L, —]/U is noetherian for each
non-zero cyclic subfunctor U. Let n € Z such that there is an epimorphism

(L(n), =] —U.
Then there is a non-zero morphism
n: (L(n), =] — (L, ]
induced by some morphism f: L — L(n). We get a short exact sequence
0—>LL>L(n)—>C'—>O,
where C' € Hj, which induces an exact sequence
0 — (C, ] — (L(n), =] — (L, =] — Ext3(C, ~].

Hence it suffices to show that the functor Exts, (S, —] is noetherian for each simple
object S € Hp. But this follows precisely as in [7, 4.1]: we have to show that
Ext'(S, —]/U is noetherian for each non-zero cyclic (or finitely generated) subfunc-
tor U. Let (L(m), —] — Ext'(S, —] be a non-zero morphism with image U. This
is induced by some non-split short exact sequence

0— L(m) — L — S —0,



1.5. PRIME IDEALS OF HEIGHT ONE ARE PRINCIPAL 39

with some line bundle L’. We get an exact sequence
0 — (L', ~] — (L(m), -] — Ext!(S, -] — BExt' (L', —].

By Serre duality and by the positivity of the grading of R we see, that the functor
Ext!(L/, -] is of finite length, therefore the same holds true for Ext'(S, —]/U.

(2) Similarly, we have to show that the contravariant functor [—, L) is noether-
ian. As above, it suffices to show that [—, L)/V is noetherian for each non-zero cyclic
(contravariant) subfunctor V. Let n € Z be such that there is an epimorphism

[ L(=n)) — V.
Then there is a non-zero morphism
[ L(=n)) — [, L)
induced by some morphism g : L(—n) — L. We get a short exact sequence
0 — L(-n) 4 L — B—0,
with B € Hp, hence an exact sequence
0— [, L(=n)) — [~ L) — [, B).

It suffices to show that [—,.S) is noetherian for each simple sheaf. Again we show
that [—,.5)/V is noetherian for each non-zero cyclic (contravariant) subfunctor V.
We get a morphism

[_7 L(m)) - [_’ S)
with image V. This induces a short exact sequence
0— L' — L(m) — S — 0,
with some line bundle L', hence an exact sequence
0— [_’L/) - [_aL(m)) - [_75) - Eth[_vL/)'

By Serre duality Ext'[—, L) is of finite length, hence we get the result. O
PROPOSITION 1.4.5. R =1I(L,0) has graded (classical) Krull dimension two.
That s, since R is a graded local domain, the only homogeneous prime ideals are

the zero ideal, the homogeneous mazximal (left) ideal m = ®n21 R,, and the homo-
geneous prime ideals of height one.

PrOOF. Let F = mod(L,), and denote by Fy the full subcategory of F of
objects of finite length. Denote by F; the Serre subcategory of objects in F which
become of finite length in F/Fy. One shows as in [7, 4.6] that for each n € Z the
functor (L(n), —] becomes simple in F/F;. It follows (compare [77, 6.4.5]), that the
classical Krull dimension of R is two. O

1.5. Prime ideals of height one are principal

Let X be a homogeneous exceptional curve. For x € X denote by P, the
homogeneous prime ideal of height 1 as in Theorem 1.2.3.

THEOREM 1.5.1. Let R = II(L,0) with o being efficient. Let P be a homoge-
neous prime ideal in R of height one. Then P = P, for some x € X.



40 1. GRADED FACTORIALITY

PROOF. Let a € P be a non-zero homogeneous element. Let U be the sub-
functor of (L, —] corresponding to the graded module Ra. There is an epimorphism
(L(m),—] — U. This induces a short exact sequence

(1.5.1) 0— L% L(m) — C — 0,

where C' is a coproduct ]_[:Zl Si("i), with (not necessarily non-isomorphic) simple
S1,...,5¢ in Hg, concentrated in 1, ..., x¢, respectively. Let Mi("i) be the graded
left R-module €, Extl(Si("i),L(n)) and P; = Rm; be the homogeneous prime

ideal corresponding to x;. We have P/ C AnnR(Mi(ni)). By applying (—, —] to
the short exact sequence (1.5.1) we get an exact sequence

0 — (L(m), -] — (L, -] — Ext'(C, —].
Thus R/Ra embeds into @2:1 Mi(m). Hence we get (using 1.3.5)

t t
P = Anng(R/P) D Aung(R/Ra) D Anng (@ Ml(m)> D ﬂ Rm}.
i=1 i=1
It follows that the product of some powers of the normal elements 71, ..., 7 is in
P, hence m; € P for some i. But then P = P; follows. O

Combining Theorem 1.2.3 and Theorem 1.5.1 we get the following important
result.

COROLLARY 1.5.2. There is a natural bijection x — Rm, between points x € X
and homogeneous prime ideals P C R of height one, given by forming universal ez-
tensions. Under this bijection points of multiplicity one correspond to homogeneous
completely prime ideals of height one. O

Invoking Krull’s principal ideal theorem, a commutative noetherian integral
domain is factorial (that is, a unique factorization domain) if and only if each
prime ideal of height one is principal ([76, 20.1]). Inspired by this we make the
following definition (where we allow abelian grading groups):

DEFINITION 1.5.3. Let R be a noetherian graded domain. Then R is called
a (noncommutative) graded factorial domain if each homogeneous prime ideal of
height one is principal, generated by a normal element.

In our setting a graded factorial domain is nothing but the graded version
of a noncommutative noetherian unique factorisation ring (UFR) in the sense of
Chatters and Jordan [13, 47], where we here restrict our considerations to domains.

Note that on the other hand (besides the grading) the concept of a noncom-
mutative unique factorization domain (UFD) in [12], where only completely prime
ideals of height one are considered, is too restrictive for our purposes. (Actually
we will show that the rings occurring in our setting are (graded) UFD’s in the
sense of Chatters [12] only when they are commutative, see Theorem 1.2.3 (3) and
Theorem 4.3.5.) In his definition of unique factorization domains Cohn [14, 16]
focussed on irreducible elements (atoms) rather than on prime elements/ideals.

Corollary 1.5.2 has the following important consequence.

COROLLARY 1.5.4. The orbit algebra II(L, o), where o is efficient, is a (non-
commutative) graded factorial domain. O
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COROLLARY 1.5.5. In orbit cases I and III, the small preprojective algebra
II(L,77) is graded factorial.

Proor. In these cases the inverse Auslander-Reiten translation 77 is efficient.
O

PROBLEM 1.5.6. It is an interesting question whether it is true that the com-
pletion R of the graded factorial R = II(L, o) is factorial again. This would provide
a class of examples of (noncommutative) complete factorial rings. So far only very
few examples are known (see [107]).

1.6. Unique factorization

Let X be homogeneous. Let R = II(L,0) be an orbit algebra where o is an
efficient automorphism.

1.6.1 (Prime and irreducible elements). Recall that a non-zero, homogeneous
element a € R is called normal if Ra = aR holds. We call a (non-zero) homogeneous
element 7w in R prime if it is normal and if it generates a homogeneous prime ideal
(necessarily of height one). A non-zero homogeneous element w is called irreducible
if u = ab with a, b homogeneous, implies that either a or b is a unit.

We have a weak form of Fuclid’s Lemma: If m is prime and divides the product

ab, where a and b are homogeneous, such that a or b is normal, then 7 divides a or
b.

LEMMA 1.6.2. Let 71, mo be two prime elements. Then there is an o € R such
that mym9 = amamy.

PRrOOF. This follows from the properties of universal extensions, but there is
also a purely ring theoretical proof. The assertion is clear if Rm; = Rms. Assume
that Rm; # Rmy. Since mq, mo are normal, we have mimy = y(m)m1, where v is
a degree preserving automorphism on R. Then v(m2) is also prime and 7o divides
v(m2)m1, hence 7o divides y(ms), thus there is an o € Rf such that y(m2) = ame. O

PROPOSITION 1.6.3. Let R = II(L, o) with o being efficient. Each non-zero
normal element of R is a product of prime elements. This factorization is unique
up to permutation and multiplication with units.

PROOF. Let a # 0 be a normal non-unit. By the principal ideal theorem
(see [77, 4.1.11]) there is a prime ideal P; of height one such that a € P;. There is
a prime element 71 such that P; = Rm;. Hence there is a homogeneous element
such that a = rym;. Since r1 is normal (see below), the assertion follows because of
the positivity of the grading by induction. The uniqueness (up to a unit) follows
from the preceding lemma.

We show that r; is normal. For each normal element f let v; : R — R be the
automorphism such that sf = fy;(s) for each s € R. Let s € R, r := 1, m 1= 7.
Then

(s7)m = s(rm) = 50 = a%a(s) = rT7a(s) = 177 Ya(s)T,
hence sr = ry.19,(s), hence Rr C rR. The converse inclusion follows by rs =
Yo 1vx(s)r for each s € R. O

COROLLARY 1.6.4 (Almost commutativity of normal elements). Let f1, fo be
two normal elements. Then there is a homogeneous unit o € Rf such that f1fa

afafr.

Ol
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One can summarize the preceding results by saying that the non-zero normal
elements modulo units form a UF-monoid in the sense of [16, Ch. 3], see also [47].
Moreover, as in [47, Prop. 2.2] it follows that each non-zero homogeneous ideal
contains a normal element. (R is said to be (graded) conformal.)

Obviously, each homogeneous element r € R, r # 0, is a product of irreducible
elements. If a normal element is irreducible it is prime.

1.6.5 (Ringtheoretic meaning of e(x) and f(z)). Let u be a homogeneous el-
ement of R with cokernel S. Obviously, if S is simple, then w is irreducible. The
converse also holds in orbit cases I and II, that is, here irreducible elements and 1-
irreducible maps are the same concept. Hence, with the notations of Theorem 1.2.3,
in orbit cases I and II the prime element 7 = 7, is a product of e = e(x) irreducible
elements: T = ujusg ... u.. Moreover, each u; is of degree f = f(x) = deg(S). O

In orbit case III we get a slightly different result, since then there are irreducible
elements (even of degree one in R) with cokernel of length two; they may have two
different points as support.

PROPOSITION 1.6.6. With the same notations as in Theorem 1.2.3, assume
orbit case III. Then the following holds for m = m,.

(1) If f = deg(S) is even, then ™ = ujus . . . ue, where all u; € R are irreducible
of degree f/2 with cokernels isomorphic to S.

(2) If f = deg(S) is odd, then e is even and m = ujus . .. uy, wheret =e/2 and
all u; € R are irreducible of degree f with cokernels isomorphic to S2.

PROOF. A chain of projections S¢ — S°~! — ... — § yields a factorization
T =vvy...0, with v; : L€~ — L(e*”l)7 where L(" are line bundles such that
L = L and L = L(d). Moreover, the cokernels of the v; are isomorphic to S,
hence deg LUt = deg L") + f. If f is even, all L() lie in the same orbit, whereas
in case f is odd, precisely the L(), where i is even, lie in the same orbit as L. So, in
the first case, all u; := v; are in R and irreducible. In the second case, the elements
u; = Vg;_1V9; are in R and irreducible. O

Note that in orbit case III there are also irreducible elements in R with inde-
composable cokernel Sg) of length two.

The following is a modification of Lemma 1.3.3 so that there is some left and
right symmetry:

LEMMA 1.6.7. Let S be simple, concentrated in x, and let u € R be irreducible

such that
0—L-5L(f)—S—0

is exact. Then there is a morphism v' € Rq_ s such that m, = wv'.

PROOF. Let m = 7w, = ab be a product of homogeneous elements. Then the
cokernel of a (or b, resp.) is of the form S7 for some 0 < f < d. Then, by
universality, there is a b’ such that 7 = b'a, and since V'r = 7b, we get b’ = ~(b),
where v : R — R is the automorphism such that 7r = y(r)x for each r € R. Now
apply Lemma 1.3.3 to v~ 1(u). O

REMARK 1.6.8. There is also a version for irreducibles with cokernel S2.

The same argument shows:
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LEMMA 1.6.9. Let m = uy ... us be a factorization of the prime element 7 into

irreducibles uy, . ..,us. Let v : R — R be the automorphism such that mr = vy(r)m
for allr € R. Then
T = y(ugug ... up_q = wpy Y(ur) .oy Hugq)
= y(u—)Y(uur w2 = wpqupy H(ur) oy H(ug—2)
= (u2)...y(w)w = ug...upy” ).
Accordingly, for all i and j there is an irreducible decomposition of m where u;
appears at position j. ([l

We remark that the behaviour of irreducible elements is not well-understood.
For example, it is not true in general, that a prime element remains the same
under each permutation of its irreducible factors. It may happen, that under some
permutation of the factors the cokernel is not semisimple. Moreover, in orbit case ITI
it is even unknown whether each irreducible element is divisor of a normal element.

EXAMPLE 1.6.10. Let 8 = €>™¥/3 the third root of unity, let k = Q(pB) and
K = k(t) with t = V/2. Let R = K[X;Y,a], where a is the k-automorphism on K
given by t — [t. (We will see in the next section that R can be realized as orbit
algebra II(L, o) over a suitable exceptional curve with efficient automorphism o.)
Then

T=Y3-2X3 = (Y —tX)(Y - BtX)(Y — §*tX)
is a factorization of the central prime element 7 into irreducibles. Then
(Y = gtX)(Y —tX)(Y — g%tX) = Y3 - 36tXY? + 382 X?Y — 2X3,

and the cokernel of this element is not semisimple, since it is not associated to .

1.7. Examples of graded factorial domains

In this section we discuss some classes of examples of orbit algebras II(L, o)
with efficient o. It follows in particular that these explicitly given algebras are
graded factorial domains.

One main reason for preferring efficient automorphism which are tubular shifts
(if they exist) when forming the orbit algebra is the following simple fact (which is
some converse of Theorem 3.1.2 below). It ensures the existence of central prime
elements of degree one which is very useful for calculating examples (see also the
proof of Theorem 4.3.5).

LEMMA 1.7.1. Let R = II(L,0,) be the orbit algebra defined by an efficient
tubular shift o, at x. Then the prime element w, associated with x is central in R.

PROOF. Write 0 = 0, and m = m,. Since for all homogeneous elements r € R
of degree n > 0 we have the commutative universal diagram

0 L——— oL 5e®) —— 0
0 O_’nL o"r O_n+1L [N S;(x) - 07

the element 7 is central. O
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The non-simple bimodule case.

1.7.2. Let X be a homogeneous exceptional curve and M = pMg be the
underlying tame bimodule which we assume to be of type (2,2) and to be non-
simple. We identify F' = G. Let 7, m, be an F-basis of M as left module, where
7, corresponds to a unirational point x (which exists by 0.6.2). That is, 7, is
defined as the kernel of the universal extension

0—L =0, L. — S, —0

where we identified M with Hom(L, o, L).

Let 0 = o, be the tubular shift associated to the unirational point x, and let
R = II(L,o) be the corresponding orbit algebra. Then 7, and m, are elements
in Ry = M, and (at least) m, is a prime element in R. (Note that 7, can be
non-prime.) By Lemma 1.7.1 the element m,, is central.

By [89] there are «, § : F — F such that for all f € F' the formula

myf = 6(f)ms + a(f)my
holds, where « is a k-automorphism of F and 0 is an («,1)-derivation on F.
Since dimp, R, = n + 1, it is easy to see that the n + 1 elements 77, an—1

xr
71'2_271'5, . ,7TI7TZL_1, m, form a Rog-basis of R, for each natural number n.

Ty,

Denote by F[X;Y, a, 0] the skew polynomial ring in two variables, where every
element is expressible uniquely in the form ), j [i; XY with f;; € F (that is, as
left polynomial) and such that X is central and for all f € F' we have

Yf=6(f)X +alf)Y.

Since « is bijective each element can also be expressed uniquely as right polynomial.
Moreover, this ring is graded by total degree (that is, deg(X) = 1 = deg(Y")). Then
we get

PROPOSITION 1.7.3. As graded algebras II(L,0,) ~ F[X;Y, a,d]. O
Therefore this case is also referred to as the skew polynomial case.

REMARK 1.7.4. (1) See [89, 22] for an affine version of this. Therefore the
preceding result is not surprising. One should expect that for simple bimodules
(of any numerical type) one gets in a similar way graded analogues of the rings
considered in [29, 23] and [18, 5.3].

(2) The function fields in the non-simple bimodule cases are well known, see
[90]. From the preceding proposition it follows again that k(X) ~ F (T, «,?), the
quotient division ring of the skew polynomial ring F[T,«,d]. (The variable T is
obtained as T =Y X 1))

(3) The factoriality of the skew polynomial algebras in 1.7.3 also follows from
results by Chatters and Jordan [13].

LEMMA 1.7.5. Let R = F[X;Y, a, 8] where X is central and X and Y having
degree one. The homogeneous prime ideals of height one different from RX are in
one-to-one correspondence with the non-zero prime ideals in F|Z,a,0).

PRrROOF. Let Rx be the localization with respect to the central multiplicative
set given by the powers X" (n > 0). (See also Section 2.2.) By [36, 9.22] the
homogeneous prime ideals disjoint from this set correspond to the homogeneous
prime ideals in Rx. Restriction to the zero component gives the skew polynomial
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ring F[Z, a,d] in one variable, where Z = Y X ~!. The prime ideals in this ring are
in one-to-one correspondence with the homogeneous prime ideals in Rx since there
is a central unit of degree one in Rx. O

LEMMA 1.7.6. In Proposition 1.7.3 one can assume either « = 1p or § = 0. If
char k = 0 then one can assume § = 0.

PROOF. The first assertion follows by adopting [44, 1.1.21] to the case of two
variables. If chark = 0 and 1(L,0,) ~ F[X;Y,1F,d], then one can adopt [36,
9.23] to show that § is an inner derivation, and hence as graded algebras II(L, o) ~
F[X;Y,1p,0]. (If 0 is not inner, then by [36, 9.23] the ring F[Z,1F,¢] is a simple
ring. Then by 1.7.5, X consists of precisely one point. But since k is infinite there
are infinitely many points by [89, Thm. 3]. We give an alternative argument: The
zero component of the localization Rx is finitely generated over its centre ([18,
5.2]); on the other hand it coincides with F[Z,1F,¢], and in case § is not inner
this is not finitely generated over its centre by Amitsur’s theorem (compare [44,
1.1.32]).) |

If 6 = 0 then the non-simple bimodule case is also called the twisted polynomial
case, if @ =1 it is also called the differential polynomial case.

From now on we assume 6 = 0, so that R = F[X;Y,q] is a graded twisted
polynomial algebra. Then also m, is normal and hence prime. Let o, be the
corresponding tubular shift. Modulo inner automorphisms « has finite order r.
There is some u € F* such that o” (f) =u~!fuforall f € F. Wehave M = FOF
with f - (x,y) = (fz, fy) and (z,y) - f = (zf,ya(f)) for all f, x, y € F. We write
also M = M(F, ).

Denote by Fix(«) the subfield of all f € F such that «(f) = f. With u as
above, one can assume that u € Fix(a)*. Let K = Z N Fix(a).

LEMMA 1.7.7. The centre of R = F[X;Y,q] is given by K[X,uY"]. The ho-
mogeneous prime elements in R are (up to multiplication with a unit) X, Y and
the homogeneous prime elements in K[X,uY"], which are polynomials in X" and
wY " with coefficients lying in K.

PrOOF. This follows by reducing to [44, 1.1.22] as in the proof of 1.7.5. |

(Note that the centre can be also determined in the graded differential polyno-
mial case R = F[X;Y, 1, 0], compare [44, 1.1.32].)

It follows in particular that (up to multiplication with a unit) every homoge-
neous prime element in R except Y is central. (Y itself is central (up to a unit) only
in case 7 = 1.) Note that for example the central elements of the form a X" + buY™
with a, b € K* are prime in R.

There is a version for the function field:

1.7.8. The centre of the function field F(T,«) is given by K(uT"), with the
notations as above. The dimension of F(T), ) over its centre is given by r?m? with
m? = [F : Z(F)]. (We call the number s(X) = rm the (global) skewness.)

LEMMA 1.7.9. Let z be a point different from the points x and y which corre-
spond to the prime elements X and Y, respectively. Then d(z) = e(z) - f(2) is a
multiple of T.
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PROOF. The corresponding prime element 7. is a product of e = e(z) many
irreducible elements, each of degree f = f(2). Now m, is a homogeneous polynomial
in the variables X" and uY ™" of degree d = ef. O

For an element f € F and each integer i > 0 let N;(f) = o'~ 1(f) - -a(f)f.
We call N(f) = N,.(f) the norm of f.

LEMMA 1.7.10. With the notations as above, assume that there is an element
b € F such that u=! = N(b). Then the element u=*(X" —uY™) is a product of r
irreducible elements in R. Accordingly, the multiplicity of the corresponding rational
point z is given by e(z) = r, and the endomorphism ring of the corresponding simple
object S, is given by the skew field of those elements f € F such that a(f) = b1 fb.

PrROOF. Follows from [44, 1.3.12] and 1.6.5. O

Explicit examples over the real numbers with complete lists of prime elements
are given in 5.6.1.

1.7.11 (Arbitrarily large multiplicities). If F' is commutative then one can as-
sume that u = 1. If furthermore F/k is a cyclic Galois extension of degree r with
Galois group generated by a then the preceding lemma can be applied. In this
way it is possible to construct examples of exceptional curves having points (even
rational ones) with arbitrarily large multiplicities.

The dimension of k(X) over its centre is always a perfect square. This dimension
can also be arbitrarily large which follows from the same example. In the present
case k(X) = F(T,a) has dimension r? over its centre k(T").

It will follow from 2.2.13 that in this case r is the mazimal multiplicity.

The quaternion case. Let k be a field of characteristic different from two.
Let a, b € k* and let F' = (“Tb) be an algebra of quaternions over k, that is, a
k-algebra on generators i and j subject to the relations

ji=—ij, i’=a, j2=0.
We assume that F' is a skew field. Equivalently, the norm form of pure quaternions

—aX? —bY? 4 abZ? is anisotropic over k. Let M be the bimodule 1, Fp.
We have shown in [54] that the small preprojective algebra is given by

I(L,77) ~ k[X,Y, Z]/(—aX? = bY? + abZ?).

We will see later that 7~ is the only efficient automorphism in this case. Note that
the factoriality of this algebra was already known from a theorem of P. Samuel [99],
we refer to [33, Prop. 11.5].

It is interesting that the bimodule jFr given by noncommutative data gives
a commutative orbit algebra. The next example shows the converse behaviour. A
reason for this will be explained in Section 4.3.

The square roots case. The following example is based on calculations by
D. Baer [6, 1.3.6]. In order to get the following result we need an additional
argument.

PROPOSITION 1.7.12. Let a, ¢ € k and K the field k(\/a,+/c) such that [K :
k] = 4. Let M be the k-K-bimodule K and let X be the associated homogeneous
exceptional curve. Then there is a unirational point x € X such that

I(L,0,) ~k(X,Y,Z) (XY ~YX,XZ ~ZX,YZ+ ZY, Z*> + aY? — cX?),
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where each variable is of degree one. In particular, the algebra on the right hand
side is graded factorial.

PrROOF. In [6, 1.3.6] the category of preprojective modules of rank one over
the associated bimodule algebra, which is equivalent to the category £ as defined
in 1.4.1, is determined explicitly. It is easy to see that the morphism Y between

two successive preprojectives of rank one described in [6] defines a universal ex-

tension with simple cokernel given as representation S, : k? @ K (L.ve) K (with

endomorphism ring k(y/a)), and that the degree shift given in [6] coincides on the
category £, with the tubular shift o,. Now the assertion follows from the relations
determined in [6] (where we changed the roles of the variables X and Y). ]

For further properties of this example see 4.3.7, 3.2.16 (2) and 5.7.2. Explicit
examples are given by k = Q and K = Q(v/2,v3) or K = Q(v/2,v/~3) (the latter
case occurring in 8.3.2).






CHAPTER 2

Global and local structure of the sheaf category

As a consequence of a version of Serre’s theorem by M. Artin and J. J. Zhang
the graded factorial orbit algebras considered in the previous chapter are projective
coordinate algebras for the homogeneous exceptional curves. It follows from the
graded factoriality that homogeneous prime ideals of height one are localizable.
We also consider the localization with respect to the multiplicative set given by the
powers of a prime element. We describe properties of these localizations and derive
important relations between the multiplicity function z — e(x) and the dimension
of the function field k(X) over its centre.

2.1. Serre’s theorem

Let X be a homogeneous exceptional curve with hereditary category H. Let E
be a non-zero object in H, and let ¢ be some automorphism of H. Recall that ¢
is positive if deg(¢L) > 0. In [2] (see also [105]) the pair (E, ¢) is called ample if
the following holds:

(1) For each object X € H there is an epimorphism @, ¢~ (E) - X with
integers a; > 0.
(2) Each epimorphism X — Y induces an epimorphism
Hom(FE, ¢"X) - Hom(E, o"Y)
for n > 0.
LEMMA 2.1.1. If ¢ is positive then the pair (E, @) is ample.

PROOF. From the special structure of H, the first property for ampleness is
true for £ = L and E = L and then follows easily for arbitrary E. The second
property for ampleness follows from 0.4.6 with Serre duality. O

The following theorem is a special case of Serre’s theorem for non-commutative
projective schemes by M. Artin and J. J. Zhang [2].

PROPOSITION 2.1.2 (Serre’s theorem). Let X be a homogeneous exceptional
curve. Let E be a non-zero vector bundle and ¢ be a positive automorphism of H.
Let R = 1I(E,¢) = @,,~, Homy (E, p"E) be the orbit algebra defined to the pair
(E, ). Then the section functors

I':H — Mod*(R), F — @Hom(E,go”(F))
neE”Z
and
I, :H — mod™ (R), Fr— @Hom(E, ©"(F))
n>0

49
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induce equivalences
mod?(R) N mod%* (R)

H~ Z = Zr
mody(R)  mod,™ (R)

O

COROLLARY 2.1.3. Each homogeneous exceptional curve admits a (noncommu-
tative) graded factorial domain as projective coordinate algebra. O

COROLLARY 2.1.4. Let X be an exceptional curve. Then the function field k(X)
s the quotient division ring of degree zero fractions of a graded factorial domain.

PRrROOF. Note that the function field of an exceptional curve coincides with
the function field of the underlying homogeneous curve. If X is homogeneous and
R =1I(L, o) (with o efficient) then by [7] (compare also [88, IV.4.1, Step 4]) k(X)
coincides with the degree zero part of the graded quotient division ring QuotZ(R)
of R. |

2.1.5 (The sheafification functor). Let R = II(E, ) be with ¢ positive. (Of
course, we have in mind F = L and ¢ = o being efficient.) Denote by T :
Z mod?(R) _, mod”+ (R)
mod (R) — mod%(R) ~ m0d§+ R)

the canonical quotient functor. By the proposi-
modZER;
modg (R
define ¥ : mod”(R) — H (and also its restriction to mod”+(R)) by ~ = ¢T. We

—~—

tion 7T is an equivalence. Denote by ¢ : — 'H some quasi-inverse and

may assume that R(n) = ¢"FE (usually = L(n)) for all n € Z. This gives an exact
and dense functor with kernel mod5(R) and such that ~ o Ty ~ 1.

Denote also by T the quotient functor 7' : Mod”(R) — ﬁzgigg Then T
0

admits a right adjoint S (the section functor) which is fully faithful and T'S = 1

holds (compare [85, 4.4]). Denote by S, : mojﬁ% — mod”*(R) the functor
mo 0

given by SyT(M) = ST(M)>¢ (the non-negative part of ST(M)) for each M €
mod” (R). This is well-defined, since by [2, 4.5 S5-S7] T(M) ~ TT(F) for some
F eH,and ST(M)>o ~ STT(F)>o ~ I'(F)>o = I't(F) is finitely generated. Since
for all M and N in mod”* (R) obviously Hom(M, ST(N)so) = Hom(M, ST(N)),
it follows directly by the adjointness of 7" and S that also (T, 54) is an adjoint

pair, that is, mod?r (R) is a localizing subcategory of mod”+(R). By the preceding
argument, S; 7T, ~ I'y, and thus 'y is fully faithful. Since there is a natural
transformation 1 — ST ~ T'y o ~, it follows easily that I'; is right adjoint to
. O

2.1.6 (Degree shift). We keep the notation from the preceding number. Denote
by D the degree shift X + X (1) on Mod”(R). Then DI' = T'y.

Denote by D, the functor on mod” (R) given by D, (M) = D(M)sq. Then
similarly D, 'y = I'y . It follows that via the equivalences 7T, and ¢ the au-
tomorphism ¢ (defining the grading of R) corresponds to the automorphism on

mod”+ (R S
WJ’ER; which is induced by D,.

2.1.7 (Section modules/Cohen-Macaulay modules). For simplicity, we return
to our standard situation, that is, R = II(L, o) with o being efficient. Then Ry =
End(L) is a skew field and is up to shift the only simple graded R-module. Denote
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by sect?+(R) the full subcategory of mod”* (R) formed by those M such that
Homp(Ro(—n), M) = 0 = Exti(Ro(—n), M)
for all n > 0. We have M € sect” (R) if and only if there is F' € H such that
M ~ T (F). In fact, from M ~ I'\(F) we get M ~ F. Moreover, it can be
deduced from [2, 3.14] that M € sect’+ (R) if and only if M ~ T'; (M).
Thus, the section functor I'; induces an equivalence H ~ sect’+(R).

Similarly, denote by CMZ(R) the full subcategory of mod”(R) formed by those
modules M such that

Homp(Ro(n), M) = 0 = Extk(Ro(n), M)

for all n € Z, that is, CM%(R) = mod5(R)*. The objects in CM%(R) are
called graded maximal Cohen-Macaulay modules. I' induces an equivalence H =~
CMZ%(R). For this, because of [2, 3.14] it is sufficient to show, that ['(F) is finitely
generated for each F' € H,. Since by [7, 2.4] F is a subobject of a finite direct sum
of shifts of L (and L, if L is a line bundle, which then is a subobject of L(1)), this
follows by left exactness of I' and noetherianness of R. O

2.1.8 (A Koszul complex). Let R =1I(L, o) with o being an efficient automor-
phism. R has the Cohen-Macaulay property in the sense of regular sequences, since
any two non-associated prime elements m; and 7o define a regular sequence. For
the (two-sided) ideal I = m1 R + m2 R the factor R/I has Krull dimension zero, and
hence is of finite length [36], and therefore finite dimensional.

Let dy and ds be the degrees of 1 and 75, respectively, and assume additionally
that myme = momy. Then this regular sequence defines a projective resolution of the
graded right R-module R/I:

)

(m1- m2-)

0——— R(—dy —do) —— R(—dy) @ R(—d2) R/I.
By sheafification this leads to the exact sequence
%)
M (m1 m2)
0 L(—dy — d>) L(—dy) ® L(—d2) L 0.

2.2. Localization at prime ideals

Let R be a graded ring and S C R be a multiplicative set consisting of ho-
mogeneous elements. Following [36] we call S right Ore, if »S N sR is non-empty
for all € R and s € S. It is called a right reversible set, if for all » € R and
s € S such that sr = 0 there is s’ € S such that rs’ = 0. (For both conditions it
is sufficient to consider homogeneous elements 7, see [84, 1.6.1].) S is called a right
denominator set if it is right Ore and right reversible. The left hand versions are
defined similarly. S is called denominator set, if it is a left and right denominator
set.

Let X be a homogeneous exceptional curve and R = II(L,o) with o being
efficient. Since R is a graded domain, reversibility holds automatically for mul-
tiplicative sets. Moreover, each multiplicative set consisting of normal elements
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is a denominator set. For example, if f # 0 is normal, then {f™ | n > 0} is a
denominator set. Denote by Ry = R[f~!] the corresponding ring of fractions.

Let P = Rm be a prime ideal of height one and let x € X be the corresponding
point. We define the following multiplicative subsets of R consisting of homoge-
neous elements: N (P) contains all the normal elements not lying in P. The set Y
consists of those non-zero homogeneous elements, where the induced map between
line bundles has cokernel contained in ]_[y tx Uy, that is, is not supported by x.
Let Y’ be the set of all homogeneous elements s such that the fibre map s, is an
isomorphism. Finally, denote by C(P) the set of homogeneous elements in R whose
classes are (left and right) regular (that is, non-zero divisors) in R/P.

LEMMA 2.2.1. We have N(P) CY =Y’ =C(P). All these multiplicative sets
are denominator sets.

PRrROOF. It is easy to see that all these sets are multiplicative and that
N(P)CY CY' CcC(P).

C(P) consists of those (homogeneous) s € R such that s, € M.(D) is regular
(D a skew field), hence invertible (compare the proof of Theorem 1.2.3). Using
Lemma 1.3.3, the equality Y = Y follows easily. Obviously, A'(P) is a denomi-
nator set. That C(P) is a denominator set follows from a graded version of [13,
Lemma 2.2]. In orbit case I and II we might use also 1.6.7 for the proof that Y is
a right Ore set: Let » € R be homogeneous and s € Y. Without loss of generality
let s be irreducible. There is some s; and a prime element m; such that ss; = mq,
where Rmy # Rm. Then
roy = mr = s(syr’)

. i ' version is similar.
for some 7/, since 7 is normal. The left hand version is similar O

LEMMA 2.2.2. Assume orbit case I or II. Then the graded rings of fractions
Rprpy and Re(py are isomorphic via the natural morphism.

PROOF. (Compare also [96, 3.1.7].) Let rs~! € Re(py. Compose s = uy ... uy
into irreducibles. Then all u; € C(P). By 1.6.7 there are s; and primes 7; such that
m; = u;S;. Then

rs”t = ((rsg)my ) (si—am ) ... (5171 ) € Rav(py-
Hence the natural morphism is surjective. Injectivity is proved along the same lines:
If rt=1 =0 in Re(py then there is some s € C(P) with rs = 0. Decomposing s as
above into irreducibles and representing irreducibles as divisors of primes as above
we see that there is some s’ € N'(P) such that rs’ = 0, and hence rt~! = 0 also in
RN(P)~ (]

PROBLEM 2.2.3. Assume orbit case III. Does Rr(py =~ R¢(p) also hold in this
case? Is each irreducible element a (left and right) divisor of a normal element?

We denote the graded ring of fractions Re(py by Rp, its zero component by

RY,. If P is corresponding to the point z, we also write R, and RY, respectively.

We have

Rymy= U Ry,
fépP

f normal
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where R; denotes the ring of fractions of the form rf~", with r € R and n > 0.
Denote by HOM(F, G) = ,,c, Hom(F, G(n)) and END(F) = HOM(F, F).

Denote by H,, the quotient category of H modulo the Serre subcategory spanned
by ]_[y . Uy. Denote by ¢, : H — H,, F' — F, the canonical functor. We refer
to [7] for more details about this category.

PROPOSITION 2.2.4. Let L, be the image of L in H,. Then

PROOF. For homogeneous as~! € Rp, where a (resp. s) is of degree m (resp.
n)in R, let p(as™!) = 07"(a) o (67"(s)) ! € Homyy, (Ly, Lo(m —n)). It is easy to
check that this is well-defined and gives an isomorphism of graded rings p: Rp —
ENDy, (Ly). O

COROLLARY 2.2.5. Let x, y € X be points so that there is an automorphism
¢ € Aut(X) with o(x) =y. Then R) ~ R}.

PROOF. The autoequivalence ¢ of H induces an equivalence H, — 'H, map-
ping L, to L. O

Recall that a (not necessarily commutative) ring is called a principal ideal
domain if it is a domain and if every left ideal and every right ideal is generated by
a single element.

PROPOSITION 2.2.6. H, =~ mod”(Rp) ~ mod(R%). In particular, R is a
principal ideal domain.

PrROOF. Note that Rp contains a unit u of degree one (take any non-zero
element in R; with cokernel whose support is disjoint from z; the existence of such
an element follows from [89, 3.6]). Therefore, the restriction to the zero component,
M — My, induces an equivalence mod”(Rp) ~ mod(R%). By a similar argument,
each line bundle in H becomes isomorphic to L, in H,. Moreover, L, is a projective
generator of H,. It follows that H, ~ mod(Endy,(L,)), induced by the functor
Homgyy, (L, —) (compare also [8, 11.1.3]). By the result before, Endy, (L) ~ R%.

As before, let T'(F) = @, ., Hom(L, F(n)) € Mod?(R), and let ¢p
Mod?*(R) — Mod”*(Rp) be the canonical functor. It is easy to see that each
element of Ext' (L, F(n)) can be annihilated by an element in R of sufficiently high
degree (by 0.4.6), and that each morphism L — S, is annihilated by the element of
R which is given by the kernel. It follows that the composition g, oI" induces an ex-
act functor H — mod”(Rp) such that for all F € [, Uy we have gpoI'(F) = 0.
Therefore we get the following diagram of functors:

H
[

4z

My — "= 5 mod?(Rp) —=— mod(R%)

¢ is the unique (exact) functor defined on the quotient category H, such that
¢ o q. = qp o', and moreover, ¢(F) = (@,,c, Hom(L, F(n)))p which is naturally

isomorphic to ,,., Hom(L,, F;(n)) (similar to Proposition 2.2.4).
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Each non-zero subobject of L, is isomorphic to L,(—n) for some n > 0, hence
R% is a right principal ideal domain. Since R(}, is noetherian it follows from [15]
that R} is also a left principal ideal domain. O

COROLLARY 2.2.7 (The structure of tubes). U, ~ mody(R%), the modules of
finite length over the principal ideal domain R%. (]

For a similar statement with a complete local domain occurring compare [90,
Thm. 4.2] and 2.2.16 below.

PROPOSITION 2.2.8. Let P = Rm be a homogeneous prime ideal of height one.
There is a short exact sequence

0 — Rp == Rp(d) — S% — 0,

where Sp is a simple graded right Rp-module and e the multiplicity of the corre-
sponding point. In particular, Rp/Pp is a graded uniformly simple artinian ring.

PROOF. Let S € H be the simple object corresponding to P. Then ¢ o g, (.5)
is a simple graded Rp-module, and applying the functor ¢ o g, to the S-universal
sequence given by m induces the short exact sequence as in the assertion. (I

For the notion of a (not necessarily commutative) Dedekind domain we refer
to [77].

COROLLARY 2.2.9. Rp is a graded Dedekind domain, that is, a noetherian
hereditary domain such that each homogeneous, idempotent ideal equals 0 or Rp.
In Rp the only homogeneous prime ideals are 0 and Pp, which is generated by a
normal element. Moreover, Pp is the graded Jacobson radical of Rp, and each
graded right torsion module is unfaithful. FEach non-zero homogeneous ideal is a
power of Pp.

PrROOF. Since Rp is a graded principal ideal domain, it follows that it is graded
Dedekind. But there is also a direct argument: For each homogeneous element
0 # 2 € Rp there is a natural number n = v(x) such that € PE, but = ¢ Ppt.
If I #0, Rp is an idempotent ideal, choose a non-zero homogeneous element x € I
with v(z) minimal in order to get a contradiction.

Moreover, the annihilator of each graded simple right module is given by Pp #
0, which follows by a graded version of [77, 4.3.18]. The last statement follows by
a graded version of [77, 5.2.9]. O

THEOREM 2.2.10. Let P = Rm be a homogeneous prime ideal of height one and
S be the associated simple sheaf. Let D be the endomorphism skew field End(S)
and e the multiplicity of the corresponding point. Then PP is the unique non-zero
prime ideal in RS and R%/PY ~ M,(D).

PROOF. In order to get the isomorphism apply the graded version of the Artin-
Wedderburn theorem [84] and restrict to the zero component. Note that the en-
domorphism ring and the simplicity of S is preserved under the various functors
we applied. It follows that PP is a maximal ideal in R}, generated by the normal
element = %71~ where u € Rp is a unit of degree one and d the degree of 7. By
the principal ideal theorem [77, 4.1.11] then P is of height one.

Since Pp is the graded Jacobson radical of Rp, the zero component PJ is the
Jacobson radical of RY%. The Jacobson radical is the intersection of all primitive
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ideals. It thus follows that PP is the unique maximal ideal in R%, and hence it is
the only non-zero prime ideal in R(},. ([

REMARK 2.2.11. It follows in particular that RY% and Rp are factorial (graded
factorial, respectively).

DEFINITION 2.2.12. Let s(X) be the square root of the dimension of k(X) over

its centre,
s(X) = [k(X) : Z(k(X))]"/2.

We call it the (global) skewness of X. The curve X is commutative if and only if
s(X) = 1. For any point € X we call the square root e*(x) of the dimension of
End(S,) over its centre the comultiplicity of the point z. (These numbers are just
the PI degrees of the respective skew fields.) The results below indicate that the
multiplicity e(z) plays the role of a “local skewness”.

COROLLARY 2.2.13 (Upper bound for the multiplicities). The multiplicities are
bounded by the skewness s(X).
More precisely, with the comultiplicity e*(x) of a point x we have

e(z) - e*(x) < s(X).

PRrOOF. This is now a direct consequence of general results on polynomial
identities in the context of the Amitsur-Levitzki theorem, see [77, 13.3]. (The
idea of the proof is due to W. Crawley-Boevey [21].) Let e = e(z), e* = e*(z),
s = s(X), D = End(S,) and P be the corresponding prime ideal of height one. The
localization R} is a subring of k(X), and M. (D) is a factor ring of R%. Since k(X)
satisfies a (monic) polynomial identity of degree 2s (that is, s is the PI degree of
k(X)) this holds also for M.(D). But 2ee* is the smallest degree of a polynomial
identity for M. (D), hence ee* < s. O

In particular:

COROLLARY 2.2.14. If the function field k(X) is commutative then X is mul-
tiplicity free and the endomorphism rings of the simple objects in ‘H are commuta-
tive. ]

In 4.3.1 it is shown that conversely the multiplicity freeness implies the com-
mutativity.
The following simple observation is worth noting.

PROPOSITION 2.2.15. If e =1, then RY is local. If e > 1, then R}, is not even
semiperfect. The same is true for Rp in a graded version.

PROOF. Since RY% is a domain, 0 and 1 are the only idempotents in R%. On the
other hand, for e > 1 there are non-trivial idempotents in R%/P% ~ M, (D). g

2.2.16 (Completion). With the notations of 2.2.10, let é?: be the PY-adic
completion of RY%. Then its Jacobson radical is given by P3. By [62, 21.31+23.10]
is RY a semipe/rfect ring with RY% /PY ~ M@(D)/z\md there is a complete local ring
Sp such that RS ~ M.(Sp), and U, ~ modo(R%) ~ mody(Sp) holds. Note that
Sp does not longer contain information about the multiplicity e.

We have the following property which is well-known for commutative integrally
closed noetherian domains [76, 11.5].
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ProrPOSITION 2.2.17.

R= (] Rwp).
ht(P)=1

Proor. If s7lr € NRar(py, where s is normal, one has to show that r €
sR. By factorizing s in prime elements this follows easily. Compare also [13,
Theorem 2.3]. O

2.3. Noncommutativity and the multiplicities

As in the previous section let X be homogeneous and R = II(L, o) with o
efficient. Instead of localizing at a prime ideal, which means to “remove” all other
points, we now exploit the localization with respect to elements whose cokernels
are concentrated in a given point, which means to “remove” just this point. As
application we get that the inequation in 2.2.13 is generically an equation.

LEMMA 2.3.1. Let x € X be a rational point. The set of non-zero homogeneous
elements s € R such that coker(s) € Uy is a denominator set.

PROOF. The right Ore condition: If s : L — L(n) is in the defined set, and
r : L(m) — L(n) is a homogeneous element of R (up to shift), consider the
inclusions ¢ and j of the pullback (intersection) L’ of s and r into L and L(n),
respectively. If L’ is in the “wrong” orbit of line bundles, compose them with a
monomorphism f : L(p) — L’ with cokernel in U,,, which exists since z is rational.
Then sif =rjf, and coker(jf) € U,.

For the left Ore condition we consider similarly a pushout diagram of r and s.
If the obtained object of rank 1 decomposes, project to the line bundle summand.
If this line bundle is in the “wrong” orbit, apply again a suitable map with cokernel
in U,. (Compare [7, Lemma 2.6].) O

Let x be a rational point. We denote the localization of R with respect to the
denominator set of the preceding lemma by R, its degree zero component by
R?m>. In this way we get as affine rings similar principal ideal domains like in [18,

§5]:
PROPOSITION 2.3.2. Let x be a rational point.
(1) As graded rings, Ry ~ ENDy )y, (L).
(2) H/(Uy) ~ modZ(R@;)) ~ mod(R?w>).
(3) R?m> is a principal ideal domain.

PRrROOF. Like in the preceding section. We only remark that there is a unit of
degree one in R,y. In fact, since x is rational, 7 can be written as 7 = uv where u is
irreducible and of degree one (compare 1.6.5 and 1.6.6), and then (u-171)-(v-7~1) =
1174 O

LEMMA 2.3.3. Let x be a rational point, y # x and Py the homogeneous prime
ideal associated to y. Let r and s be homogeneous elements of R such that the
cokernel of s # 0 lies in U,. Then rs € P, implies r € P,.

Proor. The kernel and the cokernel of the fibre map s, are on the one hand
concentrated in z, on the other hand in y, hence they are zero and s, is an iso-
morphism. By the proof of Theorem 1.2.3, rs € Py means ¢ (ry) 0 sy = (rs)y, =0
(where m is the degree of s), and thus r, = 0 follows, which means r € P,. |
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THEOREM 2.3.4. Let x be a rational point. For each point y with y # x denote

by 71'; a normal generator of my Ry N R(<)1>. Then
(1) We have R?x>/7r;R?x> ~ M, (Dy), where D, = End(S,).
(2) Let U € X\ {z} be an infinite subset. Then (), W;R?m> =0.

(3) There is a point y € U such that e(y) - e*(y) = s(X).

PROOF. (1) This follows as in 2.2.10 with a version of 2.2.8.

(2) Using the preceding lemma we get My, 7, R,y = 0 from 1.3.6, and inter-
secting with the component of degree zero gives the result.

(3) By (1) and (2) there is an inclusion R(<31> C [ er Mey)(Dy). Since the
PI degree of R?w> coincides with the PI degree of its quotient division ring ([1,
Thm. 7]), which is k(X) (since there is a unit in R, of degree one), the assertion
follows. (]

COROLLARY 2.3.5. Let X be an exceptional curve. Then the equality

e(y) - e*(y) = s(X)
holds generically, that is, for all points y € X except finitely many.

PROOF. Let x be rational. The set {y € X | y # =z, e(y) - e*(y) # s(X)} must
be finite by part (3) of the preceding theorem. (Obviously, this holds also in the
weighted situation.) O

REMARK 2.3.6. In general points x such that e(x)-e*(z) # s(X) may exist. For
example, for the bimodule M = C @ C over the real numbers this inequality holds
precisely for the points corresponding to the prime ideals generated by X and Y,
respectively, in the orbit algebra C[X;Y,~]. (Note that these two points are just
the separation points on the boundary. See 5.6.1 (5) for more details.)

It is an interesting question which role those finitely many points play where
inequality holds and whether there is a connection to the ghost group.

COROLLARY 2.3.7. Assume that there is an infinite subset U of points © whose
corresponding simple sheaves S, all have commutative endomorphism rings. Then
there is a point x € U such that e(z) = s(X). O

COROLLARY 2.3.8. Let X be an exceptional curve over a finite field k. Then
there is a point x € X such that e(z) = s(X). Actually, this holds for all except
finitely many points.

PROOF. Since each finite skew field is commutative (Wedderburn), we have
e*(x) =1 for all € X. Since X contains always infinitely many points, the result
follows from the preceding results. O

COROLLARY 2.3.9. Let k be a finite field. Then X is commutative if and only
if X is multiplicity free.

ProOF. Follows directly from 2.2.13 and 2.3.8. ]

We will show in 4.3.1 that the preceding corollary holds over any field. Hence
our results show that the multiplicity function e measures noncommutativity, locally
and globally.
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PrROBLEM 2.3.10. Is it true that s(X) is always the maximum of e? Is this
maximum taken on even by a rational point? Are there always infinitely many
points (even rational points, if k is infinite) x such that End(S,) is commutative?
(For the class of examples in 1.7.11 the answer to all three questions is positive.)

PROBLEM 2.3.11. Understand the role each single multiplicity e(x) (and co-
multiplicity e*(x)) plays in terms of the function field. In particular: Is each e(x)
and e*(z) or their product a divisor of s(X)?

2.4. Localizing with respect to the powers of a prime element

In this section we describe affine parts of the curve X by localizing with respect
to the powers of certain prime elements.

LEMMA 2.4.1. Let x € X, and assume that f(x) is even in orbit case III. Let
T € R be the corresponding prime element and S, the corresponding simple object.

(1) Let s € R be homogeneous such that s # 0 and coker(s) € U,. Then
there is factorization s = wuq...u;, where each u; € R is irreducible such that
coker(u;) ~ S,. Moreover, each wu; is a (left and right) divisor of 7.

(2) The multiplicative subset of all homogeneous s € R such that s # 0 and
coker(s) € U, is a denominator set.

(3) Each fraction rs=1, with s # 0 homogeneous such that coker(s) € Uy, can
be written as r'w; "™ for some r' € R and some n > 0.

PRrROOF. (1) The factorization of s follows as in the proof of Proposition 1.6.6
considering a chain of projections from the cokernel of s decreasing the length in
each step by one; the cokernel of each w; is isomorphic to S, (since in orbit case III
we assume that f(x) is even). Each u; is a divisor of 7w, by Lemma 1.6.7.

(2) Follows as in the proof of Lemma 2.2.1.

(3) Follows by a similar argument given in the proof of Lemma 2.2.2. O

2.4.2 (Quasi-rational points). In orbit case III, ring theoretically rational points
behave more complicated in some sense than points z with f(z) = 2, compare
Proposition 1.6.6, or the preceding lemma.

We call a point x € X quasi-rational if the prime element m, factors into
irreducibles of degree one and with simple cokernel. That is,

f(z) =1 1in orbit cases I and II,

x is quasi-rational <= . .
f(z) =2 in orbit case III.

Since rational points always exist, trivially also quasi-rational points exist in
orbit cases I and II. In orbit case III, a quasi-rational point exists if and only if there
is a non-zero map f € Hom(L, L(1)) which cannot be decomposed into a product of
maps from Hom(L, L) and Hom(L, L(1)), that is, f is 1-irreducible. The existence
of such a map is open in general, but one should expect that this follows by a
similar dimension argument like in [29, 2.4].

PROBLEM 2.4.3. Do quasi-rational points always (in orbit case III) exist?

PROPOSITION 2.4.4. Let m = 7, € R be a prime element corresponding to a
quasi-rational point x. Let Ry = R[x~!] = {rn~" | r € R, n > 0}. Denote by R
its component of elements of degree zero.

(1) As graded rings, Ry ~ ENDyy /4,y (L).
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(2) H/{U,) ~ mod”(R,) ~ mod(R?).
(3) RY is a principal ideal domain.

PROOF. (1) Note that each homogeneous fraction in ENDy /¢,y (L) can be
written as fraction 7s~! such that r, s € R are homogeneous with s # 0 and
coker(s) € U,. With the preceding lemma the assertion follows as in Proposi-
tion 2.2.4.

(2) and (3) follow similarly as in the proof of Proposition 2.2.6. Note that there
is a unit of degree one in R,. In fact, since = is quasi-rational, 7 can be written
as m = wv where u is irreducible and of degree one (compare 1.6.5 and 1.6.6), and
then (u-17Y) - (v-7 ) =1-171 O

2.5. Zariski topology and sheafification

As before, let X be homogeneous with hereditary category H and orbit algebra
R =T1I(L, o), where o is efficient.

From the Artin-Zhang version of Serre’s theorem we deduced some formal
“sheafification functor” = : mod”(R) — H. In this section we briefly sketch
how we get such a functor in a more explicit manner.

We identify X with the set of height one homogeneous prime ideals in R, hence
X =Proj(R). If f is a normal element, denote by X; the subset of all prime ideals
P such that f ¢ P. The following lemma is easy to show.

LEMMA 2.5.1. The system of sets Xy (f # 0 normal, non-unit) forms a basis

for a topology such that X is connected and the proper closed sets are precisely the
finite subsets of X. a

It is routine to define graded coherent and quasi-coherent sheaves over X and we
get a sheafification functor = : Mod”(R) — Qcoh(X), M + M, where M (X;) =
My, the localization of M with respect to the powers of f, where the structure sheaf
Ox is defined by Ox(Xy) = Ry. For each point # € X the stalk is given by the
localization Rus(p), where P is the homogeneous prime ideal corresponding to .
By 2.2.17 it follows that Ox(X) = R. For the global section functor I = I'(X, —) :
Qcoh(X) — Mod”(R) one shows the following properties:

e I is right adjoint to ~ (using the natural morphism pp; : M — M (X),

assigning to m € M all the fractions m1=1 € My = M(Xy)).

o “ol'~1.

Moreover, there is the following version of Serre’s theorem.
PROPOSITION 2.5.2 (Serre’s theorem). Sheafification
T :mod*(R) — coh(X)

induces an equivalence
mod”(R)

coh(X) ~ m.

ProOF. We only show that mod%(R) is the kernel of the sheafification functor.

Denote by m the graded Jacobson radical of R. We have M = 0 if and only if
My = 0 for all normal elements f € m. Since each graded simple R-module is of

the form (R/m)(n) for some n € Z, we see that M = 0 if M is of finite length.
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For M ¢ modZ(R) there is a finite sequence 0 = My C --- C My, = M
of submodules such that M;/M;_; is a fully faithful (and torsionfree) left R/P;-
module, where P; is the corresponding affiliated prime ideal (see [36, 2.48.]). If

M =0, then for all normal f € m it follows that f™ is contained in the annihilator
of M for some n > 0, hence f € P; and thus P, = m for all i = 1,...,s. Therefore
M is of finite length. O

COROLLARY 2.5.3. H is equivalent to coh(X). O
There is the commutative diagram

'y A T _ mod%(R)
H — mod”(R) — mods (R)

S

coh(X)

where T is the quotient functor and T o I'; gives an equivalence. Identifying H
with coh(X) via the equivalence = oT'y, it is clear that the efficient automorphism
o (defining R) corresponds to the degree shift on mod”(R), X — X (1). Moreover,

R(n) = L(n).
We get the following statement which is a generalization of the statement which
sometimes is referred to as Grothendieck’s lemma if X = P* (k).

COROLLARY 2.5.4. Each indecomposable vector bundle over X is isomorphic to
L(n) or to L(n) for some n € Z. O

_ Here, the number n is unique in orbit cases I and IIIL; in orbit case II one has
L = L(1). Moreover, L is not a line bundle precisely in orbit case I.



CHAPTER 3

Tubular shifts and prime elements

This chapter is motivated by the question when two tubular shifts o, and
oy coincide. Whereas the answer over an algebraically closed field is trivial this
question becomes interesting over an arbitrary field and we will show that it is
linked to (the centre of) the function field.

In Chapter 1 we got the graded factoriality of R = II(L, o) (with o efficient)
by showing that there is a one-to-one correspondence between points x € X and
prime elements 7, (up to multiplication with some unit), naturally given by forming
universal extensions. In this chapter we show that this actually extends to a natural
correspondence between prime elements 7, and tubular shifts o, together with the
natural transformations 13y — o,; in fact, such a transformation is induced by
right multiplication with .

As a consequence we get a relation between the tubular shifts and the degree
shift. The difference between tubular shifts and the degree shift is given by ghosts
arising from prime elements which are not central (up to multiplication with a
unit). Thus we get important information on the structure of the Picard group. In
particular, this group is not always torsionfree.

3.1. Central prime elements

Let X be a homogeneous exceptional curve with structure sheaf L and o be
an efficient automorphism. Let R = II(L, o) be the corresponding orbit algebra.
Recall, that we denote o”(F) also by F(n) for F € H and also for F € mod”(R)
(degree shift).

3.1.1 (Central multiplication). It is convenient to consider first the special,
central case. Let r € R be a central homogeneous element of degree n. Then
multiplication from the right with r induces a homomorphism M —— M (n) for
each M € mod”(R) (right modules), and by sheafification, this induces also a
morphism - M(n) in H. We obtain a natural transformation 13, —— o”. It
follows easily that

o for M = R we get -r =r € Hom(L, L(n));
e if we apply the functor I'y to F - F(n) in H, then we get back multi-
plication with r on the level of graded right R-modules.

THEOREM 3.1.2. Let R = II(L,0) with o being efficient. Let x € X such
that the prime element m, € R is central of degree d. Then there is a natural
isomorphism from the tubular shift o, to the degree shift o®, which is compatible

with the natural transformations 14y — o, and 1y —% o9,

61
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ProoF. Let M € Hy be of rank r > 0. Let S = S, be the simple object
concentrated in . There is the universal extension

0 — M =% 0y (M) — Bxt' (S, M) ®pna(s) § — 0.

The morphism M ™% M(d) is a monomorphism and its cokernel is concentrated in
the point z and of length r - e(x): using a line bundle filtration of M and induction,
it suffices to show this for line bundles L’. If L’ is a shift of L then the cokernel
is Si(x). In orbit case III we have to consider also the case L' = L. There is an
irreducible map L — L, and the cokernel Sy is a simple object. One can assume
that Sy % S,. It then follows that the cokernel of the map L —% L(d) is also
isomorphic to Si(z).

We have to show that the cokernel C' of M % M(d) is semisimple: The map
C % O(d) is zero, which follows from the commutative exact diagram

0 M—= s Md)—2— ¢ 0
e (d d
0 M(d) =D ar2d) Y o) 0.

Applying the exact functor ¢ o g, from 2.2.6 we get a short exact sequence of
right Rp-modules:

Since the map C % C(d) is zero, we see that Cp is a graded Rp/Pp-module,
hence semisimple by 2.2.8. It follows that C' is a direct sum of copies of S.
Hence we get a commutative, exact diagram

0 M am M(m) By M, 0
iMT ]’MT
0 M —= M(d) C 0,

with isomorphisms iy, and jp; (compare 0.4.2 (2)). With the uniqueness prop-
erty 0.4.2 (1) of o, (f) it follows easily that for each f € Hom(M, N) (with N € H)
we have o, (f)oin = iy o f(d). Therefore, the functors o and o, are naturally iso-
morphic on H. (Actually, the argument shows, that this holds everywhere outside
U,.) With Lemma 1.2.2, presenting each object in Hy as cokernel of a monomor-
phism between objects from H, the result follows by diagram chasing. O

COROLLARY 3.1.3. Let z, y € X such that the corresponding prime elements
T, and m, are central of the same degree in R. Then the tubular shifts o, and oy
are isomorphic. ([l

3.2. Non-central prime elements and ghosts

3.2.1 (Normal multiplication). We generalize Theorem 3.1.2 to arbitrary prime
elements. Therefore, assume that r € R is a (non-zero) normal element of degree n.
Then r induces the automorphism v = ~, of the graded algebra R, by the formula
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sr = r7(s). Let M € mod”(R). Denote by M, the object in mod”(R), where M
and M, coincide as abelian groups, and where the R-action on M, is defined by

def
m-ys = m-y(s).

Then multiplication -r : m — m - r defines a morphism between the graded right
modules M and M, (n), since

(m-s)-r=m-(s-r)=m-(r-y(s)) =(m-r) s

Since obviously y(m) = m, the algebra automorphism -~y gives rise to an automor-
phism 7* by v*(M) = M, on mod”*(R) and (denoted by the same symbol) also

on H — mod%(R)

mod?(R)? such that ¢ o y* = ~* o o; moreover, 'y*(]T/f) = /M; Sheafifi-

cation gives a homomorphism M - M;(n), yielding a natural transformation
1y — o™ oy* = v* 0 g™ Obviously, v gives rise to an isomorphism R — R,
of graded right R-modules, hence v* leaves L fixed, that is, v* € Aut(X). Note
that after identifying R with R, via 7, the functor v* on modZ(R) acts on el-
ements f- of Hom(R, R(m)) (in contrast to Hom(R,, R,(m))!) like v~!, since
(v Lo (Y (f) oy)(r) = v 1(f) - r. We will also make use of the notation
Y = (7_1)*- U

The k-algebra automorphisms induced by normal elements are special cases of
a more general class of graded algebra automorphisms:

DEFINITION 3.2.2. An automorphism + of the graded k-algebra R is called
prime fizing, if for all homogeneous prime ideals P (of height one) we have y(P) =
P. In other words, ~ is prime fixing if and only if for each prime element 7w there
is a unit u € R§ such that v(7) = mu. Denote by Auto(R) the subgroup of Aut(R)
of all graded algebra automorphisms, which are prime fixing.

Examples of prime fixing automorphism are the inner automorphisms ¢, (u €
R}) given by 1,(r) = u~lru, defining the subgroup Inn(R), and automorphisms
¢, defined in the following way: Let a = (a;);>1 be a sequence of elements a; €
Z(Rp)* with ra; = a;417 for all homogeneous elements r € R of degree one. Then
©a(r) =ay-ag-...-a,-r (for each homogeneous r € R of degree n) defines an
automorphism ¢, € Autg(R). (Recall that R is generated in degrees 0 and 1.) We
denote the subgroup of Aut(R) generated by all ¢, and all o, by Inn(R) which is
a normal subgroup of Aut(R). O

Let a = (a;) be a sequence as above defining ¢,. Since R contains central
homogeneous elements (see 4.1.3) there is n > 1 such that

(3.2.1) Qitn = a; foralli>1.

If ra; = ayr for some r of degree one then n = 1 can be chosen, and a; lies in the
centre of R. This is the case, for example, if there is a central element of degree
one in R.

PROPOSITION 3.2.3. (1) Let v be a graded algebra automorphism of R. Then
the induced automorphisms v, and v* on 'H are automorphisms of X. Moreover, ~*
is trivial (that is, isomorphic to the identity) if and only if v € Inn(R). Hence the
assignment v — 7. induces an injective group homomorphism from Aut(R)/Inn(R)
into Aut(X).
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(2) Let v be a prime fixving automorphism. Then the induced automorphisms
Y« and v* on H are elements of the ghost group. Hence, there is an injective group
homomorphism from Auty(R)/Inn(R) into the ghost group G.

(3) Let r € R be normal. The associated algebra automorphism v = 7, is prime
fizing, and it is inner if and only if there is some unit u € R such that ru is central.

PROOF. (1) As already seen above v* fixes L, hence is an automorphism of
X. Using [81, IV.5] the automorphism ~ induces the identity on Mod”(R) (or
mod”(R)) if and only if the restriction of 4* to the full subcategory generated by
the shifts R(n) (n € Z) is isomorphic to the identity, that is, for each integer ¢ there
are commutative diagrams

(3.2.2) R(i—1)——" 3 R, (i—1)

R() —L 5 R (i)

for all » € R of degree one (and similarly of degree zero). If this is the case,
setting u = fo(1), a;fi(1) = fi—1(1) for all ¢ > 1, then v = ¢, o @, follows.

For the converse, if v = ¢, is inner, then f;(s) = u~y(s) defines isomorphisms
making (3.2.2) commutative. If v = ¢, is given by a sequence a = (a;);>1 as
above then f;(s) = a;'-...-a;' - y(s) defines isomorphisms for i > 0 such that

the diagrams (3.2.2) commute for each ¢ > 1. With (3.2.1) isomorphisms f; can be
defined also for i < 0 in a similar way so that for each integer ¢ the diagrams (3.2.2)
commute.

If 4 induces the identity on mod”(R) then also on the quotient category H =
mod”(R)/mod5(R). Using the section functor T' the converse follows with 2.1.7.

(2) Let 2 € X and 7, be the associated prime element of degree d. By assump-
tion, there is some u € R} such that y(r,) = mpu. Then L =% L(d) induces (via
I'y) the commutative, exact diagram of right graded R-modules

Ty

0 R R(d) R/m;R—0

|

(w)OWJN :J’v(d) \
T +

0—— R, —— R,(d) —— R,/m,Ry —— 0,

T

and sheafification implies (using =~ o'y = 14)
L(d) Ly 0

0—— (L) SLAEN v*(L)(d) —— v*(L;) —— 0.

(3.2.3) 0

R

Since v* fixes L, = Si(m), the point x is fixed. It follows that v* € G.
(3) From almost commutativity 1.6.4 it follows, that 7, is prime fixing. The
rest is clear. O

In particular ghosts are obtained in the following way.
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COROLLARY 3.2.4. Assume that in R there is a central element of degree one.
Let r € R be normal. If for all units uw € R}y the element ru is not central then for
v =7, we have v* % 1y, thus v* is a ghost.

PROOF. By the assumption, v & Inn(R). O

The proof of statement (2) in Proposition 3.2.3 shows that there is the following
more general fact.

PROPOSITION 3.2.5. Let v be a graded algebra automorphism of R. Let x, y be
points in X with corresponding homogeneous prime ideals Py, Py and simple objects
Sz, Sy, respectively. If v(P,) = P, then v*(S;) ~ Sy. In particular, v is prime
fixing if and only if v* is point fixing. |

DEFINITION 3.2.6. An element v of Aut(X) is called liftable to R, if there is a
graded k-algebra automorphism ¢ of R such that ¢, represents ~.

Thus, a ghost v is liftable to R if and only if its class in G lies in the image of
the injective homomorphism Autg(R)/Inn(R) — G.

PROBLEM 3.2.7. Is any ghost liftable to R? Is Autg(R) modulo Inn(R) gener-
ated by all the v, (r € R normal/prime)?

The main result of this chapter is the following.

THEOREM 3.2.8. Let R = II(L,0) with o being efficient. Let y € X with
associated prime element m, € R of degree d. Let v = v, be the associated algebra
automorphism of R and v* the induced automorphism of H. Then there is a natural
isomorphism from the tubular shift o, to o%on*, which is compatible with the natural

transformations 1y —— oy and 1y I gl o ¥,
PrOOF. Consider the proof of Proposition 3.2.3 (2) with r = 7, = 7, (hence

u = 1). Using the identity m,-s =y~ !(s)-m, for all s € R, the lower exact sequence
in the diagram (3.2.3) induces the commutative diagram

and hence L —% ~*(L)(d) yields an Sy-universal extension. The rest of the proof
is completely analogue to the proof of 3.1.2. (]

COROLLARY 3.2.9. If m is a positive integer such that m;" is central up to

multiplication with some unit, then oy" is naturally isomorphic to omd,
PRrROOF. By the assumption, v is an inner automorphism on R. (]
COROLLARY 3.2.10. Let x1,...,25 € X and my,,..., Tz, € R corresponding

primes. Denote by d; = e(x;) f(x;)/¢ the degree of wy,. Let mq,...,mg be integers.
Then

(3.2.4) opto.. ooy gXiziMidi g (4F Mo o (Vr, )™

ProoF. This follows from Theorem 3.2.8 together with the fact that the ~;
commute with all vx and all 0,; (by 0.4.8 and 1.6.2). O
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COROLLARY 3.2.11. Let G’ be the subgroup of the ghost group G generated by
the automorphisms vy (x € X). Then Pic(X) C (o) x G'. O

COROLLARY 3.2.12. Let x1,...,25 € X and my,,..., Ty, € R corresponding
primes. Denote by d; = e(x;) f(x;)/¢ the degree of wy,. Let mq,...,mg be integers.
The following are equivalent:

(1) ovo...oop =~ 1y.

(2) >, mid; = 0 and the graded automorphism Yk oo of R s in
Inn(R). O

REMARK 3.2.13. Assume that there is a central element in R = II(L,0) of
degree one. This is equivalent to assuming that ¢ = o, is an efficient tubular
shift. Note that the existence of an efficient tubular shift o, is equivalent to the
existence of a prime element of degree one in II(L,o) (where o is an arbitrary
efficient automorphism). All this follows by Theorem 3.2.8 and Lemma 1.7.1. It
follows that in the example in 1.1.13 (4) there is no prime element in R of degree
one.

The existence of a central element of degree one implies the following:

(1) The subgroup Inn(R) is generated by Inn(R) and automorphisms ¢,
where a is the constant sequence with value a € Z(R)*.
(2) If r # 0 is normal, then ~, € Inn(R) implies v, € Inn(R).

COROLLARY 3.2.14. Assume that there is a central element in R of degree
one. Let x1,...,25s € X and my,,..., Ty, € R corresponding primes. Denote by
d; = e(x;) f(x;)/¢ the degree of my,. Let my,...,mg be integers. The following are
equivalent:

(1) e

(2) >°i_, mid; = 0 and the graded automorphism 'y;’;ll o...ong of R is inner.

(3) There is a unit uw € Rj such that the element um* .. ﬂ;" is a central

mq m
000yt 1y

element of degree zero in the graded quotient division ring QuotZ(R).
(4) There is a unit uw € R such that the element um** ... 7" lies in the centre
of the function field k(X).

Note that we get as a special case a criterion for two tubular shifts o, and oy
to be isomorphic.

PROOF. From the preceding corollary and remark we get the equivalence of (1)
and (2), and also the equivalence of (2) and (3).

For the equivalence of (3) and (4) note that by the existence of the central unit
of degree one we have Quot”(R) = k(X)[T,T~"], where T is a central variable of
degree one. Then an element which lies in the centre of k(X) also lies in the centre
of QuotZ(R). O

We conclude the chapter by reformulating some results in the language of di-
visors.

3.2.15 (Divisors). (1) Denote by N the group of non-zero elements in k(X)
which are fractions of normal elements in R (of the same degree). Denote by Div(X)
the abelian group of all formal sums of the form )y m,x where m, € Z, almost
all zero. It follows from 1.6.3 that there is an exact sequence of groups

1— R — N 2 Div(x) % 7,
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where deg, (z) = e(x) f(x)/¢ and where div is induced by the correspondence R, —
x from 1.5.2. Tt follows from (3.2.4) that deg, is surjective if and only if the positive
integers e(z) f(x)/¢ (z € X) generate the group Z.

(2) Assume that there is a central element in R of degree one. Denote by ZF the
subgroup of NVJ/R{ given by the classes which admit representatives lying in the
centre of k(X). The preceding discussion has shown that there is an exact sequence
of abelian groups

0 — Z; — NJ /R — Pico(X) — 0.

ExXAMPLES 3.2.16. (1) The twisted polynomial case. Let R = F[X;Y, o], let =
and y be the points corresponding to the primes X and Y, respectively. Since any
prime ideal of height one different from RY is generated by a central element, for
any points z1, ze different from y we have 0., ~ 0., if and only if d(z1) = d(z2). If
o is not inner, then o, and o, are not isomorphic.

(2) The square roots case. Let R = Q(z,y, z) be the graded factorial algebra
from 1.7.12. Tt is easy to see that x (central), y and z are (up to multiplication
with units) the only prime elements of degree one (using linear independence of z,
y, z and Lemma 1.6.2). So there are precisely three unirational points, and the
associated tubular shifts are pairwise non-isomorphic.

Further applications of the results of this section are discussed in Section 5.4
and in 5.7.2.






CHAPTER 4

Commutativity and multiplicity freeness

In this chapter we characterize the exceptional curves X which are commutative.
We show that X is commutative if and only if it is multiplicity free. The proof of
this is an application of the graded factoriality.

4.1. Finiteness over the centre

Before we characterize those exceptional curves which are commutative, we
remark that exceptional curves in general are close to commutativity in the sense
that they have a “large” centre. On the other hand, in the following sections it will
be pointed out that they are commutative only in very special cases.

Let X be a homogeneous exceptional curve. It is well-known that the function
field k(X) is of finite dimension over its centre [7]. A similar result is true for the
orbit algebras.

Let o be efficient and R = II(L, o).

PROPOSITION 4.1.1. Let T = L& L and S = II(T,0). Then S is module-finite
over its noetherian centre.

PrOOF. By [11] it is sufficient to show that S is a semiprime noetherian PI
ring of global dimension two. This follows as in [7, Thm. 6.5]. O

COROLLARY 4.1.2. Let R =1I(L,0). Then R is module-finite over its noether-
1an centre.

1, 0O
0 0
with e? = e. Moreover, R ~ eSe C S. Let C be the centre of S. Then eCe is
commutative, noetherian and lies in the centre of eSe = R. Since S is a finitely
generated C-module by the proposition, R is finitely generated over eC'e. Then R
is also finitely generated over its centre. (I

PROOF. Let e = ( ), which is an element of degree zero in S = II(T, o)

COROLLARY 4.1.3. Let C' be the centre of R. The assignment P +— PNC is a
bijection from the homogeneous prime ideals of height one in R onto the homoge-
neous prime ideals of height one in C.

PRrROOF. We refer to graded versions of results in the literature: The surjectivity
of the map follows by general properties of finite centralizing extensions [77, 10.2].
The injectivity follows from [36, 11.20] since in our situation cliques of prime ideals
of height one are singletons. (I

PROBLEM 4.1.4. What is the geometric interpretation of this map? What is
the structure and explicit form of the centre?

See [18] for another approach studying this centre.

69
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COROLLARY 4.1.5. The centre of R is a graded normal domain of Krull dimen-
sion two.

PROOF. It is sufficient to show that C is graded normal. Let rs~! be a homo-
geneous element in the graded quotient field of C', which is a subfield of the graded
quotient ring RX ~!, where X is the multiplicative set of normal elements. Then r
and s are normal elements, and we cancel common prime factors in r and s and get
a fraction rs~! = r’s’~! € RX~!, where r" and s’ have no common prime factor.
If s~ is integral over C, then we see that s’ has no prime factor, hence is a unit
in R, and rs™' = ' € R. We get r = r’s, and since r and s are central, also 7’ is
central, that is, ' € C: For each x € R we have

xr's =xr =rx =1r'sx = r'ws,

and s can be canceled. O

4.2. Commutativity of the coordinate algebra

If k£ is not algebraically closed it happens very rarely that the orbit algebra
II(L, o) is commutative!. It is shown in [54] (if the characteristic of k is different
from two) that a small preprojective algebra is commutative if and only if there
is some (commutative) finite field extension K/k such that the tame bimodule M
is the Kronecker bimodule g (K @ K)g or a (4,1)- or (1,4)-bimodule of a skew
field of quaternions over K. So it is commutative only in very special cases. This
result carries over to our type of orbit algebras. Another proof will be given by
Theorem 4.3.5.

THEOREM 4.2.1. Assume that the characteristic of k is different from two. Let
R =1I(L,0), where o is efficient. Then R is commutative if and only if there is a
(commutative) finite field extension K/k such that as graded algebras either
(a) R~ K[X,Y], the polynomial algebra graded by total degree; or
(b) R ~ K[X,Y,Z]/Q, where Q = Q(X,Y,Z) is an anisotropic quadratic
form over K.
Moreover, in case (a) M is the Kronecker bimodule K ® K over K; in case (b) M
is the bimodule x Fr, where F is a skew field of quaternions over K. (Il

Let A be the corresponding tame bimodule algebra. If we assume that k is the
centre of A, then for the field extension K/k in theorem we have K = k.

Recall, that X is multiplicity free, if e(z) = 1 for all z € X. We call R almost
commutative?, if for all homogeneous 7, s € R there is an o € R} such that rs = asr.
Since in orbit case III the (2,2)-bimodule is simple, each rational point x (that is
f(z) = 1), which always exists, has multiplicity e(z) > 1 (by 0.6.1). Hence, X is
never multiplicity free in orbit case III.

PROPOSITION 4.2.2 (Almost commutativity). R is almost commutative if and
only if X is multiplicity free.

PrROOF. If e(x) = 1 for all € X then the prime elements are just the irre-
ducible elements by 1.6.5 and 1.6.7. Then the almost commutativity follows by
Proposition 1.6.3 since each non-zero homogeneous element is a product of irre-
ducible elements.

1Commutativity is always meant in the usual and not in the graded sense.
2In the literature the term is also used with another meaning [77].
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Conversely, if almost commutativity holds then each homogeneous prime ideal
of height one (which is principal) is easily seen to be completely prime. Now apply
Theorem 1.2.3 (3). |

The preceding proposition will be strengthened in the following section.

4.3. Commutativity of the function field

As was pointed out by Ringel [90] there is a strange commutativity behaviour
of the function field (see also [23]). For example ([90]) the bimodule gy with
noncommutative data leads to the commutative function field

Quot(R[U, V]/(U? + V? + 1))

whereas the bimodule oQ(v/2, \/§)@( v3,v/3) With commutative data leads to the
noncommutative function field given by the quotient division ring of

QU,V)/(UV + VU, V? 4 2U? - 3).

(Compare also Proposition 1.7.12.) We will explain this effect in this section.
Recall that an exceptional curve X is called commutative if its function field

k(X) is commutative. The main result of this section is the following theorem. (Note

that we allow also the weighted case in the theorem since it makes no difference.)

THEOREM 4.3.1. Let X be an exceptional curve. The following statements are
equivalent:
(1) X 4s commutative.
(2) X is multiplicity free.
(3) For each rational point x € X we have e(z) = 1.
In this case and if additionally char k # 2 there is some finite field extension K/k
such that
o k(X)~ K(T) if the numerical type of X ise = 1; or
o k(X) is isomorphic to the quotient field of K[U,V]/(—aU? — bV? + ab)
for some anisotropic quadratic form —aX? — bY? + abZ? over K if the
numerical type of X is e = 2.

REMARK 4.3.2. (1) It follows (together with Theorem 5.3.4 and Proposition
5.5.1) that if char k # 2 and X is commutative then the ghost group G is trivial.
(2) In the theorem, K is the field End(L) and is the centre of H.

Since the function field and the multiplicities are preserved by insertion of
weights, it is sufficient to treat the homogeneous case.

Note that in case k is a finite field the equivalence (1)<(2) is given by Corol-
lary 2.3.9. The implication (1)=(2) is given by 2.2.14. We give now another
argument for this.

PROPOSITION 4.3.3. Let X be homogeneous. Let x € X be some point. Then as
graded algebras, 1I(L,0,) C k(X)[T], where T is a central variable. In particular,
if k(X) is commutative, so is II(L, 0,,).

PrROOF. Let H = H/Ho. The natural transformation 15y —— o, induces a
natural isomorphism 17 = @.. Denote by L the class of L in H. Then there is
an isomorphism of graded rings

Endy;(L)[T] — €D Homyy (L, 7 (L)), fT" — f+ T

n>0
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(where on the right hand side the multiplication and the power of Z; are taken in
the orbit algebra sense), and II(L, 0,) embeds naturally. O

COROLLARY 4.3.4. Let X be homogeneous. Assume that the function field is
commutative. Then X is multiplicity free. Moreover, there is some unirational point
x such that the orbit algebra II(L, 0,,) is commutative graded factorial.

PROOF. Take any point x and form the orbit algebra R = II(L,0,) with re-
spect to the (not necessarily efficient) associated tubular shift o,.. By the preceding
proposition R is commutative. Moreover, by Serre’s theorem 2.1.2, R is a homo-
geneous coordinate algebra for X, and hence “classical” algebraic geometry shows
that X is multiplicity free (see for example [55]). In particular, there exists some
unirational point x and the assertion follows since o, is exhaustive. O

The orbit algebras R = II(L, 0,,), where o, is exhaustive and where R is com-
mutative, are described (in case char k # 2) in Theorem 4.2.1. From this we get the
explicit form of the function fields as in Theorem 4.3.1. This explicit description fol-
lows again from the next theorem which provides also the proof for the implication
(3)=(1) in Theorem 4.3.1.

THEOREM 4.3.5. Let X be homogeneous. Assume that for all rational points
x € X we have e(x) = 1. Then for each rational point x the orbit algebra II(L, oy)
18 commutative.

Moreover, if € = 1, then there is a finite field extension K/k such that
II(L,0,) ~ K[X,Y], where X and Y are central variables of degree one. If e =2
and char(k) # 2, then there is a finite field extension K/k such that II(L,o,) ~
K[X,Y,Z]/(—aX?—bY? +abZ?), with a, b € K* such that —aX? —bY?+ abZ? is
an anisotropic quadratic form over K.

PROOF. There is a rational point . By assumption «x is unirational. Thus the
associated tubular shift o, is efficient and the orbit algebra R = TI(L, o) graded
factorial. We have R = Ro(R1) and [R; : Rg] = e+ 1. Moreover, [R,, : Ry] = en+1.
(Note that by Corollary 0.6.2 in case ¢ = 1 the underlying tame bimodule M is
non-simple.)

Fact: Let uw be a non-zero element of R, homogeneous of degree one. Then u
1S prime.

Namely, u is irreducible, hence by 1.3.3 a divisor of some prime element T,
which because of deg(u) = 1 is associated to a rational, hence multiplicity free
point. It follows from 1.6.5 that uw equals m up to some unit and hence is prime
itself.

It follows that there are rational points y (and z) such that the prime elements
Tz, Ty (and 7.) are linearly independent over Ry and R = Ry(m,, m,) (in casee = 1)
or R = Ry(my,my,m,) (in case ¢ = 2). Moreover, by 1.7.1 the prime m, is central.
We have to show

(a) Ro is commutative;
(b) my, (and 7.) commutes with each element from Rp;
(c) mym, = m.my (in case € = 2).
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We only discuss the case € = 2 since the arguments for the case ¢ = 1 are
similar and even easier. Since 7, and 7, are prime there is a unit o € R such that
mym, = an.m, (by 1.6.2). By the Fact above, 7, + m, is prime, therefore commutes
with the prime 7, up to a unit, and o« = 1 follows. Let f € Ry, f # 0. For a € Ry,
again by using the Fact above and considering the product (7, + amy)f it follows
that fa = avyy(f), where v, is the automorphism induced by the normal element
my. In particular, for a = 1 we get v, (f) = f. It follows that Ry is commutative
and that m, is central. Similarly, 7, is central. Thus, R is commutative.

With K = Ry we get R~ K[X,Y]incasee =1and R~ K[X,Y, Z]/Q, where
@ is a homogeneous quadratic polynomial, in case ¢ = 2. Assume char(k) # 2.
Then by factoriality @ is anisotropic over K and hence can be assumed to be of the
form stated in the theorem. It follows also that the bimodule M is given as stated
in Theorem 4.2.1. O

From this, Theorem 4.3.1 follows immediately since k(X) is the quotient division
ring (of fractions of homogeneous elements of the same degree) of II(L, o,,).

LEMMA 4.3.6. Let X be homogeneous and x € X a rational point. Then
e(r) <e-[End(L) : k].
PROOF. Since z is rational we have [Ext'(S, L) : k] = ¢ - [End(L) : k], hence

~ [Ext'(S,L):k]  e-[End(L): k]
@) = RS K [End(S) A

<e-[End(L) : k].
O

Note that the curve may be defined over a field which is larger than & (for ex-
ample, over the centre of the corresponding bimodule algebra) and that the formula
also holds with this larger field instead of k.

EXAMPLE 4.3.7. Let M be the Q—Q(\/ﬁ7 v/3)-bimodule Q(v/2,V/3). Let z be a
unirational point and R = II(L,0,). By 1.7.12

R=QX,Y,2)/(XY -YX,XZ - ZX,YZ+ ZY,Z> +2Y? — 3X?).

Since this algebra is not commutative it follows from Theorem 4.3.5 that there
is a rational point of multiplicity greater than one. We determine such a point
explicitly. Denote the images of X, Y and Z by z, y and z, respectively. Then z is
central, y and z are normal (but not central). The element v = & — y is irreducible
but not normal, hence not prime. But u is divisor of a prime m = m,. Then p is a
rational point with e(p) > 1.

More precisely, (up to multiplication with a unit in Q*) we have 7 = 2% —

y?: In fact, by the preceding lemma we have e(p) = 2, hence deg(n) = 2. By

Proposition 1.3.3 there is v € R (of degree 1) such that vu = 7. Moreover, 22 —
y> = (r —y) - (x + y) lies in the centre of R. (Note that it follows easily from
z(x —y) = (r+y)z that x —y and = +y induce isomorphic simple cokernels.) Then
v(z? — y?) = vu(xr +y) = m(z +y). Since 7 is prime, it follows that 7 divides
22 — y?, and since both have the same degree they are associated.

COROLLARY 4.3.8. Let X be homogeneous and R = II(L, o) with o efficient.
The following are equivalent:

(1) k(X) is commutative.

(2) R is commutative.
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(2") R is almost commutative.
(3) For each homogeneous prime ideal P in R of height one the localization R%
is a local (equivalently, a semiperfect) ring.

PRrROOF. Recall Proposition 4.2.2 and Proposition 2.2.15. O

PROBLEM 4.3.9. Let X be a homogeneous exceptional curve. Is the category
H = coh(X) uniquely determined (up to equivalence) by the function field k(X)?
This is only clear for commutative function fields.

In the context of this section Problem 2.3.10 becomes interesting again:

PROBLEM 4.3.10. Find a formula for the skewness s$(X) in terms of the mul-
tiplicity function e. From such a formula Theorem 4.3.1 should be derived as a
special case.

REMARK 4.3.11. In case $(X) = 2 the existence of a rational point  such that
e(z) = s(X) follows directly from Theorem 4.3.1.

REMARK 4.3.12. The function field and the multiplicities are also related by a
fundamental exact sequence. For this sequence one has to consider the Grothendieck

o Z
category Qcoh(X) = xog%gg,
formed by the Z-graded torsion modules.

The injective hull @ of the line bundle L is a generic sheaf (corresponding to
the generic A-module, where A is the associated bimodule algebra). Moreover, @
is the injective hull of each line bundle and the endomorphism ring End(Q) is the
function field k(X). (Compare [56, Lemma 14].)

For each z € X denote by S¥ the Priifer sheaf, which is the direct limit of all
5 (the indecomposable sheaf of length n concentrated in x).

There is the short exact sequence in Qcoh(X)

O—>L—>Q—>@@S§;’—>O

z€X e(x)

the quotient category modulo the Serre subcategory

involving the multiplicities e(x). This sequence already appeared in [90, Prop. 5.2].



CHAPTER 5

Automorphism groups

Knowledge of the automorphism group of a curve contributes enormously to a
better understanding of the geometry. This chapter is devoted to the determination
of automorphism groups. By the mechanism of insertion of weights this problem
will be reduced essentially to the homogeneous case (see Section 6.3), which we
treat now.

The group Aut(H) consists essentially of Pic(X) and Aut(X), where the latter
group is given by the geometric automorphisms and the ghosts. Over an alge-
braically closed field the Picard group is just Z, but this does not hold in general,
as will be shown in Theorem 5.4.1. So far, the best theorem on the structure of
Pic(X) we have is Theorem 3.2.8, which also gives a hint as to what ghosts look
like.

In Proposition 5.1.4 we prove that Aut(X) is isomorphic to the factor group of
the automorphism group of the underlying bimodule M modulo the inner bimod-
ule automorphisms, which is useful for explicit calculations. Sections 5.3 and 5.4
constitute the main part of this chapter, where we analyse the case of a non-simple
bimodule M. In this case it is easy to desribe the graded factorial coordinate alge-
bra explicitly, which will be helpful in the determination of Aut(X). This graded
algebra is of the form

FIX;Y, a,d],
where F' is a finite-dimensional skew field, X is a central variable, « € Aut(F/k)
and ¢ : F' — F'is a (a, 1)-derivation such that for all f € F' the following relation
holds
Yf = 5()X + alf)Y.

We concentrate on the case § = 0, thus R = F[X;Y,q] is a graded twisted
polynomial algebra. If r is the order of @ modulo inner automorphisms, then «
induces a ghost automorphism «, of order r. In the special case where a induces a
generator of the Galois group Gal(Z/k) (with Z being the centre of F') we determine
Aut(X) explicitly. Our knowledge of the prime spectrum of R can be used to
distinguish ghosts from geometric automorphisms.

As an application we get a formula for the Auslander-Reiten translation. One
might expect that 7 is given by degree shift by —2, that is, by o, 2. While this is
true on objects, it can fail on morphisms; the correct formula is
oot zoggoa*_l.

We will treat also the quaternion case. Over the real numbers this is the case
when M = gHy, where H is the skew field of quaternions over R. Together with
our results on the non-simple bimodules we describe the homogeneous exceptional
curves explicitly when k = R, the field of real numbers. It turns out that such
a curve over R can be identified with a quotient of the Riemann sphere modulo
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an involution, possibly equipped with additional structure, and that the geometric
automorphism group is just the group of directly conformal homeomorphisms on
the Riemann sphere compatible with the involution and respecting the additional
structure.

We conclude the chapter by exhibiting an interesting homogeneous exceptional
curve over k = Q whose automorphism group is isomorphic to the Klein four group.

5.1. The automorphism group of a homogeneous curve

Now we treat the automorphism group in the homogeneous case. We will see,
that calculations of the automorphism group will lead us into (noncommutative)
Galois theory.

5.1.1 (Bimodule automorphisms). Let M = pMg be a bimodule over the skew
fields F' and G, k acting centrally, with all data finite dimensional over k. We
always assume M # 0. Define the group Aut(M) = Auty(pMg) to be the set of
all triples (¢F, oum, pc), where o € Awt(F/k), o € Aut(G/k), ppr : M — M
is k-linear and bijective, and for all f € F, g € G and m € M we have

em(fmg) = or(f)em(m)ec(g).

Composition and inverse are built componentwise, the neutral element is given by
(1p,1p,1¢). Note that projection onto the middle component, (¢r,parr, oa) —
@ is injective. There is an alternative description: Consider the k-category con-
sisting of two objects with endomorphism ring F' and G, respectively, and with
non-zero Hom-space only in one direction, which is given by M. Then an automor-
phism of the bimodule M is just an autoequivalence of this category.

5.1.2 (Inner automorphisms). An element (pr, o, @a) € Aut(M) is called
inner, if there are f € F*, g € G* such that for all x € F, y € G, m € M we
have pr(z) = f~laf, oa(y) = g tyg and ¢ (m) = f~tmg. The subgroup of
all inner automorphisms is denoted by Inn(M) = Inng(rMg), the factor group by
Out(M) = Outy(pMg) = Aut(M)/Inn(M).

5.1.3. Each element (¢r, par, pa) € Aut(M) defines a k-algebra automorphism
G 0
M F
the triple is inner if and only if the induced k-algebra automorphism is inner.

on the hereditary algebra A := in the obvious way, and conversely; then,

PROPOSITION 5.1.4. Let X be a homogeneous exceptional curve with underlying
tame bimodule M = pMqg. Then

Aut(X) ~ Out(M).

PRrROOF. Denote by L the indecomposable bundle such that there is an irre-
ducible map from L to L as in 1.1.2. Then M = Hom(L, L). Let ¢ be an autoequiv-
alence of H = coh X fixing the structure sheaf L. Then ¢ also fixes L. Therefore, by
restriction ¢ induces an autoequivalence of the full subcategory {L, L}, hence an
element of Aut(M). Moreover, with a theorem of Eilenberg and Watts [8, 11.2.3],
the functor ¢ is isomorphic to the identity on H if and only if its restriction is iso-
morphic to the identity on {L, L}, that is, if and only if the induced automorphism
on the bimodule is inner.

Conversely, any element ¢ in Aut(M) induces an automorphism ¢ of the bi-
module algebra A. This induces an autoequivalence ¢, of mod(A) by sending a
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right A-module N to N,-1 (observe the —1 here, ensuring that the assignment
¢ — ¢, is covariant). This induces an autoequivalence of the triangulated category
D’(A), and since D?(A) = D®(X) this finally induces an autoequivalence (which
we also denote by ¢.) of H. Now ¢, fixes L since it is easy to see that the cor-
responding indecomposable summand of A is preserved under the automorphism
¢ : A — A. Moreover, ¢ is inner if and only if ¢. on mod(A) is isomorphic to the
identity (compare [8, II.5]). These constructions are mutually inverse. ]

REMARK 5.1.5. Let M = pMg be a tame bimodule over k. Denote by K its
centre (compare 0.5.5). Clearly, Autgx (M) C Auty(M) and Inng (M) = Inng(M).
Moreover, there is an exact sequence

1 — Autg (M) — Auty (M) 2 Gal(K/k),

where p is defined by restricting ¢ and pg to K. It follows that the factor group
Auty(X)/ Aut g (X) can be embedded into Gal(K/k).

5.2. The structure of Aut(H)

5.2.1 (Orbit cases IIIa and IIIb). Let X be a homogeneous exceptional curve
with hereditary category H. We would like to analyse the structure of Aut(H). In
order to do this we have to refine the definition of orbit case III. By definition of
this case there is no o € Autg(H) with (L) = L (see 1.1.5). But is it possible
that there is a 0 € Aut(H) with this property? If there is such an automorphism,
we call this case orbit case IIIb, if not, we call it case IIla. In other words, in
case Illa each efficient automorphism is transitive. Of course, if in case III the
endomorphism skew fields of line bundles in two different Auslander-Reiten orbits
are non-isomorphic, then we are in case IIla.

PROBLEM 5.2.2. Is orbit case IIIb non-empty, that is, does there exist a tame
bimodule over some field belonging to this case?

Recall that O is the Aut(H)-orbit and Oy is the Auto(H)-orbit of L. Note that
only in orbit case IIIb there is a difference between O and Oy. Obviously, in any
orbit case there exists a transitive automorphism: in case IIIb by definition, in all
other cases there is even a point fixing one.

Fix a transitive o € Aut(H) (which is unique up to an automorphism of X).
Let ¢ € Aut(H). Then there is a (unique) n € Z such that ¢"(¢(L)) ~ L, that is,
o™ o ¢ € Aut(X). In other words, each ¢ € Aut(H) is a composition of a power of
o and some element of Aut(X). Therefore, Aut(H) consists of the following types
of automorphisms:
the geometric automorphisms of the curve
the tubular shifts
the ghosts
one transitive automorphism (if not already in the Picard group).

As usual, denote by G the ghost group of X. Recall that Pico(X) = Pic(X) N
Aut(X), which is Pic(X) N G.

PROPOSITION 5.2.3. Let X be a homogeneous exceptional curve. Assume, that
there is an exhaustive automorphism o lying in Pic(X), and assume that we are not
in orbit case IIIb. Then there are split exact sequences of groups

1 — Pic(X)/ Pico(X) — Aut(H)/G — Aut(X)/G — 1,
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where Pic(X)/ Pico(X) ~ Z with generator induced by o, and
1— (o) — Autg(H) — G — 1.
Moreover, Aut(H)/ Auto(H) ~ Aut(X)/G.

PROOF. Since we exclude orbit case IIIb, o is transitive. Denote the class of
an automorphism ¢ modulo G by [¢]. It is easy to see that [¢] — [0 o ¢], where
o™(¢(L)) ~ L, is a well-defined homomorphism Aut(H)/G — Aut(X)/G admitting
a section and having kernel Pic(X)/ Pico(X). For the second sequence note, that
for ¢ € Autg(H) and any point z we have ¢poo,0¢~! = 0., hence pooogp™! =0,
thus the map ¢ — o™ o ¢ such that ¢™(¢(L)) ~ L is a homomorphism. The final
assertion is clear by considering the map Aut(X)/G — Aut(H)/ Auto(H), which
is induced by the inclusion. |

Proposition 5.2.3 will be extended to weighted curves in Proposition 6.3.4.

5.3. The twisted polynomial case

We now discuss the case, where the underlying bimodule is non-simple, more-
over of the form M (F,«). That is, we assume that the derivation ¢ is trivial. In
the special case where the automorphism o € Aut(F/k) is a generator of the Galois
group of the centre Z/k we determine the automorphism group Aut(X) completely.
It follows in particular that o induces a generator of the ghost group. In the next
section we will deduce a formula for the Auslander-Reiten translation.

5.3.1. Let M = M(F, ). Recall that II(L, o) ~ F[X;Y, o], where X is central.
Let z and y be the points corresponding to the prime ideals generated by X and
Y, respectively, and let o, and o, be the associated tubular shifts.

Modulo inner automorphisms « has finite order r. There is some u € Fix(a)*
such that a”(f) = u=!fu for all f € F. Recall that for an element f € F the norm
of f is given by N(f) = a"'(f) -~ a(f)f-

Denote by Gal(F/k) the factor group Aut(F/k)/Inn(F/k). By the Skolem-
Noether theorem [30], restriction to the centre Z = Z(F') induces a monomorphism
Gal(F/k) C Gal(Z/k). Note that if k is the field of real numbers or a finite field
(hence F' commutative), then Gal(F/k) is cyclic.

5.3.2. The automorphism « € Aut(F/k) induces an automorphism of the bi-
module M, given by (f,g) — (a(f),a(g)), which we denote also by «. Denote by
a, € Aut(X) the induced automorphism of the curve, as described in the proof
of 5.1.4.

Let v be the graded algebra automorphism of R = F[X;Y,a] given by rY =
Y~(r) for all € R. Then a, coincides with (y71), = ~v* (as defined in 3.2.1). In
fact, it is easy to see that these automorphisms coincide on the full subcategory
{L, L = L(1)}, and by the argument given in the proof of Proposition 5.1.4 they
coincide also on H.

From the description of the prime elements in 1.7.7 the next lemma follows
immediately:

LEMMA 5.3.3. « induces a prime fizing automorphism of R. Accordingly o, is
a ghost of order . |

For the automorphism group we treat a special, cyclic Galois case.
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THEOREM 5.3.4. Let Z be the centre of F and o € Aut(F/k) such that its
image in Gal(F/k) generates the group Gal(Z/k) of order r.

(1) Let r = 1. Then Aut(X) is canonically isomorphic to PGLy(Z).

(2) Let r > 2. Then Aut(X) is generated by

e the automorphism a, induced by o, which generates the ghost group G and
is of order r;

e transformations of the form' Y — aY for a € Z*; they are liftable to R;
two transformations Y — aY andY — bY (with a, b € Z*) give the same
automorphism on X if and only if N(a) = N(b);

e if r = 2 additionally by the (non-liftable') automorphism exchanging X
for uY (andY for u=1X).

PROOF. We assume r > 2, since the case r = 1 is easy. Let M be the un-
derlying bimodule as described above. By 5.1.4, Aut(X) is given by Out(M) =
Aut(M)/Inn(M). Elements of Aut(M) are given by triples (v1, ¢, p2) with
©1, w2 € Aut(F/k) and ¢p € Endg(M) bijective such that ¢p(fimfs) =
©1(f1)enm(m)pa(fo) for all fi, fo € F and m € M. Note that modulo inner
bimodule automorphisms we can assume that ¢; and ¢ are powers of a. Re-
call that there is the automorphism induced by «, given as («, @, @), where on
FM = F® F it is given by a(z,y) = (a(x),a(y)). By abuse of notation, we denote
this automorphism of M by the same letter «. We have o} = 1. Note that in case
w1 =1, s is given by an invertible matrix,

eum(,y) = (z,y)- (Ccl Z)

with a, b, ¢, d € F such that ad—be # 0. Calculating pas((1,0)-f) and v ((0,1)-f)
for all f € F, one gets in case o = 1 that the matrix is diagonal with entries lying in
Z* (exploit the existence of f € Z such that a(f) # f). Similarly, an automorphism
of the form (1,¢p,a’) with 1 < j < r — 1 is only possible for r = 2 and j = 1,

which leads to the matrices of the form <2 8) with a, b € Z* (using f € Z
such that o’ (f) # f). Moreover, a diagonal matrix is inner if and only if it is of
the form C(L)b aao(b) with a, b in Z*. The norm N induces a map, assigning a

diagonal matrix the value N(a~'b), and, involving Hilbert’s Theorem 90

a 0
0 b
(applied to the cyclic Galois extension Z/K where K = Z NFix(«a), see [63]), such
a matrix is mapped to the identity if and only if it is of the above diagonal form
with twist. Moreover, up to inner automorphisms we can assume a = 1, hence
we have a transformation Y — bY. Since (bY)f = a(f)(bY) for all f € F, this
transformation extends to a graded k-algebra automorphism of R = F[X;Y, ],
mapping X'Y7 to N;(b)X'Y7. Moreover, for N(b) # 1 this induces a geometric
element in Aut(X): otherwise it would be prime fixing, in particular it would fix
the prime element X” 4+ vY", and then N(b) = N,.(b) = 1 would follow. O

REMARK 5.3.5. (1) With the assumptions and notations of the theorem let
r > 2and K = ZNFix(«). Let U be the subgroup of Z* of elements a with

IThis automorphism is induced by the canonical isomorphisms of graded algebras I1(L, 05) =~
F[X;Y,a] ~ FluY; X,a™ 1] = TI(L, o).
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N(a) =1. Then

Aut(X) ~ {(Z*/U X Zo) X () =2
Z* U % () r > 2;
where G = (o) is the cyclic ghost group of order r. Let K, = N(Z*) C K*. Then
N induces an isomorphism of groups Z*/U ~ K. But note that the action of K
on X is not given explicitly.
(2) In case r = 2, even though X is central in R and Y is not, the localizations
R?X) and ng) are isomorphic (by mapping XY ! to uY X~ !). (Compare 2.2.5.)

EXAMPLES 5.3.6. (1) The theorem can be applied for £k = R to the bimodules
M=Ro&Rand M =H® H with a =1 and r = 1. Also, all (2,2)-bimodules over
finite fields are captured by the theorem.

(2) Let k = R and M = C @ C, where C acts on the right hand side on the
second component via complex conjugation . Then r = 2, and the elements of
Aut(X) are given by Y — Y (r > 0), by “inversion” X < Y and by the ghost c.

(3) Let £ = Q(i) and F = k(+/2), let a be the automorphism v/2 +— iv/2
and let M = M(F,a). Then Aut(X) consists of the ghost a. of order 4 and
the automorphisms YV +— aY (¢ € F*). Here an element a € F* cannot always
be represented (modulo the group U of elements of norm 1) by an element in
Fix(a) = Q(i). For example, N(v/2) = —2 cannot coincide with the norm of an
element in Q(i)*.

5.4. On the Auslander-Reiten translation as functor

We continue to study the non-simple bimodule case where we still assume that
for the derivation we have 6 = 0. Hence the orbit algebra is of the form F[X;Y, a].
As before, let x and y be the points corresponding to the prime elements X and Y,
respectively.

THEOREM 5.4.1. Let R =1I(L,0,) = F[X;Y,a] with o € Aut(F/k). Let r be
the order of a modulo inner automorphisms. Then

(1) As elements of Aut’H, o, ' ooy = au.

(2) Pic(X) = (04, 0y) 2 Z X Zy and Picy(X) = (o) ~ Z,.

(3) The Auslander-Reiten translation T acts on elements of End(L) like 0,1 o

oy L

PROOF. (1) Let v be the automorphism of the graded algebra R given by
rm, = myy(r) (which coincides on Ry with a~!). Then by definition, v* = a, and
the formula follows from 3.2.8.

(2) As before, let u € Fix(a)* such that a”(f) = u~!fu for all f € F. Then,
7y € R is central, m, is normal such that um, is central, and every other prime
element in R is central. Moreover by (1), for 1 < j < r — 1, the automorphisms
o) differ from the powers of o,.. Hence Pic(X) = (0,,0y) ~ Z x Z, follows from
Corollary 3.2.9. Moreover, Picy(X) is generated by o, ! o0, = a..
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(3) Let m be the homogeneous Jacobson radical of the graded local ring R.
From the diagram of the Koszul complex (see 2.1.8)

00— R(—2) TN Ry g p(—1) R/m
g a b P
c d
0— s R(—2) Y p e R ) LR R/m

it follows that b =0 = ¢, a = f(-1),d = a *(f)(=1), and g = o~ 1(f)(-2). By
sheafification we get for any f € End(L) a diagram of almost split sequences

p: 0——7L=L(-2)— L(-1)® L(-1) — L ——0

0;201‘1(‘1“% l lf

p: 0——7L=L(-2)— L(-1)® L(-1) — L ——0.

It follows that (on classes) o, 2a~(f)-pu = p- f, for any f € End(L). On the other
hand, as can be derived from [75, Lemma 3], 7(f)-u = p- f, and 7(f) = o, 2a~1(f)
follows. Now apply (1). O

Let S, and Sy be the simple objects associated to m, and m,, respectively.
Mapping f € End(L) to its fibre map f, induces an isomorphism End(S,) ~
End(L) = F, and similarly for S,. Then the following is easy to see.

COROLLARY 5.4.2. On elements of End(S;) and End(S,) the Auslander-Reiten
translation T acts like o and o~ € Aut(F/k), respectively. O
COROLLARY 5.4.3. On the tube U, (U,) the tubular shift o, (oy) coincides with

o (o, respectively) and hence does not coincide, in case r > 2, with the identity
functor on this tube. a

COROLLARY 5.4.4. Assume, that the powers of a, are the only ghosts (which
is true, for example, under the assumptions of Theorem 5.3.4). Then as elements

in Aut(H),

In particular, T € Pic(X).

PROOF. On objects 7 acts like 02, thus 02 o 7 is a ghost, which must be a;*
by the theorem and the assumption. O

1

Because of the identity 7 =0, o0, ! the following is immediate:

COROLLARY 5.4.5. 7 is the identity functor on the length categories U, for
every point z # x, y. |

PROBLEM 5.4.6. Is 7 € Pic(X) true for any exceptional curve? Does the equa-
tion T =o0,10 o, ! hold under the weaker assumptions of the preceding theorem?
Find a general functorial formula for 7.

PrROBLEM 5.4.7. Extend the results of this and the preceding section to arbi-
trary non-simple bimodules, that is, to arbitrary o € Aut(F/k) and to the case
where § # 0. What can be said in case of a simple bimodule?
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5.5. The quaternion case

Let k£ be a field of characteristic different from two. Let a, b € k* and let
F = (aTb) be an algebra of quaternions over k, that is, a k-algebra on generators i
and j subject to the relations

ji=—ij, i’=a, j2=0.
Moreover, we assume that F' is a skew field. Let M be the bimodule pFr. Let
Fy = ki@ kj @ kji be the quadratic space of pure quaternions, where the quadratic

form is given by the restricted norm form ¢ = —aX? — bY? 4+ abZ?. Let SO(Fp) be
the group of all isometries of this quadratic space with determinant 1 (see [61]).

PROPOSITION 5.5.1. Let X be a homogeneous exceptional curve, where the un-
derlying bimodule is given as above. We have an isomorphism Aut(X) ~ SO(Fp)
which induces the canonical action of SO(Fy) on the projective spectrum of the co-
ordinate algebra R = k[X,Y,Z]/(—aX? — bY? + abZ?). Each automorphism of X
18 geometric.

PROOF. We exhibit the proof which is given in [58] for k¥ = R. We have to
calculate the (outer) automorphisms of the bimodule M. For each a € F* denote
by t, : F — F the inner automorphism given by t,(f) = a=!fa for all f € F.
Each ¢ € Aut(M) has the form ¢ = (1, ¢, t,), where ¢(f) = p(1)a~! fa. We obtain
a surjection F*x F* — Aut(M) with kernel 1 x k*, hence Aut(M) ~ F*x F*/k*.
Since every inner automorphism of the bimodule M is of the form z — o~ 'za
for some « € k*, a € F*, there is a surjection k* x F* — Inn(M) inducing an
isomorphism Inn(F') ~ k* x F*/k*. Hence Out(M) ~ F*/k* ~ SO(Fp) (see [61]).
By the correspondence between the basis i, j, k = ji of Fy and the elements z, y, 2z
in R (as described in [54, 4.3]), we see how an element of SO(F}) acts on (prime)
elements of degree one in R, and this action extends uniquely to an automorphism
of the graded k-algebra R. O

5.6. The homogeneous curves over the real numbers

In this section we apply and illustrate our results on the automorphism group
in the special situations where k¥ = R is the field of real numbers. There are
(up to duality) only five tame bimodules, which are listed in the following table.
The corresponding graded factorial coordinate algebras and automorphism groups
Aut(X) were determined in the preceding sections. In the table, v denotes complex
conjugation, I the inversion z — 1/z (explained below). Note that in the “classical”
case C @ C complex conjugation occurs, since we consider it as bimodule over R.
Moreover, in this case complex conjugation induces a geometric automorphism.

M R=1I(L,o0,) Aut(X)
1. rHE R[X,Y,Z]/(X?+Y? + Z?) SO3(R)
2. | RRr ® gRp ]R[X, Y] PGL,o (R)
3. dC(C D dC(C (C[Xa Y] PGLQ(C) X <7*>
4. | gHy & gy | H[X,Y], X, Y central PGLy(R)
5. | Cc®LC¢ CIX,Y], X central, Yz =2Y | (R} x (L)) % {7.)

TABLE 5.1. The real homogeneous curves
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5.6.1. Let R =1II(L, o), where o is an efficient automorphism. The points of
X are the prime elements in R. In each of the five cases we list the prime elements
(up to units), the endomorphism skew fields of the corresponding simple objects S,

and the symbol data (

d(z)

f (I)). We call a point = € X real (complex, quaternion) if

the endomorphism ring of S, is R (C, H, respectively). We call the property of x
being real, complex or quaternion, respectively, also the colouring of x.

(1)

RIX,Y, Z]/(X? +Y? + Z%) = R[z,y, 2].

o aa+by+ez (abe) #(0,0.0:C ())
Hence X can be identified with S?/ + 1, the 2-sphere modulo antipodal
points. This is homeomorphic to P!(C)/Zs, the Riemann sphere modulo
the fixed-point free involution (given by z — —1/z on P}(C)). There are
no real points.

R[X,Y].
e X,Y+aX acR;R; G)
o (V +2X)(Y +2X) zeC\R;C; @

Hence X = P!(C)/Zy (identifying X, Y + aX, (Y + 2X)(Y + zX)
with the class of 0o, «, z, respectively) where here Zs is generated by the
involution (given by z +— z) having fixed points ( = real points). We have

two regions, the boundary (= real points) having symbol data G) and

the inner points are complex having symbol data (;)

C[X,Y].
o X,Y+:2X 2€CC; G)
Here, X = P}(C), the Riemann sphere.

H[X, Y].
e X,Y +aX acR;H; G)
o (V+2X)(Y +2X) 2€C\RG; (7).

Here X = P*(C)/Zs (as in case (2)), but the boundary is coloured quater-
nion.

CIX, 7.

e X, Y, C; G)

o V2 _aX?=(Y —aX)(Y +/aX) 0<acR R (f)
e Y2 _aX? 0>acR; H; (;)

o (V2 2X2)(Y?-3X?) 2€C\R;C; (‘2*)

In this case, the points of X are in ono-to-one correspondence with the
elements of P!(C)/Zy (mapping X, Y, Y2 —aX? (0 # a € R), (Y2 -
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2X3)(Y? — 2X?) (2 € C\ R) to the class of oo, 0, a, z in P}(C)/Zs,
respectively). The boundary is coloured in a more complicated fashion as
in the preceding cases and is indicated in Figure 5.1.

C

C

FIGURE 5.1

Thus, in each of the five cases X can be identified with the Riemann sphere
P'(C) or a quotient of it modulo some involution plus some additional structure.
Non-boundary points are always complex.

PROPOSITION 5.6.2 ([58]). Let X be a homogeneous exceptional curve over
k = R. The geometric automorphism group of X is canonically isomorphic to the
group of directly conformal homeomorphisms on the Riemann sphere respecting the
involution and the colouring.

PROOF. The geometric elements of Aut(X) for all real cases are explicitly de-
scribed in 5.3.4 and 5.5.1 as certain invertible 2 x 2-matrices. Thus these elements
act in a natural way as Mobius transformations on the Riemann sphere, which
induces a surjective homomorphism from Aut(X) to the group of conformal homeo-
morphisms respecting the involution and the colouring [46] (ghosts mapped to the
identity), which establishes the isomorphism as claimed. Moreover, having identi-
fied X with the Riemann sphere as above, this action coincides with the action of
Aut(X) on X, with the only exception that in case C[X,Y] a transformation of the
form X — aX corresponds to the Mobius transformation z — a2z. (]

In case k£ = R Proposition 5.2.3 reads as follows.

PROPOSITION 5.6.3. Let X be a homogeneous exceptional curve over k = R.
Let G be the ghost group. Then the group Pic(X)/G acts simply transitive on the
set of all (isomorphism classes of ) line bundles and there is a split exact sequence
of groups

1 — Pic(X)/G — Aut(H)/G — Aut(X)/G — 1. O

The weighted version is given in 6.3.5. We restate Corollary 5.4.4:

PROPOSITION 5.6.4. Let k =R. Only in case M = C & C the ghost group G is
non-trivial. In this case G is generated by the automorphism ~y of order two induced
by complex conjugation. Let x and y be the unirational points. Then
1 1

-1_ -2
oo, =0, 07. 0

T=0, v
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5.7. Homogeneous curves with finite automorphism group

Over a finite field the automorphism group of a homogeneous curve X is finite
(by 5.1.4). But also in characteristic zero the automorphism group of a homoge-
neous curve may be finite.

EXAMPLE 5.7.1. Let F/k be commutative with [F : k] = 4 and M = ,Fp.
Then it is easy to see that Out(M) ~ Gal(F/k).

EXAMPLE 5.7.2. Let M be the Q—Q(\/Z \/g)—bimodule Q(\/Z \/§) With the
notations as in 4.3.7, the elements y and z in R =II(L, 0,) are not central up to a
unit, hence define (non-trivial) ghosts of order 2 (by 3.2.4). In fact they generate
Aut(X) which is isomorphic to the Klein four group V4. Each automorphism of X
(except the identity) is a ghost.

In the rest of this section we will elaborate a more complicated example which
we will meet again later when discussing a tubular curve of index three, see 8.3.1.

EXAMPLE 5.7.3. Let k =Q and F = (%) be the skew field of quaternions
over Q on generators i, j with relations i = —1 = j2, ij = —ji, K = Q(v/—3,V?2)
and M be the bimodule (K @ K)p with the canonical K-action, and where the
F-action on M is defined by

) 1
(z,y)-i= \/7*3
forallz,y € K. Since K # F, the bimodule M is simple. Let X be the homogeneous
exceptional curve over this bimodule.

(V2z +y,x—V2), (z,y)-j=(y,—2)

PROPOSITION 5.7.4. Aut(X) ~ Vy, the Klein four group, and every automor-
phism is geometric. Moreover, there is a rational point x, which is fixed by all
automorphisms.

PrOOF. We have to calculate the (outer) automorphisms (v, ¢,d) of the bi-
module M. Since every Q-automorphism of F' is inner, modulo inner bimodule
automorphisms we can assume § = 1. Moreover, for v we have the possibilities,
that ~ is the identity, or v = «, 8 or fa, where Gal(K/Q) = («, 8), with

oD = VI BWD = V2

a(v=-3) = V-3 BV=3) = V=3
For v = 1k, using that ¢((1,0)i) = ¢(1,0)i and ¢((1,0)j) = ¢(1,0)j one imme-
diately gets, that ¢ is represented by a scalar matrix with non-zero entries in K,
and hence induces the identity modulo inner automorphisms. It is easy to see, that
modulo inner, the only automorphism with v = a is (o, @, 1), where

a(z,y) = ((z), a(y)) - J,
which is not inner since o # 1. Namely, if (o, ¢, 1) is an additional automorphism,
then (a, &, 1) o (a, 0, 1) = (1, a2, 1). Moreover, (3, B, 1) is an automorphism, where
Bana) = 2 (3. 80) 3+ S (30). )
and this is modulo inner the only automorphism with v = 3. Composing these two
automorphisms gives modulo inner the unique automorphism with v = Sa, and we
get the Klein four group.
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We have to show that each automorphism is geometric: For example, we have
a(v2,v/=3) = —(v/=3,v2), and a simple calculation shows, that there are no
a € K*, f € F* such that —(v/—3,v2) = a(v/2,v/—3)f. Hence & moves the point
associated to (v/2,v/—3).

Let m = (1,1). Then a(m) = mj and B(m) = mi, hence & and 3 fix the point
associated to m (compare Lemma 0.6.3). O

PROPOSITION 5.7.5. Let X be as above. Fach rational point has multiplicity
2 or 4, and there are rational points in both cases. In particular, there exists an
efficient tubular shift o,.

ProOOF. By Lemma 0.6.1 the multiplicity of any rational point is 2 or 4. Let
m = (v2++v—=3++—6,1) € M. Then the intersection Km NmF is of dimension
two over Q. (In fact, one calculates that the elements (a — %b\/—_6) -m (with a,
b € Q) lie in the intersection.) By Lemma 0.6.1 the corresponding point z has
multiplicity 2, and then the associated shift o, is efficient. Similarly, for m = (1,1)
the intersection K'm NmF is of dimension one over Q, hence the multiplicity of the
corresponding point is 4. O

REMARK 5.7.6. Let X be as before, and let « be a rational point. The preceding
proposition shows in particular that End(S,) is commutative, and hence e*(z) = 1.
Since there are infinitely many rational points (by [89]) we conclude from 2.3.5 that
s(X) = 4, and that there are only finitely many rational points x with e(x) = 2.
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The weighted case






CHAPTER 6

Insertion of weights

In this chapter we show how results for homogeneous curves can be extended to
weighted curves. We concentrate here on the graded factoriality and on the auto-
morphism groups. As a technical tool we will make use of the p-cycle construction
by Lenzing.

6.1. p-cycles

In this section we briefly describe the p-cycle construction by Lenzing [68].
It is related to the concept of a parabolic structure [103]. It follows from the
construction that each exceptional curve arises from a homogeneous exceptional
curve by insertion of weights into a finite number of points. This is, together with
its inverse process, the perpendicular calculus [35], the most important tool in order
to reduce problems to the homogeneous (=unweighted) case. We will consider the
following problems:

e construction of graded factorial coordinate algebras for H in the weighted
cases by describing an equivalent process of insertion of weights into prime
elements of the graded factorial algebras in the underlying homogeneous
cases (see 6.2.4).

e determination of the automorphism group Aut(X) and the Picard group
Pic(X) in the weighted cases (see 6.3.1 and 6.3.3).

6.1.1 (p-cycles in x). Let X be an exceptional curve with associated hereditary
category H. Let z € X be a homogeneous point and p > 2 be an integer (“weight”).
We use the natural transformation 13, —— ¢,. A p-cycle (concentrated) in  is an
integer indexed sequence

EZ(Ei,Ii)ieZZ[“'—’Eo&ElLE2—>"'—> pfle’_*iEO(I)_}...]

of morphisms E; —~ E;.; in H such that Eiip, = Ei(x) and x4, = 04(z;) for all
i € Z and each composition x;{p—1 © Tj4p—2 0 -+ 0 x; coincides with the natural
morphism zg, for all ¢ € Z. We write

Tp_1

EZ[EO&EHLEQ%—) p_1—>E0(ZIJ)].

A morphisms f between p-cycles F = (E;, z;) and F = (F},y;) in « consists of
morphisms f; : E; — F; such that fii10x; =y, 0 f; and f;1, = fi(x) for all ¢ € Z.

The category of all p-cycles in z is denoted by H = H <‘; ) and is easily seen

to be abelian and noetherian.

89
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6.1.2 (Inclusion). Let H = H (i ) . There is the full exact embedding j : H —

H given by
JB)=[E=E=E=. =E "% ()]
We have a left adjoint ¢ : H — H and a right adjoint r : H — H of j given by
E(Ei,xi) = Ep_l and T(Ei,xi) = Eo.
6.1.3 (Simple objects). The simple objects in H are given (via the inclusion j)

by the simple objects in H concentrated in points y different from z, together with
the following p-cycles in x:

Si=[0—-0—---—=0—85—0]
So=[0—-0—---—>S5—=0—0]

Sp-1=[0-8—--—=0—-0—-0]
Sp=[8S—=0—--—0—-0—5(x)]

where S € H is simple and concentrated in x. The simple objects Si,...,S, are
exceptional with End(S;) = End(S) and Ext'(S; 1, S;) # 0.

Let L € H be a special line bundle. Then j(L) € H is also special, since
Hom(j(L), S;) # 0 if and only if i = p.

6.1.4 (Reduction of weights/perpendicular calculus). Let S be the subset
{S2,...,Sp} of the simple objects concentrated in = except Si, and denote by
(S) the extension closure of S in H. This forms a localizing Serre subcategory
in H, and the functor ¢ : H — H induces an equivalence between the quotient
category ‘H/(S) and H.

The right perpendicular category S+ formed in H is equivalent to H.

6.1.5 (’I‘Bbular shifts). Let H be the category of p-cycles in z.
(1) On H the tubular shift 7, associated to = corresponds to the natural trans-
formation 17; — &, indicated by the following diagram

E=| E-"5E——E " 3E 1 "3 Ex) ]
J ;KOJ iC]J mp—ZJ sz—l JCCD(JC)
5. E=] E-H5E B P E@) 2 E() ]

(2) For every point y € X the associated tubular shift o, : H — H extends
in an obvious way componentwise to an automorphism on H, again denoted by o,
and which is for y # x just the tubular shift on H associated to y € X. It is clear
that the relations in Aut(H) between the o, (y € X) are the same as in Aut(H).
Moreover, (G,)P = 0.

(3) More generally, each automorphism on H which is point fixing can be ex-
tended componentwise onto H (compare 0.4.8). In particular this holds for an
efficient automorphism o defined on the sheaf category over the underlying homo-
geneous curve.

6.1.6 (Reduction to the homogeneous case). We say that H (gl’ o ’§t> (which
Lrower Tt

is defined inductively for pairwise different points 1, ..., ;) arises by insertion of a
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finite number of weights from H. Let H be some abelian k-category. The following
are equivalent [68, Thm. 5.1]:

(1) H is equivalent to the hereditary category associated to an exceptional curve
X.

(2) H arises by insertion of a finite number of weights from the hereditary
category associated to a homogeneous exceptional curve.

6.2. Insertion of weights into central primes

We discuss the notion of insertion of weights on the level of the coordinate
algebra. We will extend Serre’s theorem to weighted situations, at least in special
cases. Generally it is not difficult to construct projective coordinate algebras in
the weighted cases, even if there exists no tilting object. In the case of an excep-
tional curve, with the theorem by Artin and Zhang [2, Thm. 4.5] and by using a
tilting bundle 7T, forming an orbit algebra with respect to 7', the construction of a
projective coordinate algebra is easy.

PROPOSITION 6.2.1. Let X be an arbitrary exceptional curve, and let T € H
be a tilting bundle. Let o, be the tubular shift at some point x € X. Then the pair
(T,0.) is ample. Hence II(T,0,) is a projective coordinate algebra for X.

PRrROOF. The tilting bundle T defines the torsion class 7 = {X € H |
Ext'(T,X) = 0}. By Serre duality, Hy € 7. Thus, if F € H, then by 0.4.6
and Serre duality we have F'(n) € 7 for sufficiently large n. Then F(n) is a quo-
tient of T° for some s > 0 (see [40]). This implies the first property of ampleness,
the second follows again with 0.4.6 and Serre duality. O

A different and more general construction of an ample pair is described in [88,
IV.4] (and [87, Appendix A]), which leads in our setting to an ample pair (L, o),
where L is a (special) line bundle and o is a composition of certain tubular shifts.

The projective coordinate algebras constructed in either of these two ways
are not practical for our considerations. We would like to preserve the graded
factoriality, starting from the homogeneous case.

6.2.2 (Insertion of weights into central primes). Let X be a homogeneous ex-
ceptional curve with sheaf category H and R = II(L, o) with o efficient, which is
(positively) graded by the abelian group H (= Z). Let P = R be a homogeneous
prime ideal of height one, where we assume that 7 is central and of degree d. (More
generally, R may be a k-algebra graded by an abelian group H, and 7 a central, ho-
mogeneous element.) Let p > 1 be a “weight”. Define R = R[x'/?] = R[T]/(T?—7),
where T is a central variable. Denote H = H[%] and by T € R the image of T. Then

R is an H-graded algebra with deg(T) = h = %. If moreover (H, <) is an ordered
abelian group (defined by the positive cone Hy = {h € H | h > 0}) such that R is
positively H-graded (R, # 0 only for h > 0), then R is positively H-graded, where
the ordering on H is defined by the positive cone H, = {h+nh | h € H, n > 0}.
This can be iterated.

EXAMPLE 6.2.3. Let p = (p1,...,p:) and d = (dy,...,d:) be sequences of
positive integers. Then the group Z[Z—i, cee ;‘f—;] is denoted by L(p,d). This is the
abelian group given by generators Zg, Z1, ..., Z; and relations

pifi:difoa izl,...,t.
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If all d; = 1, we write L(p) instead. Note that these groups can have a non-trivial
torsion part.

Let R = k[X;,X2] be the polynomial algebra graded by total degree. Let
A1,y ..., A¢ be pairwise different elements in k U {oo}. Without loss of generality
we assume A; = oo and Ay = 0. Let m; € R be the homogeneous prime element
Xo 4+ A\X; fori = 3,...,t and m = X;, ma = Xs5. (In this case, all d; = 1.)
Successive insertion of weights p; > 1 into the primes m; leads to the L(p)-graded
algebra

kX1, X, Xo) /(XD — XP2 - N XPY [0 =3, 1),

which are just the projective coordinate algebras of the weighted projective lines
described in [34].

THEOREM 6.2.4. Let 1 € R be a central prime element and x € X be the
associated point. Let p > 2 be an integer.

(1) R = R[x'/?] is an H-graded factorial domain of Krull dimension two. More
precisely, the homogeneous prime ideals in R of height one are P = R7 and P = Rq,
where q € R is prime and not associated to .
modﬁ(ﬁ) p

(2) There is an equivalence modl () -

PROOF. (1) We have an embedding R C R, and R can be considered also
as H-graded algebra. R = R[7] is a finite centralizing extension, since R = R ®
R7T@---® R7P~!. Hence, the intersection of a homogeneous prime ideal in R with
R gives a homogeneous prime ideal in R, proper inclusion is preserved, and each
homogeneous prime ideal in R is of this form (see [77, 10.]). Consequently, R is of
graded Krull dimension two.

By the definition of the grading, every homogeneous element @ € R has the
form @ = a7, with @ € R homogeneous and 0 < I < p — 1. Hence, R is a graded
domain like R.

It is easy to see that 7R N R = 7R, hence there is an isomorphism R/TR ~
E/fﬁ, and it follows, that 7 is a central prime element in R.

By the form of the homogeneous elements it follows easily that for a homoge-
neous prime ideal Rq C R different from R, the ideal Rq is prime in R. Moreover,
since the map P — P N R preserves proper inclusions, we see that every homoge-
neous prime ideal of height one in R different from RT7 is of the form Rq, where ¢
is prime in R and not associated to 7.

(2) Denote by H the category of p-cycles concentrated in z. Let ~ and I'y
be the functors as defined in 2.1.5. Extending this, we construct an exact functor
T :mod” (R) — H with kernel modf (R). Denote by r : mod” (R) — mod” (R)
the exact functor, given by restricting an H-graded module to the subgroup H.
Obviously, 7(R) = R. Moreover, M is of finite length over R if and only if r(M (ih))
is of finite length over R for all i = 0,...,p— 1. Hence r induces a functor 7 on the

quotient categories. For M € mod” (R) and i =0, ..., p define

—~—

(6.2.1) E; = r(M(ih)) € H.
Then E, = Ey(z) and

MY By B T B — - — By -5 By(x) ]
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defines a p-cycle concentrated in z. In fact, by Theorem 3.1.2 multiplication (-7)? =
.7 induces the natural transformation 1 — o,. In this way we get the functor ~
with the desired properties. By using 7 the induced functor on the quotient category
is full, since the sheafification functor is.

It remains to show that ~ is dense. Let

E:[E()ﬂ)ElLE2—>"'—>Ep71wp—7}E0($)]

be an arbitrary p-cycle concentrated in x. For each i, define M; = '\ (E;) €
mod” (R) and f; = T'y(z;). Define an R-module by M = (My, ..., M, 1), where
the homogeneous elements from (M;), have degrees in g + ih (for g € H), and
by defining the action of T on M; by m -7 = f;(m). This is well-defined, since
multiplication with 7 = 7 agrees with f; 4,1 0---0 f; (compare 3.1.1). Obviously,
M~ FE. |

REMARK 6.2.5. (1) The proof of the denseness of ~ : mod” (R) — H shows,
that there is a functor I'y : H — mod” (R) such that ~ oT', is isomorphic to the
identity functor. Moreover, (restricting to positive gradings) it is right adjoint to ~,
which follows from the adjointness of the corresponding functors = : mod”+ (R) —
H and Ty : H — mod”+(R) (compare 2.1.5).

(2) Degree shift by 7 on mod” (R) corresponds to the tubular shift 7, on .

(3) Let y € X, y # x be a (homogeneous) point such that the corresponding
prime 7, is central. The conclusion in Theorem 3.1.2 (for y) extends (componen-

twise) to H = H (5), that is, right multiplication with =, € R C R induces the

natural transformation 1z LN Oy. O

COROLLARY 6.2.6. Let m1,...,m € R be central prime elements, which are
pairwise non-associated, let x1,...,z; € X be the associated points, respectively.
Denote by R the algebra obtained from R by insertion of weights py,...,p; > 2 into
m1,...,m, respectively. Then R is a graded factorial algebra and

mod " (R) 5, <pp> |
mOng(R) T1y..., Tt

PRrROOF. With the preceding remark, we can apply the theorem inductively. O

REMARK 6.2.7. Let R = R[r'/P] with 7 € R a central prime associated to a
homogeneous point .

(1) For M = R, the E; in (6.2.1) become E; = r(R7") (i = 0,...,p — 1), so
that -7 defines an isomorphism between E; and E;1 (for i < p — 1). Moreover,

—~—

E, = Ry(h) and multiplication with 7 gives only a monomorphism E,_; — E,,.
We see, that the associated p-cycle L is isomorphic to

J)=[L=L=L= =1 L]
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where j : H — 'H is the canonical embedding. Moreover, with the tubular shift
G, on ‘H we have a morphism of p-cycles

_ . |

= L'-'LJI%L(:C)
G.L=|

L=— =—[1["" L(z) == L(z) ]
It is easy to see that j(L) is a special line bundle, if L is.
(2) Assume that ™ = uy ...u, with irreducible u; € R of degree f. Then the
morphism L — &, L from (1) factorizes into e morphisms between line bundles.
For example, for e = 3 we get the following picture:

=] L L L——— L(x) ]
L= =[5 L(f) " L(x)
[ —— —— [ 2 L2f) 5 L(z)

o T =] [=————] " L(z) =—— L(2) ]

Note that multiplications with the (non-central) u; from the left act on R as mor-
phisms of right R-modules.

—_—

The line bundles lying in between L and 7,(L) are not of the form R(g) for
some g € H. (See also the example 8.5.5.)

(3) The restriction functor r : modﬁ(}_%) — mod(R), or more precisely, the
induced functor 7 between the quotient categories, plays the same role as the functor
r: H — H defined in 6.1.2. O

With the results of Section 4.3 we get the following.

COROLLARY 6.2.8. Let X be an exceptional curve. The following statements
are equivalent:

(1) X is commutative.

(2) X is multiplicity free.

(3) X admits a commutative graded factorial domain as projective coordinate
algebra. a

As a consequence of this section, insertion of weights can be perfectly described
on the level of the projective coordinate algebra as far as central prime elements
are concerned. One should emphasize that many interesting weighted examples
can be examined already in this restricted context. Whereas insertion of weights is
established very general by the p-cycle construction, a corresponding description on
the level of the graded algebra for weight-insertion into non-central prime elements
is still not available.

PROBLEM 6.2.9. Describe the concept of insertion of weights into prime ele-
ments which are not central.
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6.3. Automorphism groups for weighted curves

Each exceptional curve arises by insertion of weights at finitely many points
for some homogeneous exceptional curve [68]. The following proposition reduces
the problem of calculating the automorphism group essentially to the homogeneous
case.

Let X be a (homogeneous) exceptional curve and ¢ € Aut(X). Recall that ¢
denotes the shadow of ¢. Let p : X — N be a weight function. Then ¢ is called

weight preserving (with respect to p), if p(é(x)) = p(z) for all x € X. We have

in mind the following situation: Let z1,...,x; € X be distinguished points and
D1, ..,pr weights. Then let p be defined by p(z;) =p; (i =1,...,t) and p(z) =1
for all x different from the points x1, ..., ;.

PROPOSITION 6.3.1. Let X be an exceptional curve with underlying homoge-
neous exceptional curve X such that X arises from X by insertion of the weights
P1,.. ., into the distinct points 1, ..., x;, respectively. Then Aut(X) can be iden-
tified with the subgroup of elements in Aut(X) which preserve these weights.

PROOF. Letu € Aut(X). Then there is a unique v € Aut(H) such that fu = v/,
where ¢ : H — H is left adjoint to the inclusion j : H — H, compare 6.1.2.
Moreover, £j >~ 14;. Let L be the structure sheaf of X as before. Then jL is a special
line bundle of X. Since u(jL) = jL, we get v(L) ~ v(¢5L) = ¢u(jL) = £j(L) ~ L.
If uw >~ 154, then v ~ vlj ~ luj ~ £j =~ 13. It follows that u — v defines a map
¢ 2 Aut(X) — Aut(X), which is a homomorphism of groups.

We show injectivity of this map. Assume, that v ~ 14;. Then fu ~ ¢. By 6.1.4
it follows, that u preserves all simple objects, hence u 0@, ~ &, ou for each z € X
by 0.4.8. It follows, that u acts like the identity on the components of p-cycles
in x and also on the components of morphisms between such cycles. Considering
the natural transformation 1 — &, it follows that u also acts as the identity on
“horizontal” arrows in each cycle. Thus, u acts naturally as identity on p-cycles
concentrated in x, that is, u ~ 13

Each v € Aut(X) lying in the image of ¢ preserves the weights. Conversely,
assume that v € Aut(X) preserves the weights p1,...,p:. Then v can be extended
“componentwise” onto cycles, and inductively to an element u € Aut(X) such that
fu = vl. Hence v = t(u). (For example, if 5(x1) = z2 and p; = p(x1) = p(x2) = pa,
then v can be extended tou : H <§1 — H (ii) , and this can be continued.) O

COROLLARY 6.3.2. Let X be an exceptional curve. Then the isomorphism class
of Aut(X) is independent of the chosen special line bundle L as structure sheaf.

PrOOF. Let L and L’ be two special line bundles. After applying suitable
tubular shifts associated to exceptional points, L and L’ are special with respect
to the same set of exceptional simple objects. By perpendicular calculus L and
L’ correspond to line bundles on the underlying homogeneous curve Y. But the
definition of Aut(Y) is clearly independent of the choice of the structure sheaf.
Then the assertion follows by observing that if an automorphism ¢ of H fixes L
(up to isomorphism), then o,¢o ;! fixes o, (L) for any exceptional point x. a

Also the calculation of the Picard group reduces to the homogeneous case.
Recall the following notion we already used before. Let H be an abelian group,



96 6. INSERTION OF WEIGHTS

h € H and p > 2 be an integer. Then denote by H[%] the abelian group given by
(H®Z)/Z(—h,p). Similarly, H[%, e %] is defined inductively.
The next proposition follows immediately with 6.1.5.

PROPOSITION 6.3.3. With the same notations as in Proposition 6.3.1, we have

__ g ag.
Pic(X) = Pic(X) | =%, ..., —=+].
®) <>[p1 pt] .

The following is the extension of Proposition 5.2.3 to the weighted case.

PROPOSITION 6.3.4. Let X be an exceptional curve, such that for the underlying
homogeneous situation there is an exhaustive automorphism in the Picard group,
and such that the underlying bimodule is not of orbit case IIIb. Let G be the ghost
group. Then the group Pic(X)/ Pic(X)NG acts simply transitive on the Aut(H)-orbit
of the structure sheaf L, and there is a split exact sequence of groups

1 — Pie(X)/Pic(X) NG — Aut(H)/G — Aut(X)/G — 1.

PRrROOF. Let L’ be lying in the same Aut(H)-orbit X as L. After applying
suitable shifts associated to exceptional points we can assume that L and L’ are
special with respect to the same set of exceptional simple objects. By perpendicular
calculus, L and L’ are line bundles over the associated homogeneous curve. By
assumption, there is a Picard element mapping L onto L’. Hence Pic(X) acts
transitively on X. Each ghost fixes L, hence also any other member of X. We get
an induced action of Pic(X)/ Pic(X) NG on X, which is obviously simply transitive.

Define Aut(H)/G — Aut(X)/G by [¢] — [0 o ¢], where o € Pic(X) such that
o(¢(L)) ~ L. This induces the split exact sequence. O

In the special situation k& = R Proposition 6.3.4 can be formulated as follows.

PROPOSITION 6.3.5. Let X be an exceptional curve over the real numbers. Let

G be the ghost group. Then the group Pic(X)/G acts simply transitive on the set of

all (isomorphism classes of ) special line bundles and there is a split exact sequence
of groups

1 — Pic(X)/G — Aut(H)/G — Aut(X)/G — 1. 0

Note that [58, Lem. 4+Thm. 5] is not quite correct in the twisted case C @ C,
where G is non-trivial; moreover, we have to restrict to special line bundles as in
the preceding proposition. We will give an example, where there are line bundles
which are not special in 8.5.1.

For the domestic curves and the tubular curves over the real numbers the
automorphism groups are listed in Appendix A.1.



CHAPTER 7

Exceptional objects

In this chapter we briefly expose two examples of problems in the context
of exceptional objects. The first is the proof of the transitivity of the braid group
action on the set of complete exceptional sequences over an exceptional curve which
shows that the result is independent of the base field’s arithmetic. By contrast,
the second example does not carry over to an arbitrary field. It deals with the
characterization of exceptional curves by graded factoriality.

7.1. Transitivity of the braid group action

In this section we report on a joint result with H. Meltzer [60] which supports
the philosophy that results on exceptional objects are essentially independent from
the base field.

Let X be an exceptional curve with hereditary category H. A sequence
(E1,...,E,) of exceptional objects in H is called exceptional sequence, if for all
j > i we have Hom(FE}, E;) = 0 = Ext'(E;, E;). It is called complete, if n coincides
with the rank of the Grothendieck group of H.

The notion of complete exceptional sequences is closely related to the concept
of tilting objects (complexes). We remark that there is a characterization of ex-
ceptional curves similar to 0.3.6 in terms of the existence of a complete exceptional
sequence instead of a tilting object [68].

The braid group B, on n strands is defined by generators oq,...,0,_1 and
relations 0,0 = oj0; for j > ¢ +2 and 0404110, = 0j410;0541 fori =1,...,n —2.

The braid group B,, acts on the set of all exceptional sequences of length n: o;
replaces in (E4,..., Ey,) the pair (E;, E;y1) by the pair (E;jt1, Rg,,,(FE;)), where
RE,., (£;) is the right mutation of E; by E;y1 (see [60] for details).

THEOREM 7.1.1 ([60]). Let X be an exceptional curve and let n be the rank of
the Grothendieck group of X. Then the braid group B,, acts transitively on the set
of complete exceptional sequences in H.

Exceptional vector bundles play an important role in algebraic geometry in the
study of vector bundles over various projective varieties, and were introduced by
Drezet and Le Potier [31] in connection with the investigation of stable bundles.
Exceptional sequences and the braid group action were studied by Bondal [10].
Transitivity of this action on the set of complete exceptional sequences was shown
for P? by Rudakov [98], for P! x P* by Rudakov [97] and for arbitrary del Pezzo
surfaces by Kuleshov and Orlov [52]. We remark that there is a related concept of
(collections of) spherical objects in the context of mirror symmetry, see [101].

In representation theory the importance of exceptional objects is without ques-
tion. The transitivity of the braid group action on the set of complete excep-
tional sequences was established over an algebraically closed field for the category
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of modules over a hereditary algebra by Crawley-Boevey [20] and for the category
of coherent sheaves over a weighted projective line by Meltzer [78]. Ringel [94]
simplified and extended Crawley-Boevey’s result to arbitrary hereditary Artin al-
gebras. This last result gave a hint that Meltzer’s result should also be true for
arbitrary exceptional curves. On the other hand, the proof for an algebraically
closed field presented in [78] did not work over an arbitrary field. Moreover, the
results in [53, 56] on tubular curves have shown that it is often not predictable
whether new effects occur or not.

We now briefly sketch the idea of the proof from [60]. The proof is by induction
on the rank n of the Grothendieck group Ko(X). The following lemma is crucial.

LEMMA 7.1.2. Let X be a non-homogeneous exceptional curve. Then each com-
plete exceptional sequence in H can be shifted by the braid group to an exceptional
sequence which contains a simple object.

7.1.3 (Proof of Theorem 7.1.1). Relying on the lemma, the proof of Theo-
rem 7.1.1 is straight-forward by induction, like in the algebraically closed case: For
n = 2, that is, if X is homogeneous, the proof is easy. Assume n > 2. Then there is a
“canonical” complete exceptional sequence C = (C1,...,C),) given by a certain tilt-
ing bundle in H ([70]). Given any complete exceptional sequence E = (E1, ..., E,)
one can assume by the lemma that E,, = S is an exceptional simple object. By
the special structure of C we can also assume C,, = S. Then we consider the right
perpendicular category S+ of S, which is an exceptional curve where the rank of
the Grothendieck group is n — 1, and use the induction hypothesis. O

The proof of Lemma 7.1.2 uses the following rank formula [60] which follows
from [43]. Forming the right perpendicular category E+ to an exceptional vector
bundle E, we switch to a module category E+ ~ mod(A), where A is hereditary
(not necessarily connected) with n — 1 simple modules.

PrOPOSITION 7.1.4. Let E be an exceptional object in Hi. Denote by
S1,...,Sn_1 a complete system of simple modules in E+ and by Py,. .., P,_1 their
projective covers. Then

Si)
[End Z End ] '

7.1.5 (Proof of Lemma 7.1.2). It is sufficient to show that in each orbit O
there is a complete exceptional sequence E = (E1, ..., E,) such that E; is of finite

length for some i. Assume that for the orbit O this is not the case. Then in O

2
appears an exceptional vector bundle E, such that % is minimal. We can

assume, that E appears in E with E = E,,. Forming E~, the exceptional sequence
(E1,...,E, 1) is complete in E*. Using the transitivity of the braid group action
for mod(A) proved by Ringel [94], the sequence E can be shifted to the exceptional
sequences (Py,...,P,_1,E) and (S, _1,...,51, FE), where the P; and the S; are as

in the preceding proposition, suitably ordered with P, = S;. From the rank formula
rk(Pp)? rk(E)? 0
End(P1 )k < [End(B)A]"

we get the contradiction [

Over an arbitrary field k the endomorphism ring of an exceptional object is a
finite dimensional skew field over k£ and need not to coincide with k itself. Therefore
the following corollary is an important consequence of the transitivity of the braid
group action.
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COROLLARY 7.1.6. The list of endomorphism skew fields appearing in a com-
plete exceptional sequence in 'H is invariant. O

7.2. Exceptional objects and graded factoriality

If k is algebraically closed then there is a relationship between the concept of
graded factoriality and the existence of exceptional objects, as illustrated by the
following results:

7.2.1. For a smooth projective curve C' over an algebraically closed field k, the
following are equivalent [69]:
(1) C is of genus zero.
(2) coh(C) admits an exceptional object.
(3) coh(C) admits a tilting object.
(4) There is a (commutative) Z-graded factorial k-algebra R, affine of Krull

dimension two, such that coh(C') ~ Ezgzgg;.
0

Moreover, it follows from [53] that this is also true for £ = R.

7.2.2. A similar result which follows from [55, 67], see [68] is: Let H be a small
abelian connected category over an algebraically closed field k. Then the following
assertions are equivalent:

(1) H is equivalent to the category of coherent sheaves over an exceptional
curve.

(2) H is of the form % for a (commutative) H-graded factorial affine k-
algebra R of Krull dimension two, where H is a finitely generated abelian
group of rank one.

The results of Chapters 1 and 6 indicate that the implication (1)=(2) (replacing
“commutative” by “noncommutative”) remains valid for an arbitrary base field (up
to the insertion of weights into non-central prime elements). But the converse and
also 7.2.1 is wrong in general, even in a commutative situation, as Lenzing pointed
out in [69]:

EXAMPLE 7.2.3. Let £ =T and R be the commutative Z-graded algebra
FoX,Y, Z)/(XC + Y3+ 22 + X?Y? + X327),

where deg(X) = 1, deg(Y) = 2 and deg(Z) = 3. (Note that R is not generated
in degree zero and one.) Then R is Z-graded factorial and the quotient category
mod?(R)
mod%(R)
jective curve C of genus one (and not zero). O

is equivalent to the category coh(C) of coherent sheaves of a smooth pro-

It would be interesting to characterize the class of (noncommutative) graded
factorial algebras which are related to the exceptional curves.






CHAPTER 8

Tubular exceptional curves

Let ¥ be a concealed canonical algebra over a field k with corresponding excep-
tional curve X. ¥ (and X)) are called tubular if the radical of the Grothendieck group
Ko(X) is finitely generated abelian of rank two. Equivalently, the Coxeter transfor-
mation is of finite order. Note that the radical for non-tubular ¥ (X, respectively)
has always rank one.

An exceptional curve X is tubular if and only if its virtual genus [66, 68, 70]

3u(-5) -]

is one. (Here, p is the least common multiple of the weights py, ..., ps, compare
also 0.4.5.) From this property, it is not surprising that tubular exceptional curves
have a strong affinity to elliptic curves T. In both cases, coh(X) and coh(T), all
indecomposable objects lie in tubes (in the language of representation theory).

More precisely, Atiyah’s classification [4] of vector bundles over an elliptic curve
T over an algebraically closed field k& shows that coh(T) consists of a rational family
of tubular families, each parametrized by T and consisting of homogeneous tubes.
(Note, that here “rational family” means “indexed by the rational numbers”.)

In [91] Ringel introduced the tubular (canonical) algebras over an algebraically
closed field and showed that the indecomposable modules over such an algebra can
be classified basically by a rational family of tubular families, each parametrized
by the projective line P*(k); in each tubular family there are finitely many non-
homogeneous tubes. Accordingly, the (bounded) derived category (see [37]) of a
tubular algebra consists entirely of tubes [42].

The connection between these geometric and representation theoretic results
was given by Geigle and Lenzing when they introduced the weighted projective
lines [34] and later by Lenzing and Meltzer for the tubular case [71]. The funda-
mental concept there was that of tubular mutations [79], which are automorphisms
of the derived category. (In this tubular situation the tubular shifts form a very
small subclass of them.)

An additional feature of the mentioned results over an algebraically closed field
is that for a fixed tubular algebra (tubular exceptional curve, elliptic curve, respec-
tively) all tubular families are equivalent categories. We showed in [53, 56] that
this is no longer true over an arbitrary field. There are tubular exceptional curves
which admit tubular families which are not equivalent. Accordingly, there are tubu-
lar exceptional curves X and X’ which are derived equivalent but not isomorphic.
In different terminology, X and X’ are Fourier-Mukai partners.

The present chapter is devoted to the study of the automorphism group
Aut(D?(X)) of the bounded derived category of a tubular exceptional curve X.
This group acts on the set of all separating tubular families in D?(X). Over an

5
gx=1+7p
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algebraically closed field the preceding remark implies that this group action is
transitive, but over an arbitrary field there may occur more than one orbit. The
number of these orbits is called the index of X. Our main result in [59] is that
the index of a tubular exceptional curve X is at most three and that such curves
of index three exist. We summarize a proof for this result and present the new
Proposition 8.1.6 which improves the argument.

We study examples exploiting the results from the previous chapters. They
illustrate the principle how to determine the automorphism group Aut(D’(X)) in
general. The central example will be a tubular exceptional curve of index three.
In this example, the Grothendieck group is of rank three. (In general, the rank of
the Grothendieck group of a tubular exceptional curve is at least three and at most
ten [66].) Tubular exceptional curves with this property are of particular interest.
First of all, since there is only one exceptional tube (of rank two) in each tubular
family, exceptional objects are essentially determined by their slope and explicit
calculations are much easier than for other tubular curves. This was demonstrated
by Ringel [95], pointing out an interesting link between tilting modules and Farey
fractions.

Moreover, in the tubular case the following effects arise only when Ko(X) is of
rank three:

e the occurrence of index three;
e the occurrence of roots (even 1l-roots) in K¢(X) which are not realizable
by indecomposable objects in H (we refer to [53, 59]).

In the algebraically closed case each line bundle L over an exceptional curve
X is exceptional. Over an arbitrary field this is also true for line bundles over a
domestic exceptional curve (that is, when the virtual genus satisfies gx < 1). We
will show that it is false for some tubular cases where the Grothendieck group is of
rank three or four.

8.1. Slope categories and the rational helix
Throughout this section let X be a tubular exceptional curve over a field k.

8.1.1 (Slope). For each x € Ko(X) such that rkx # 0 or degx # 0 define the
slope by ux = drigxx. The slope of a non-zero object in H is defined as the slope
of its class. Stability and semistability of non-zero objects in H is defined with
respect to the slope as in [34]. For each ¢q € Q:=Qu {oc} denote by H(@ the
full subcategory of H which is formed by the zero sheaf and the semistable sheaves
of slope q. We call the categories H(% (and also their translates in the derived

category) slope categories. Note that for example H(*) = H,.

8.1.2. Since each indecomposable object in H is semistable (compare [34, 5.5]),
‘H is the additive closure of its slope categories, and since H is hereditary we have

D:=D"X)=\/Hn]= \/ HIn]

ne€z (n,q)€ZxQ

which means that D°(X) is the additive closure of the (disjoint) copies H[n] and
also of the H(?[n], and moreover, there are non-zero morphisms from H[n] to H[n/']
(from H@[n] to H4)[n'], resp.) only if n < n’ ((n,q) < (n',q'), resp., where the
rational helix 7, X @ is endowed with the lexicographical order [72]). More precisely,
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for all X, Y € H and all m, n € Z we have Homp(X[n],Y[m]) = Ext}; " (X,Y).
Note that Extéi(—, —)=0fori € Z,i#0,1. Here, X[n] denotes the element in
the copy H|[n| which corresponds to X € H. The automorphism T on D, which is
induced by the assignment X +— X|[1], is called translation functor.

8.1.3 (Riemann-Roch formula). Let p be the least common multiple of the
weights p1,...,p:. Recall that for any x, y € Ko(X)
p—1
(x,y) =D _(r'xy).
§=0
For any x, y € Ko(X) the following formula holds ([66, 70]).

rkx rky

<<X7 Y>> = K€ degx degy

)

which in case rkx # 0 # rky can also be written as (x,y)) = kerkxrky(uy — px).
As application one gets: If X, Y € H are indecomposable with p(X) < u(Y), then
Hom(X, 77Y) # 0 for some j.

PROBLEM 8.1.4 (Calabi-Yau property). If k is algebraically closed then the
Auslander-Reiten translation, that is, the Serre functor 7 on H is of order p in
the group Aut(H) (where p is the least common multiple of the weights). By Serre
duality we conclude that the triangulated category Db(X) is Calabi-Yau of fractional
dimension p/p, in the sense of [48].

It is an interesting question whether this is also always true if £k is an arbitrary
field. A priori on has to take ghosts into account.

8.1.5 (Interval categories). For each ¢ € Q let H(g) be the subcategory in D
defined by

Hig) = HO[-1] v H(? v H@),

HO = \/ HO, W= \/ HO.

—oo<r<q g<r<oco

where

Moreover
D =D vH@ DY,

where DI = {X € D | Hom(H(®, X) = 0} and D'” = {Y € D | Hom(Y, H®)) =
0}. We call the categories H(q) and also their translates in D interval categories.
O

The first proof of the following proposition was a by-product in [56, 59] of the
case by case analysis how the automorphism group Aut(D) acts on the set of slope
categories. We now give a more systematic argument.

PROPOSITION 8.1.6. Let X be a tubular exceptional curve. For each q € @ the
interval category H(q) is the sheaf category of a tubular exceptional curve X{(q).

PROOF. The key-point (see [56, Prop. 7]) is to show that the slope category
H(9) is non-trivial. We modify the argument given in [56]. There is a normalized
rank function rk, on Ko(X) such that rk,(F) > 0 for all objects F € H(g) and
rk,(F) = 0 if and only if F' € H(9). In fact, if ¢ = d/r, where d and r are coprime,
then (up to normalization) rk,(F') = d-rk(F)—r-deg(F’). Moreover, by semistability
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there is no non-zero morphism from an object of rank zero to an object of non-zero
rank. Since H(9 is noetherian (possibly trivial), noetherianness of the category
H(q) follows straight-forwardly, see [74, Lem. 5.2].

Let H{g)o be the subcategory in H{q) of objects of finite length which is a Serre
subcategory. By [74] the quotient category H{q)/H{q)o is a length category, and
its length function defines a rank function on H({g). This rank function is (up to
some normalization factor) of the form rk, for some slope ¢’ (see [57, Prop. 5.3]).
It follows, that ¢’ < ¢ and (up to translation) H(g)o = (@), which is non-trivial
by noetherianness of H{q). Assume that ¢’ < g. Then:

(i) By semistability and noetherianness there is no non-zero object of slope r
with ¢ < r < ¢. (If 0 # F has slope r consider a maximal subobject of F'; the
simple factor then lies in H(7) which gives a non-zero map from F' to an object of
smaller slope.)

(ii) Since the category H(q') is connected there is a non-zero torsion-free object
in H{q’). Shifting this object sufficiently far to the left leads to a non-zero object
of slope r with ¢’ < r < ¢, a contradiction to (i).

Therefore ¢ = ¢/ follows, hence H(9 is also non-trivial. |

It follows that the slope induces a bijection betvzeen all slope categories in
D’(X) and the elements of the rational heliz Y = Z x Q.

8.1.7. Moreover, it follows that for all ¢ € @ there is defined the g-symbol, that
is, the symbol of the curve X(g).

For all ¢, ¢’ € @ the tubular exceptional curves X{g) and X(q¢') are de-
rived equivalent, that is, they are Fourier-Mukai partners. In particular, all the
Grothendieck groups Ko(X(q)) and Ko(X(¢')) (equipped with the Euler forms) are
isomorphic. This means, by definition, that the symbols of X(¢) and X(¢') are
equivalent, but in general they are different, and accordingly the curves X(g) and
X{(¢') non-isomorphic, that is, H{q) % H{q¢'). (Compare the list of (equivalence
classes of) tubular symbols given in Appendix B.)

Furthermore, for all g the tubular shifts associated to points in X{(g) are defined
and are automorphisms of H(g), which extend to elements in Aut(D). These are
by definition the tubular mutations.

LEMMA 8.1.8 ([56, Cor. 11]). Let ¢ € Aut(D). For any element (n,q) of the
rational heliz there is a unique (n',q’) in the rational heliz such that ¢(H'D[n]) =
Hn/]. Hence, by setting ¢(n,q) = (n',q') we get an automorphism ¢ of the
rational heliz. This induces a homomorphism of groups ® : Aut(D) — Aut(Y),

¢ — 0. O

8.1.9. Note that Aut(Y) ~ Bs, the braid group on three strands, which is
defined by generators s, ¢ and the relation sfs = £s¢ [72]. The translation T is
mapped under ® to t = (s¢)?, which is a central element of infinite order. We have
the exact sequence

1 — (t) — By 2 PSLy(Z) — 1,
. 1 0 1 1
given by £ — <_1 1), S <0 1>.

We described in [59] which subgroups of B3 occur as images of ® in the different
cases (compare also [57, Table 1]). Typically the image of ® is generated by the
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images of two or three tubular mutations and the translation in the derived category.
Here we write “typically”, since the situation is not fully clarified in the cases where
the rank of the Grothendieck group is three. See also Remark 8.2.9 below.

8.1.10. The kernel of ® is given by the automorphisms preserving the slope.
Since these automorphisms restrict naturally to H, we consider them as elements
in Aut(H), which defines the subgroup Aut,(H). With the assumptions of Propo-
sition 6.3.4 the slope preserving automorphisms are just those of Picy(X) and of
Aut(X) (and compositions of them), and with the ghost group G we have

Aut,(H)/G ~ (PiCO(X)/PiCO(X) N g) x Aut(X)/g.

In particular it follows, that if X and X’ are derived equivalent tubular exceptional
curves, then there is a relationship between Picg(X) and Aut(X) on the one hand
and Pico(X’) and Aut(X’) on the other hand. But it is not true in general that the
automorphism groups of X and X’ are isomorphic, neither the geometric automor-
phism groups nor the ghost groups (compare 8.3.2).

8.2. The index of a tubular exceptional curve

We keep the notations from the previous section.
If k is algebraically closed the map ® is always surjective. Equivalently, Aut(D)
acts transitively on Y in this case. But in general @ is not surjective.

DEFINITION 8.2.1. Let X be a tubular exceptional curve. Then the number of
Aut(D?(X))-orbits in the rational helix Y is called the index of X. Similarly, the
index of a tubular algebra is defined.

THEOREM 8.2.2 ([53, 59]). The index of a tubular exceptional curve is at most
three.

In the following we sketch the idea of the proof. For details we refer to [59].

8.2.3. Denote by V = K((X) the Grothendieck group of H, by R = Rad(V)
the radical of V', and by P R the set of direct summands of R of rank one. Taking
the slope of generators of such direct summands induces a bijection between P R
and Q (see [57]). There is the following commutative diagram

Aut(D) —2 5 Aut(Y) = B;

Aut(V) —L— Aut(P R) = PSLy(Z).

Each element in Aut(V') induces by restriction to the radical an automorphism of
P R, which defines the map ¥. The automorphism group of P R can be identified
with the projective modular group PSLy(Z) (see [57]). & is defined by k(¢)([X]) =
[¢X] for any ¢ € Aut(D) and any X € D.

8.2.4. It is shown in [57] that the group Aut(V) acts on Q with at most
two orbits. This is shown by determining a subgroup of Aut(V) generated by
a few certain shift automorphisms (defined on the K-theoretical level, see [66])
such that the W-image of this subgroup coincides with the ¥-image of Aut(V') and
therefore this subgroup acts with at most two orbits. Then the idea of the proof of
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Theorem 8.2.2 is to realize these K-theoretical automorphisms by tubular mutations
on the derived level. In the cases where the rank of the Grothendieck group is
greater or equal than four this can be accomplished without problem, so that there
are also at most two orbits on the derived level. But if the rank of the Grothendieck
group equals three (that is, in each tubular family there is precisely one exceptional
tube, and this is of rank two) the index depends also on the arithmetic of the
base field, which leads to cases of index three (see Proposition 8.2.5 below; see also
Appendix B for a list of the 17 tubular cases). Moreover, the analysis in [59] shows
the following propositions which stress the special role of the rank three case.

PropoOSITION 8.2.5. Let X be a tubular exceptional curve such that the
Grothendieck group is of rank three. Then the index of X is at most three.

Assume that there exists q € @ such that the numerical type of X{q) ise =1
and such that there exists a unirational point in X{q). Then the indezx of X is at
most two.

2
If the symbol of X equals (4) and if, for example, X and X(2) contain unira-
2
tional points, then the index is one.

PROOF. Let ¢ € Q such that the numerical type of X(g) is € = 1. Switching
to X(¢) we can assume that the numerical type of X itself is ¢ = 1. The ®-
image of the tubular mutations with respect to the exceptional tubes containing
the structure sheaf L and an exceptional simple object together with the ®-image
of the translation 7' gives the subgroup (t,/, s*) of Bs. This subgroup acts with
three orbits on the rational helix. The remaining assertions follow from the analysis
in [57, 10.]. |

It is easy to see that each (2,2)-bimodule over a finite field & is non-simple,
hence there is a unirational point for the associated curve (compare 0.6.2). The
same is true for the field £k = R of real numbers. Thus we get

COROLLARY 8.2.6. The index of a tubular algebra (or tubular exceptional curve)
over any finite field k, or over the field R of real numbers, is at most two. O

PROPOSITION 8.2.7 ([59]). Let X be a tubular exceptional curve and r be the
rank of its Grothendieck group. There is a subgroup U of Aut(D°(X)) acting tran-
sitively on each Aut(DY(X))-orbit in the set of all slope categories such that addi-
tionally the following holds:

If r > 4, or if the index is three, then U is generated by the translation T and
two tubular mutations associated to exceptional tubes. O

ProprosITION 8.2.8. Let X be a tubular exceptional curve such that the
Grothendieck group is of rank three.

(1) Let U be the subgroup of Aut(D®(X)) which is generated by the translation
T and all tubular mutations associated to exceptional tubes (for all slopes). Then
U acts with three orbits on the set of all slope categories.

(2) Moreover, for Ko(X) there are three possible cases:

2
a) The symbol is ( 4 ) Then the index of X is one, two or three (the precise
2

value depending on the arithmetic of k).

2
b) The symbol is ( 4 ) or ( g ‘ 2 ) Then the index of X is two or three.
4
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2
c) The symbol is ( i ) or < 2
2

2 > Then the index of X is two or three. O

REMARK 8.2.9. (1) For the case ¢) in the preceding proposition we constructed
examples for indices two and three, respectively ([59]; see the following sections).
We remark that in [59] we stated that in cases a) and b) examples of index three
do not exist. This was based on an argument which turned out to be wrong. We
now do not see any reason why examples of index three in these cases should not
exist.

(2) Which index actually occurs depends on the question which of the 6 cosets
of the subgroup (t, £, s*) in B3 have representatives which are realizable by automor-
phisms of the derived category. If (besides the identity) none of these representatives
is realizable the index is three. If additionally only s? is realizable then the index is
two. If any other coset is realizable then the index is one (only possible in case a).
Another question (related to Problem 5.2.2) is whether such realizations (assuming
existence) are always possible by tubular mutations (compare Proposition 6.3.4).

8.3. A tubular curve of index three

In this section we exhibit our example [59] of a tubular exceptional curve X of
index three and list its further properties. Knowledge of the action of Aut(D’(X))
on the rational helix allows to determine Aut(D’(X)) itself.

Recall that for sequences p = (pi1,...,pt) and d = (dy,...,d;) of positive

di

integers the abelian group Z[%, o p—t} is also denote by L(p,d).

PROPOSITION 8.3.1. There is a tubular exceptional curve X over k = Q such
that the following holds:

(1) The index of X is three.

(2) A projective coordinate algebra of X is given by the graded factorial algebra

R=Q[X,Y,Z,U)/(X?*+Y?+ Z* U? - X? - 3Y?),

which is graded by L(p,d) with p = (1,1,1,2) and d = (1,1, 1,2). (This property
uniquely determines X.)
(3) There is a tilting bundle whose endomorphism ring is the canonical algebra

A given by the species
oy
Q i F

plus certain relations, where K = Q(v/—=3,v/2), F = (%) be the skew field of
quaternions over Q on generators i and j with relations

i2 = _]-7 j2 = _17 ij = _ji7

and moreover, M is the bimodule from 5.7.3, that is, M = (K ® K)p with the
canonical K-action and the F-action defined by

1
T,y) 1= — Vo + ,x—x/ﬁ , (xyy) - j=(y,—x
(z,y) ﬁ( y y), (@) -j=(y,—=)
forallz, ye K.
(4) For the automorphism groups we have Aut(X) ~ Vy, the Klein four group,
and

Aut(DP(X)) =~ (Zg x V) x (Fy x Z),
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where Fy is the free group in two generators.

PrROOF. (2) Consider the tame bimodule ,Fr. The associated homogeneous
exceptional curve admits S = Q[X,Y, Z]/(X? + Y2 + Z?) = Q[x,y, 2] by 5.5.1 as
projective coordinate algebra. The element x2+3y? is a prime element in S (see [53,
3.10.1]). Insertion of the weight p = 2 into this prime leads to the H-graded factorial
algebra

R=Q[X,Y,Z,U)/(X*+Y?+ 7% U? - X? - 3Y?),
where H = IL(p, d) is the abelian group as above, that is, generated by the degrees
deg X, degY, degZ, degU with relations deg X = degY = degZ, 2degU =
2deg X. The torsion subgroup of H is generated by degU — deg X. Denote by X
the corresponding exceptional curve with hereditary category

dH
H = coh(x) = 204,
mody (R)
2
Obviously, X has the symbol ¢[X] = | 2|2 |, and hence is tubular.
2

(3) The construction in [70, Prop. 5.4] leads to a tilting bundle L — Ly (1) —
L whose endomorphism ring is the canonical algebra A as described in (3): The
endomorphism ring of the simple object, which corresponds to the prime element
22 4 3y?, is isomorphic to Q[X,Y]/(X2+Y?+1, X2 +3Y?) ~ Q(v/—3,v/2). More-
over, by considering dimensions (see [66, Prop. 10.1]), M is a (2,2)-bimodule,
moreover a simple bimodule, since K % F. Considering the isomorphism of alge-
bras,

-1, -1

)

K®@F:< >2M2(K),

using that M is a simple K ®g F-module, it follows, that M is the bimodule
from 5.7.3.

(1) Since L, L(1) and L are exceptional having pairwise non-isomorphic endo-
morphism skew fields Q, K and F', respectively, the three corresponding tubular
families are pairwise non-equivalent, hence the index of X is three. In fact, each
tubular family contains precisely one exceptional tube (of rank two) and therefore
contains precisely two exceptional objects, having the same endomorphism skew
field.

(4) Since the ghost group G is trivial, from 8.1.10 we get the following exact
sequence of groups

1 — Pico(X) x Aut(X) — Aut(D"(X)) — Bs,

where Picg(X) is isomorphic to the torsion part of the grading group H, hence to
Zs. Moreover, Aut(X) is the automorphism group of X, which by 6.3.1 consists of
the automorphisms of the projective spectrum Y of the graded factorial algebra S
fixing the point corresponding to the prime element 22 + 3y2. By 5.5.1, Aut(Y) ~
S03(Q), and this group acts on prime elements of degree one (which are of the
form ax + By + vz) like a matrix on («, 8,7v). In particular, each automorphism
of Y is uniquely determined by its action on the points of degree one. Each such
automorphism thus extends uniquely to a graded algebra automorphism of S. Then
it is easy to check, which automorphisms are fixing the prime ideal generated by
22 + 3y?, and this yields Aut(X) ~ Vy, the Klein four group.
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We determine the image of ®: Consider the tubular mutations o, and og which
are associated to the tube containing L (of slope 0) and to the tube containing an
exceptional simple object S (of slope c0), respectively. By [57, 6.] these maps on
slopes induce the actions ¢ — ¢q/(1—2q) and ¢ — g+ 2, respectively. It follows that
the image of ® is given by (t, 52, ¢?) (with t = (s)?), which is a subgroup in Bs
of index 6. It follows from [100] that (s, ¢?) is isomorphic to F» and ¢ is central,
hence we get Im® ~ F, x Z. It is easy to see, that the induced exact sequence of
groups

1 — Pico(X) x Aut(X) — Aut(D*(X)) 2 Im® — 1
splits. Then the result follows. O

8.3.2. We keep the notation of the proposition. There are two companion
curves which are derived equivalent to X, namely the curves X(0) and X(1) (in the
slopes ¢ = 0 and ¢ = 1, respectively). Moreover, X, X(0) and X(1) are pairwise
non-isomorphic.

This corresponds to the fact, that there are two (further) tilting bundles in H,
such that the endomorphism rings are the canonical algebras A(0) and A(1) given
by the species

QK
P / M \ K
(where F* and M* denote the dual bimodules) and

N
Q/K\K

(plus relations), respectively (for some bimodule N), see [59]. The algebras A,
A{0), and A(1) are tilting equivalent.

It follows from 1.7.12 that for X(1) one gets as projective coordinate algebra a
graded algebra, arising by inserting the weight p = 2 into some prime element of

QX,Y,2))(XY -YX,XZ—-ZX,YZ+ ZY, Z*> - 3Y? - 2X?).

8.3.3. In [73] the following is shown over an algebraically closed field: Two finite
dimensional algebras A and A’ which are derived equivalent to the same tubular
exceptional curve and having the same Cartan matrix are isomorphic.

This is not true in general over arbitrary fields, since the tilting equivalent
tubular canonical algebras A and A(1) as above have the same Cartan matrix, but
are obviously not isomorphic.

8.4. A related tubular curve of index two
The next example shows that the index is not a K-theoretic invariant.

PROPOSITION 8.4.1. There is a tubular exceptional curve X' over the field k =
Q(1) such that the following holds:

(1) With the tubular curve X from 8.8.1, the Grothendieck groups Ko(X') and
Ko(X), equipped with the Euler form, are isomorphic.

(2) The index of X' is two.

(3) There is a graded factorial coordinate algebra of X' which arises by insertion
of the weight p = 2 into the central prime element X* —Y* in the twisted polynomial
algebra K[X;Y,a], where K = k(v/2) and « is the k-automorphism v/2 +— iv/2.
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(4) There is a tilting bundle whose endomorphism ring is the canonical algebra
A’ given by the species
k
bk
K ﬁ K
plus certain relations, where M is the non-simple bimodule M (K, a).

(5) Aut(X") =~ Z4 coincides with the ghost group (hence the geometric automor-
phism group is trivial), and for Aut(DP(X')) there is the exact sequence of groups

1 — Zo X Zy — Aut(D*(X')) — U — 1,
where U is the subgroup (s?, {) of the braid group Bs.

PROOF. (3) The field extension K/k is Galois with cyclic Galois group gen-
erated by «a. Let X[, be the homogeneous curve associated to the bimodule M =
M(K,«). A projective coordinate algebra is given by K[X;Y, «]. Insertion of the
weight p = 2 into the central prime element 7 = X* — Y4 leads by 6.2.4 to an ex-
ceptional curve X’. By 1.7.10 the multiplicity of the inserted point is 4, and hence

the symbol of X’ is (i) and X’ is tubular.

2

(1) This follows, since the symbols (i) and ( 2
2

(2) Since M is non-simple, by 8.2.5 the index is two.

(4) This follows, since by 1.7.10 the endomorphism ring of the exceptional
simple object is k.

(5) By 5.3.4, G ~ Z4, and for any transformation Y — aY on X, with a € Q(i)*
leaving the prime ideal generated by X4 — Y4 fixed, N(a) = 1 follows and Y + aY
is trivial. Thus Aut(X') = G.

Consider the map ® : Aut(D°(X’)) — Bs. Take the tubular mutations o, and
os which are associated to the tube containing L (of slope 0) and to a homogeneous
tube (containing a simple object S of slope c0), respectively. By [57, 6.] these maps
on slopes induce the actions ¢ — ¢/(1 — ¢) and g — ¢ + 2, respectively. It follows
that the image of ® is given by (s, £). (This subgroup in Bj is of index three, and
described by the defining relation (s2¢)? = (¢£s)2, compare [58].)

By 8.1.10 the kernel of ® is generated by G and the generator of Picy(X') of
order two. By 0.4.8 this generator commutes with all ghosts, and thus the kernel
of @ is given by Pico(X') x G. O

2 > are equivalent [57].

8.5. Line bundles which are not exceptional

EXAMPLE 8.5.1. Let £ =R and let X be the tubular exceptional curve arising
by inserting the weight p = 2 into the central prime element 7 = X* 4+ Y* in

C[X,Y]. Then there is a line bundle L’, which lies in a homogeneous tube.

PROOF. Let S be one (of the two) exceptional simple object in H such that
Hom(L, S) # 0. We get a short exact sequence

0—L —L—8—0,

where L’ is a line bundle. By 5.6.1 the exceptional point 2 has symbol data f(x) = 2,
e(r) = 2, and then ([L'],[L']) = 0. But then Ext'(L’, L) # 0. Since line bundles
are stable, L’ lies in the mouth of a homogeneous tube. (|
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This fact is surprising, since in the commutative case graded factoriality implies
that each line bundle is a degree shift of the structure sheaf L [34, Prop. 2.1].
We conclude, that this is not longer true in the noncommutative case, since the
projective coordinate algebra R, which arises by inserting the weight p = 2 into
7 =X*+Y*in C[X,Y] is graded factorial.

8.5.2. We construct further examples of non-exceptional line bundles.
(1) In the same way as in 8.5.1 such a line bundle can be constructed for any

2
2, ) or (4), and similarly (taking
2

tubular exceptional curve with symbol ( 5

S? as cokernel), for the symbol (i)

(2) Consider a tubular curve X with symbol (g) (Compare also Exam-

ple 1.6.10.) For the kernel L’ of an epimorphism L — S®S?) one gets ([L'], [L']) =
0, where S is exceptional simple and S is the indecomposable middle term of the
almost split sequence ending in S. Such an epimorphism exists: The universal
extension over the underlying homogeneous curve

0— L(—2) 5 L — 82 —0

and the projections S2 —» S2 — S, lead to the epimorphism of 3-cycles

J(L) = i iILL(x) ]
Sos® =]  82—»%h——0—5) |

Representing L’ as kernel, we see that L’ stores an “irreducible” factorization of
xXy,.

(3) For the symbol (Z 3) it is also possible to construct an example. Take
again C[X, Y] and take the central prime elements 71 = Y2 — X2 = (Y - X)(Y + X)
and mo = Y2 —4X? = (Y — 2X)(Y +2X). The element (Y + X)(Y — 2X) induces
a short exact sequence

0— L(-2)—L— 5 ®5 —0,

where S; and S5 are the simple objects concentrated in the points x; and o

associated to m; and me. This induces, after insertion of weights, a short exact
. (2 2)

sequence in H

r1 X2
0— L —j(L) — 8@ 8 —0,
where S7 and S} are exceptional simple objects concentrated in different points and

L' is a line bundle. It is easy to see, that ([L], [L']) = 0.

PROPOSITION 8.5.3. Let X be a tubular exceptional curve. If there is an excep-
tional point which is multiplicity free then each line bundle is exceptional. Accord-
ingly, if there exists a line bundle L' which is not exceptional then the symbol of X
is one of the five symbols in 8.5.2.
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PROOF. For an exceptional point z call a line bundle L’ z-special, if L' maps
onto precisely one simple object S, in U,. If e(x) = 1, then each line bundle L’ is
z-special, which follows from the formula

1 / (D], @1
iy (1D - (L), (071 52)),
and each summand inside the brackets is divisible by ([S.], [Sz]) = ke f(x) (com-
pare 0.4.5).

If L' is z-special for some exceptional point z, then L’ is exceptional, since
otherwise it would lie in a homogeneous tube and would be therefore 7-stable.
Therefore we can exclude all tubular curves where there is a multiplicity free, ex-
ceptional point, which one can detect from the symbol. Only for the five symbols
from 8.5.2 such a point does not exist. O

REMARK 8.5.4. Let L’ be a line bundle. If L is special with deg(L) > deg(L'),
then by the Riemann-Roch formula L’ embeds into L (up to 7-translations). If
deg(L) is minimal with this property then it is easy to check K-theoretically whether
[L'] is a root or not. One gets that the examples above are essentially all examples
of non-exceptional line bundles (in the tubular case).

1=rk(L) =

REMARK 8.5.5. Let X be the homogeneous exceptional curve with projective
coordinate algebra R = C[X,Y]. Consider the non-exceptional line bundle L’ as 2-
cycle, concentrated in the point = corresponding to 7 = X*+Y 4, which decomposes
as ™= (X2 —1iY?)(X? 4 iY?) into irreducible elements u; and us:

L=] L L—"— L(4) ]
[
L= L L(2) L(4) ]
S
5oL = | L—"— L(4) =—=L(4) ]

This construction can be done generally with an irreducible decomposition of a
central prime (see 6.2.7). It would be interesting to understand, why this leads
sometimes to exceptional line bundles L’ and sometimes to non-exceptional L’.



APPENDIX A

Automorphism groups over the real numbers

A.1. Tables for the domestic and tubular cases

If k is algebraically closed and of tubular weight type (2 2 2 2), then X depends
also on some parameter A € k, A # 0, 1. More precisely, two such curves X(2 2 2 2; \)
and X(2 2 2 2;u) are isomorphic if and only if they have the same j-invariant
J(A) = 28(A2 — X+ 1)3/(A2(X — 1)2). Moreover, the automorphism group depends
on this j-invariant [72]:

A4 .7 = 07
AwtX={D, j=1728,
V. j 40,1728,

Here, A4 denotes the alternating group (which is of order 12), D4 the dihedral group
(of order 8) and V4 = Zy x Zo the Klein four group. In Table A.2 we denote by
V PGL3(R) the subgroup of PGLy(R) formed by the upper triangular matrices.

In the following tables (taken from [58]), we exhibit the automorphism groups
for the domestic and for the tubular exceptional curves over R. When parameters
t occur, then a fundamental domain of these parameters is indicated. (For the
determination of these parameter domains we refer to [58].) M denotes the under-
lying tame bimodule. The pictures in the tables indicate which weight is inserted
in which type of point(s) on the quotient of the Riemann sphere (with boundary).
By 6.3.1 one has to check which automorphisms fix the given point(s). For the
“classical” case, where M = C @ C, we refer to [72]; it is not treated again.

The letters a, b, ¢, d, e in the tables indicate derived equivalence: Each tubular
curve in the table with a letter from a, b, ¢, d, e is derived equivalent to a curve in
another table with the same letter.

In case M = C @ C it is easy to determine the geometric automorphism group
Aut(X)/G from Aut(X); the only ghost automorphism is induced by complex con-
jugation which is of order two.

From the tables we deduce the following

PROPOSITION A.1.1. (1) There are no parameters in the domestic cases.
(2) If X is tubular then Aut X is finite.
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A. AUTOMORPHISM GROUPS OVER THE REAL NUMBERS

| Case | Symbol | Parameter |  AutX;

[ D1 ] (p[2) ] — | R/2m x Zy |
T1 Dy t=0
ole2 ey |y

TABLE A.l. Domestic and tubular curves with M = gHy

| Case | Weights [ Symbol | RHR | HoH
D1 @ (p) ¥ PGLy(R) ¥ PGL,y(R)
5 5 - C*/R* % Zs
It
2 (C*/R* X ZQ —
D3 @' (p1 p2) R*xZo p1=pz | R'XZy p1=p
R* P1 # D2 R* P1 # D2
O ( % 711 ) - ZQ
D4 (3 1)
2 1 Ly -
O ( % % ) - ZQ
s ()
1 2 ZQ -
D6 @ (22 n) §2 “>§ ? n>2
3 nN= 3 NnN=
D7 @ (23 3) Zs Z
D 8 a (23 4) 1 1
D9 @ (23 5) 1 1

TABLE A.2. Domestic curves with M = R®Rand M =HOH




A.1. TABLES FOR THE DOMESTIC AND TUBULAR CASES

| Case | Weights [ Symbol | Aut X
H K

D1 (p) Ry X Zg
D 2 @ (%) \'
s | €D (1) |
D4 (rp2) | mixgl DR
D5 @ (3 1) Zs
oo | €D (11| =
vr | G (2 ) 2
os [ €D (1) ]| =

TABLE A.3. Domestic curves with M = C @ C
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[ Case [ Weights | Symbol \ R&R \ HeH
b (3 3) - Vi te(0,1)
T1 2 2
. (33) | witeon -

e 2 4
— 7z
s (1 1) :
d (1 2) 2o -
3 3
§ - Y/
rs (11 2
(1 2) 2 -
T4 a (236) 1 1
T5 a (244) Zs Zs
T 6 a (333) Ss Ss
2 2 2 Ly t=m/2;
(1 13) - 1 te (0, m)
T7 @ 2 2 2 Zo t=1/2 LA
(1 1 2) 2 )
2 1 te (0, ) B
t#£m/2
> Ay j=0 Ay j=0
T8 & (2222) Dy = 1728 Dy j— 1728
o Vi 40,1728 Vi §#0, 1728
TABLE A.4. Tubular curves for M = R®& R and M =Hae H



A.1. TABLES FOR THE DOMESTIC AND TUBULAR CASES

[Case [Weights | Symbol [ Parameter | AwtX, ]
H R
- (1) |icon| v
TaQ @ (3 3) |te@n) V,
(58 eon | v
T4 @ (33) |tewu ¥ t3!
G g | -
RO ) G D N
T7 @’ (% 3) - Zo
SIS .
T9 @ (%% 3) - v,
IR I

TABLE A.5. Tubular curves with M =C @ C
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APPENDIX B

The tubular symbols

2\ [ )
DAL o
(G|
L)
(3)@) | (2132>
(23) | 6
() )
(o)1) ()

TABLE B.1. The 17 equivalence classes of tubular symbols

See 0.4.5 for the definition of symbols. Two symbols are called equivalent if
they yield the same Grothendieck group with Euler form. The 17 boxes show the
17 equivalence classes. We refer to [57] for details.

119






10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Bibliography

S. A. Amitsur, Prime rings having polynomial identities with arbitrary coefficients, Proc.
London Math. Soc. (3) 17 (1967), 470-486. MR 36 #209

. M. Artin and J. J. Zhang, Noncommutative projective schemes, Adv. Math. 109 (1994),

no. 2, 228-287. MR 96a:14004

. I. Assem, D. Simson, and A. Skowronski, Elements of the representation theory of associative

algebras. Vol. 1, London Mathematical Society Student Texts, vol. 65, Cambridge University
Press, Cambridge, 2006, Techniques of representation theory. MR 2006j:16020

. M. F. Atiyah, Vector bundles over an elliptic curve, Proc. London Math. Soc. (3) 7 (1957),

414-452. MR 24 #A1274

. M. Auslander, I. Reiten, and S. O. Smalg, Representation theory of Artin algebras, Cam-

bridge Studies in Advanced Mathematics, vol. 36, Cambridge University Press, Cambridge,
1997, Corrected reprint of the 1995 original. MR 98e:16011

. D. Baer, FEinige homologische Aspekte der Darstellungstheorie Artinscher Algebren, Disser-

tation, Universitit Paderborn, 1983.

. D. Baer, W. Geigle, and H. Lenzing, The preprojective algebra of a tame hereditary artin

algebra, Comm. Algebra 15 (1987), 425-457. MR 88i:16036

. H. Bass, Algebraic K-theory, W. A. Benjamin, Inc., New York-Amsterdam, 1968. MR 40

#2736

. A. Bondal and D. Orlov, Reconstruction of a variety from the derived category and groups

of autoequivalences, Compositio Math. 125 (2001), no. 3, 327-344. MR 2001m:18014

A. 1. Bondal, Representations of associative algebras and coherent sheaves, 1zv. Akad. Nauk
SSSR Ser. Mat. 53 (1989), no. 1, 25-44. MR 90i:14017

A. Braun and C. R. Hajarnavis, Finitely generated P.I. rings of global dimension two, J.
Algebra 169 (1994), no. 2, 587-604. MR 95j:16014

A. W. Chatters, Noncommutative unique factorization domains, Math. Proc. Cambridge
Philos. Soc. 95 (1984), no. 1, 49-54. MR 85b:16001

A. W. Chatters and D. A. Jordan, Noncommutative unique factorisation rings, J. London
Math. Soc. (2) 33 (1986), no. 1, 22-32. MR 87e:16001

P. M. Cohn, Noncommutative unique factorization domains, Trans. Amer. Math. Soc. 109
(1963), 313-331. MR 27 #5785

, A remark on matriz rings over free ideal rings, Proc. Cambridge Philos. Soc. 62
(1966), 1-4. MR 32 #5694

, Free rings and their relations, second ed., London Mathematical Society Mono-
graphs, vol. 19, Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1985.
MR 87e:16006

W. W. Crawley-Boevey, On tame algebras and bocses, Proc. London Math. Soc. (3) 56
(1988), no. 3, 451-483. MR 89c:16028

, Regular modules for tame hereditary algebras, Proc. London Math. Soc. (3) 62
(1991), no. 3, 490-508. MR 92b:16024

, Tame algebras and generic modules, Proc. London Math. Soc. (3) 63 (1991), no. 2,
241-265. MR 92m:16019

, Exceptional sequences of representations of quivers, Proceedings of the Sixth In-
ternational Conference on Representations of Algebras (Ottawa, ON, 1992) (Ottawa, ON),
Carleton-Ottawa Math. Lecture Note Ser., vol. 14, Carleton Univ., 1992, p. 7. MR 94¢:16017
, Private email to the author, February 2005.

121



122

22

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

BIBLIOGRAPHY

V. Dlab, An introduction to diagrammatical methods in representation theory, Vorlesungen
aus dem Fachbereich Mathematik der Universitat Essen, vol. 7, Universitdt Essen Fachbe-
reich Mathematik, 1981, Lecture notes written by Richard Dipper. MR 83d:16030

, The regular representations of the tame hereditary algebras, Séminaire d" Algebre
Paul Dubreil et Marie-Paul Malliavin, Proceedings, Paris 1982 (35¢me Année) (Berlin-
Heidelberg-New York) (M.-P. Malliavin, ed.), Lecture Notes in Math., vol. 1029, Springer-
Verlag, 1983, pp. 120-133. MR 85j:16040

V. Dlab and C. M. Ringel, Indecomposable representations of graphs and algebras, Mem.
Amer. Math. Soc. 6 (1976), no. 173, v+57. MR 56 #5657

, Normal forms of real matrices with respect to complex similarity, Linear Algebra
and Appl. 17 (1977), no. 2, 107-124. MR 57 #12552

, Real subspaces of a quaternion vector space, Canad. J. Math. 30 (1978), no. 6,
1228-1242. MR 80a:15033

, The representations of tame hereditary algebras, Representation Theory of Alge-
bras. Proceedings of the Philadelphia Conference 1976 (New York) (R. Gordon, ed.), Marcel
Dekker, 1978, pp. 329-353. Lecture Notes in Pure Appl. Math., Vol. 37. MR 58 #11021

, The preprojective algebra of a modulated graph, Representation Theory II (Proc.
Second Internat. Conf. Carleton Univ., Ottawa, Ont., 1979) (Berlin-Heidelberg-New York),
Lecture Notes in Math., vol. 832, Springer-Verlag, 1980, pp. 216-231. MR 83c:16022

, A class of bounded hereditary noetherian domains, J. Algebra 92 (1985), 311-321.
MR 86h:16021

P. K. Draxl, Skew fields, London Mathematical Society Lecture Note Series, vol. 81, Cam-
bridge University Press, Cambridge, 1983. MR 85a:16022

J.-M. Drezet and J. Le Potier, Fibrés stables et fibrés exceptionnels sur P2, Ann. Sci. Ecole
Norm. Sup. (4) 18 (1985), no. 2, 193-243. MR 87e:14014

Ju. A. Drozd, Tame and wild matriz problems, Representations and quadratic forms (Rus-
sian), Akad. Nauk Ukrain. SSR Inst. Mat., Kiev, 1979, pp. 39-74, 154. MR 82m:16028

R. M. Fossum, The divisor class group of a Krull domain, Ergebnisse der Mathematik und
ihrer Grenzgebiete, vol. 74, Springer-Verlag, Berlin-Heidelberg-New York, 1973. MR 52
#3139

W. Geigle and H. Lenzing, A class of weighted projective curves arising in representation
theory of finite dimensional algebras, Singularities, Representation of Algebras and Vec-
tor Bundles (Lambrecht 1985), Lecture Notes in Math., vol. 1273, Springer-Verlag, Berlin-
Heidelberg-New York, 1987, pp. 265-297. MR 89b:14049

, Perpendicular categories with applications to representations and sheaves, J. Alge-
bra 144 (1991), 273-343. MR 93b:16011

K. R. Goodearl and R. B. Warfield, An introduction to noncommutative noetherian rings,
London Mathematical Society Student Texts, vol. 16, Cambridge University Press, Cam-
bridge, 1989. MR 91¢:16001

D. Happel, Triangulated categories in the representation theory of finite dimensional al-
gebras, London Mathematical Society Lecture Note Series, no. 119, Cambridge University
Press, Cambridge, 1988. MR 89e:16035

, A characterization of hereditary categories with tilting object, Invent. Math. 144
(2001), no. 2, 381-398. MR 2002a:18014

D. Happel and I. Reiten, Hereditary abelian categories with tilting object over arbitrary base
fields, J. Algebra 256 (2002), no. 2, 414-432. MR 2004b:16016

D. Happel, I. Reiten, and S. Smalg, Tilting in abelian categories and quasitilted algebras,
Mem. Amer. Math. Soc. 120 (1996), no. 575, viii+ 88. MR 97j:16009

D. Happel and C. M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 274 (1982), 399-443.
MR 84d:16027

, The derived category of a tubular algebra, Representation Theory I. Finite Dimen-
sional Algebras (Ottawa, Ont., 1984), Lecture Notes in Math., vol. 1177, Springer-Verlag,
Berlin-Heidelberg-New York, 1986, pp. 156-180. MR 87j:18015

T. Hiibner, Exzeptionelle Vektorbindel und Reflektionen an Kippgarben dber projektiven
gewichteten Kurven, Dissertation, Universitat Paderborn, 1996.

N. Jacobson, Finite-dimensional division algebras over fields, Springer-Verlag, Berlin-
Heidelberg-New York, 1996. MR 98a:16024




45

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

BIBLIOGRAPHY 123

C. U. Jensen and H. Lenzing, Model-theoretic algebra with particular emphasis on fields,
rings, modules, Algebra, Logic and Applications, vol. 2, Gordon and Breach Science Pub-
lishers, New York, 1989. MR 91m:03038

G. A. Jones and D. Singerman, Complex functions. An algebraic and geometric viewpoint,
Cambridge University Press, Cambridge, 1987. MR 89b:30001

D. A. Jordan, Unique factorisation of normal elements in noncommutative rings, Glasgow
Math. J. 31 (1989), no. 1, 103-113. MR 90e:16002

B. Keller, On triangulated orbit categories, Doc. Math. 10 (2005), 551-581 (electronic).
MR 2007¢:18006

O. Kerner, Minimal approximations, orbital elementary modules, and orbit algebras of reg-
ular modules, J. Algebra 217 (1999), no. 2, 528-554. MR 2000e:16018

H. Krause, Generic modules over Artin algebras, Proc. London Math. Soc. (3) 76 (1998),
no. 2, 276-306. MR 98m:16017

, The spectrum of a module category, Mem. Amer. Math. Soc. 149 (2001), no. 707,
x+125. MR 2001k:16010

S. A. Kuleshov and D. O. Orlov, Ezceptional sheaves on Del Pezzo surfaces, Izv. Ross. Akad.
Nauk Ser. Mat. 58 (1994), no. 3, 53-87. MR 95g:14048

D. Kussin, Graduierte Faktorialitdt und die Parameterkurven tubularer Familien, Disserta-
tion, Universitdt Paderborn, 1997.

, Factorial algebras, quaternions and preprojective algebras, Algebras and Modules 11
(Geiranger, 1996) (I. Reiten, S. O. Smalg, and @. Solberg, eds.), CMS Conf. Proc., vol. 24,
Amer. Math. Soc., Providence, RI, 1998, pp. 393-402. MR 99m:16020

, Graded factorial algebras of dimension two, Bull. London Math. Soc. 30 (1998),
123-128. MR 99d:13025

, Non-isomorphic derived-equivalent tubular curves and their associated tubular al-
gebras, J. Algebra 226 (2000), 436-450. MR 2001d:16025

, On the K-theory of tubular algebras, Colloq. Math. 86 (2000), 137-152.
MR 2001i:16014

, The automorphism groups of domestic and tubular exceptional curves over the real
numbers, Representations of algebras. Vol. II (D. Happel and Y. B. Zhang, eds.), Beijing
Norm. Univ. Press, Beijing, 2002, pp. 292-307. MR 2005f:16023

, A tubular algebra with three types of separating tubular families, Representations of
algebras and related topics, Fields Inst. Commun., vol. 45, Amer. Math. Soc., Providence,
RI, 2005, pp. 215-228. MR 2006k:16026

D. Kussin and H. Meltzer, The braid group action for exceptional curves, Arch. Math. (Basel)
79 (2002), 335-344. MR 2004d:16022

T. Y. Lam, The algebraic theory of quadratic forms, W. A. Benjamin, Inc., Reading, Mass.,
1973, Mathematics Lecture Note Series. MR 53 #277

, A first course in noncommutative rings, Graduate Texts in Mathematics, vol. 131,
Springer-Verlag, New York, 1991. MR 92f:16001

S. Lang, Algebra, third ed., Graduate Texts in Mathematics, Springer-Verlag, New York,
2002. MR 2003e:00003

H. Lenzing, Curve singularities arising from the representation theory of tame hereditary
artin algebras, Representation Theory I. Finite Dimensional Algebras (Ottawa, Ont., 1984),
Lecture Notes in Math., vol. 1177, Springer-Verlag, Berlin-Heidelberg-New York, 1986,
pp- 199-231. MR 87i:16060

, Wild canonical algebras and rings of automorphic forms, Finite-dimensional alge-
bras and related topics (Ottawa, ON, 1992), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci.,
vol. 424, Kluwer Acad. Publ., Dordrecht, 1994, pp. 191-212. MR 95m:16008

, A K-theoretic study of canonical algebras, Representation Theory of Algebras (Co-
coyoc, 1994) (Providence, RI) (R. Bautista, R. Martinez-Villa, and J. A. de la Pefia, eds.),
CMS Conf. Proc., vol. 18, Amer. Math. Soc., 1996, pp. 433-473. MR 97e:16020

, Hereditary moetherian categories with a tilting complex, Proc. Amer. Math. Soc.
125 (1997), no. 7, 1893-1901. MR 98¢:16013

, Representations of finite dimensional algebras and singularity theory, Trends in ring
theory (Miskolc, 1996) (V. Dlab et al., ed.), CMS Conf. Proc., vol. 22, Amer. Math. Soc.,
Providence, RI, 1998, pp. 71-97. MR 99d:16014




124

69.

70

71.

72.

73.

74.

75.

76.

7.

78.

79.
80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

BIBLIOGRAPHY

, Twenty-one characterizations of genus zero, Mathematics & mathematics edu-
cation (Bethlehem, 2000), World Sci. Publishing, River Edge, NJ, 2002, pp. 145-166.
MR 2003h:14029

. H. Lenzing and J. A. de la Pena, Concealed-canonical algebras and separating tubular fami-

lies, Proc. London Math. Soc. (3) 78 (1999), no. 3, 513-540. MR 2000c:16018

H. Lenzing and H. Meltzer, Sheaves on a weighted projective line of genus one, and repre-

sentations of a tubular algebra, Representations of Algebras (Ottawa, ON, 1992) (V. Dlab

and H. Lenzing, eds.), CMS Conf. Proc., vol. 14, Amer. Math. Soc., Providence, RI, 1993,

pp- 313-337. MR 94d:16019

, The automorphism group of the derived category for a weighted projective line,

Comm. Algebra 28 (2000), no. 4, 1685-1700. MR 2001a:16021

, Exceptional sequences determined by their Cartan matriz, Algebr. Represent. The-

ory 5 (2002), no. 2, 201-209. MR 2003g:16012

H. Lenzing and I. Reiten, Hereditary Noetherian categories of positive Euler characteristic,

Math. Z. 254 (2006), no. 1, 133-171. MR MR2232010

H. Lenzing and R. Zuazua, Auslander-Reiten duality for abelian categories, Bol. Soc. Mat.

Mexicana (3) 10 (2004), no. 2, 169-177 (2005). MR 2006b:16025

H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics,

vol. 8, Cambridge University Press, Cambridge, 1986. MR 88h:13001

J. C. McConnel and J. C. Robson, Noncommutative Noetherian rings, Pure and Applied

Mathematics, John Wiley & Sons Ltd., Chichester, 1987. MR 89j:16023

H. Meltzer, Ezceptional sequences for canonical algebras, Arch. Math. (Basel) 64 (1995),

no. 4, 304-312. MR 96¢:16022

, Tubular mutations, Colloq. Math. 74 (1997), no. 2, 267-274. MR 99a:18004

, Exceptional vector bundles, tilting sheaves and tilting complexes for weighted pro-

jective lines, Mem. Amer. Math. Soc. 171 (2004), no. 808, viii+139. MR 2005k:14033

B. Mitchell, Theory of categories, Pure and Applied Mathematics, Vol. XVII, Academic

Press, New York, 1965. MR 34 #2647

J. Miyachi and A. Yekutieli, Derived Picard groups of finite-dimensional hereditary algebras,

Compositio Math. 129 (2001), no. 3, 341-368. MR 2003c:18013

S. Mori, Graded factorial domains, Japan. J. Math. (N.S.) 8 (1977), no. 2, 223-238. MR 58

#27949

C. Nastasescu and F. van Oystaeyen, Graded ring theory, North-Holland Mathematical Li-

brary, vol. 28, North-Holland Publishing Co., Amsterdam, 1982. MR 84i:16002

N. Popescu, Abelian categories with applications to rings and modules, Academic Press,

London, 1973, London Mathematical Society Monographs, No. 3. MR 49 #5130

M. Prest, Ziegler spectra of tame hereditary algebras, J. Algebra 207 (1998), no. 1, 146-164.

MR 2000c:16017

I. Reiten and M. Van den Bergh, Grothendieck groups and tilting objects, Algebr. Represent.

Theory 4 (2001), no. 1, 1-23. MR 2002¢:18007

, Noetherian hereditary abelian categories satisfying Serre duality, J. Amer. Math.

Soc. 15 (2002), no. 2, 295-366 (electronic). MR 2003a:18011

C. M. Ringel, Representations of K-species and bimodules, J. Algebra 41 (1976), no. 2,

269-302. MR 54 #10340

, Infinite dimensional representations of finite dimensional hereditary algebras, Sym-

posia Mathematica, Vol. XXIII (Conf. Abelian Groups and their Relationship to the Theory

of Modules, INDAM, Rome, 1977), vol. 23, Academic Press, London, 1979, pp. 321-412.

MR 81i:16032

, Tame algebras and integral quadratic forms, Lecture Notes in Mathematics, vol.

1099, Springer-Verlag, Berlin, 1984. MR 87f:16027

, The canonical algebras, Topics in Algebra, Part 1 (Warsaw, 1988) (Warsaw), Banach

Center Publ., no. 26, PWN, 1990, With an appendix by William Crawley-Boevey, pp. 407—

432. MR 93e:16022

, Recent advances in the representation theory of finite-dimensional algebras, Rep-

resentation theory of finite groups and finite-dimensional algebras (Bielefeld, 1991), Progr.

Math., vol. 95, Birkhauser, Basel, 1991, pp. 141-192. MR 92i:16012




94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

BIBLIOGRAPHY 125

, The braid group action on the set of exceptional sequences of a hereditary Artin
algebra, Abelian group theory and related topics (Oberwolfach, 1993), Contemp. Math., vol.
171, Amer. Math. Soc., Providence, RI, 1994, pp. 339-352. MR 95m:16006

, Continued fractions, tilting modules and the construction of large indecomposable
modules, 2002, Talk at the ICRA X, Toronto, July 2002.

L. Rowen, Ring theory (vol. 1 and 2), Pure and Applied Mathematics, vol. 127/128, Aca-
demic Press Inc., Boston, MA, 1988. MR 89h:16001/16002

A. N. Rudakov, Ezceptional vector bundles on a quadric, Izv. Akad. Nauk SSSR Ser. Mat.
52 (1988), no. 4, 788-812, 896. MR 90a:14019

, Markov numbers and exceptional bundles on P2, Izv. Akad. Nauk SSSR Ser. Mat.
52 (1988), no. 1, 100-112, 240. MR 89f:14012

P. Samuel, Lectures on unique factorization domains, Notes by M. Pavman Murthy. Tata
Institute of Fundamental Research Lectures on Mathematics, No. 30, Tata Institute of Fun-
damental Research, Bombay, 1964. MR 35 #5428

1. N. Sanov, A property of a representation of a free group, Doklady Akad. Nauk SSSR. (N.
S.) 57 (1947), 657-659. MR 9,224e

P. Seidel and R. Thomas, Braid group actions on derived categories of coherent sheaves,
Duke Math. J. 108 (2001), no. 1, 37-108. MR 2002e:14030

J.-P. Serre, Fuaisceauz algébriques cohérents, Ann. of Math. (2) 61 (1955), 197-278.
MR 16,953c

C. S. Seshadri, Fibrés vectoriels sur les courbes algébriques, Astérisque, vol. 96, Société
Mathématique de France, Paris, 1982, Notes written by J.-M. Drezet from a course at the
Ecole Normale Supérieure, June 1980. MR 85b:14023

A. Skowronski, On omnipresent tubular families of modules, Representation Theory of Al-
gebras (Cocoyoc, 1994) (R. Bautista, R. Martinez-Villa, and J. A. de la Pena, eds.), CMS
Conf. Proc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 641-657. MR 97{:16032
J. T. Stafford and M. van den Bergh, Noncommutative curves and noncommutative surfaces,
Bull. Amer. Math. Soc. (N.S.) 38 (2001), no. 2, 171-216 (electronic). MR 2002d:16036
J.-P. van Deuren, J. Van Geel, and F. Van Oystaeyen, Genus and a Riemann-Roch theorem
for noncommutative function fields in one variable, Paul Dubreil and Marie-Paule Malliavin
Algebra Seminar, 33rd Year (Paris, 1980), Lecture Notes in Math., vol. 867, Springer, Berlin,
1981, pp. 295-318. MR 83k:14007

O. Venjakob, A non-commutative Weierstrass preparation theorem and applications to Twa-
sawa theory, J. Reine Angew. Math. 559 (2003), 153-191, With an appendix by Denis Vogel.
MR 2004e:11123







Index

p-cycle, 89 Cohen-Macaulay property, 51
g-symbol, 104 Completion, 41, 55
Comultiplicity
Algebra of point, e*(x), 55, 57
canonical, 14 Conformal, 42
concealed canonical, 14 Coxeter transformation, 7, 16
Kronecker, 12
tame, 12 Degree shift, 33, 50, 60
tame hereditary, 15 Denominator set, 51
tubular, 101 Differential polynomial case, 45
Ample pair, 49, 91 Divisors, 66
Auslander-Reiten translation
T, 16 Euler form, 16
action on morphisms, 80, 81 Exceptional
curve, 15

inverse, 77, 16

Automorphism commutative, 17, 71
degree shift, 33, 50, 60 domestic, 102
efficient, 30, 31, 34, 39, 40 homogeneous, 16

existence, 30 tubular, 101
exhaustive, 31 object, 16
geometric, 18, 77, 79, 82 tube, 16
ghost, 18
liftable, 65, 79
of bimodule, 76

inner, 76
point fixing, 18, 30
positive, 31, 49

Fibre map, 35

Fourier-Mukai partners, 101, 104

Function field, k(X), 17, 44
commutativity of, 71

Genus
prime fixing, 63 virtual, 101, 102
transitive, 31 zero, 99
tubular shift, 19-21 Ghost, 18
Automorphism group Ghost group, 18, 64, 71, 77, 79, 80, 84, 96,
mner 105, 108, 110
of bimodule, Inn(M), 76 Graded factorial, 40
of X Grothendieck group, Ko(X), 16
geometric, 18, 84 Grothendieck’s lemma, 60
of X, Aut(X), 18, 76, 79, 82, 95, 107, 110,
113 Homogeneous
of H, Aut(H), 18, 77, 96 curve, 16
of bimodule, Aut(M), 76 point, 16
of derived category, 18, 108, 110 tube, 16
outer
of bimodule, Out(M), 76 Ideal
completely prime, 34
Calabi-Yau property, 103 prime, 34

127



128

Index
of point, f(z), 21

ringtheoretic meaning, 42
of tubular algebra, 105

of tubular curve, 105
Interval category, 103

Koszul complex, 51, 81

Line bundle, 17
z-special, 112
non exceptional, 110
special, 17
Localization
Rp, R, R, RY, 52
Ry, RY, 58
Rizy, RY,,, 56

Module
Cohen-Macaulay, 51
generic, 12, 17

Morphism
l-irreducible, 35

Multiplicity, e(z), 21
arbitrarily large, 46

ringtheoretic meaning, 42, 54

upper bound, 55
Multiplicity free, 21

Norm, N, 46, 78-80

One-parameter family
affine, 12
rational, 11

Orbit algebra
II(L,0), 32

Orbit cases
I, 11, 111, 30
I1Ia, I1Ib, 77

Orbit number, ¢, 32, 33, 65-67

Ore set, 51

Parabolic structure, 89

Picard group, Pic(X), 21, 80, 95

Point

comultiplicity of, e*(x), 55, 57

exponent of, d(z), 21
homogeneous, 16
index of, f(z), 21

multiplicity of, e(z), 21

quasi-rational, 58
rational, 16, 21, 24
unirational, 21, 24

PROBLEM, 32, 41, 52, 58, 65, 69, 74, 77, 81,

94, 103
Priifer sheaf, 74

Quaternion case, 46, 70, 82, 108

Rational helix, 102

Riemann-Roch formula, 103
Ring element

central, 34

irreducible, 41

normal, 34, 41

prime, 41

Section
functor I', Ty, 49, 51, 53, 59, 61, 93
module, 50
Separating tubular family, 15
Serre
duality, 16, 21, 39, 49, 91
functor, 16
subcategory, 16, 19, 39, 53, 104
localizing, 50, 90
Serre’s theorem, 49, 59, 72, 91
Shadow, 18
Sheafification functor, -, 50, 59, 92, 93
Shift
tubular, 19-21
Skewness
(global), s(X), 45, 55, 57, 74
Skew polynomial case, 44
Slope, 102
category, 102
Square roots case, 46, 67, 73, 85, 109
Structure sheaf, 17, 23
Symbol, 21

Tame bimodule, 14, 17, 22
non-simple, 24
underlying, 17
Tilting
bundle, 15, 23, 91
object, 15
Tubular
algebra, 101
mutation, 19, 101, 104
shift, 19-21
Twisted polynomial case, 45, 67, 78, 80
Type
numerical, €, 18, 21, 23
of bimodule, (1,4), (2,2), 18

Universal extension, 19



Editorial Information

To be published in the Memoirs, a paper must be correct, new, nontrivial, and sig-
nificant. Further, it must be well written and of interest to a substantial number of
mathematicians. Piecemeal results, such as an inconclusive step toward an unproved ma-
jor theorem or a minor variation on a known result, are in general not acceptable for
publication.

Papers appearing in Memoirs are generally at least 80 and not more than 200 published
pages in length. Papers less than 80 or more than 200 published pages require the approval
of the Managing Editor of the Transactions/Memoirs Editorial Board.

As of May 31, 2009, the backlog for this journal was approximately 11 volumes. This
estimate is the result of dividing the number of manuscripts for this journal in the Provi-
dence office that have not yet gone to the printer on the above date by the average number
of monographs per volume over the previous twelve months, reduced by the number of
volumes published in four months (the time necessary for preparing a volume for the
printer). (There are 6 volumes per year, each usually containing at least 4 numbers.)

A Consent to Publish and Copyright Agreement is required before a paper will be
published in the Memoirs. After a paper is accepted for publication, the Providence
office will send a Consent to Publish and Copyright Agreement to all authors of the
paper. By submitting a paper to the Memoirs, authors certify that the results have not
been submitted to nor are they under consideration for publication by another journal,
conference proceedings, or similar publication.

Information for Authors

Memoirs are printed from camera copy fully prepared by the author. This means that
the finished book will look exactly like the copy submitted.

Initial submission. The AMS uses Centralized Manuscript Processing for initial sub-
missions. Authors should submit a PDF file using the Initial Manuscript Submission form
found at www.ams.org/peer-review-submission, or send one copy of the manuscript to
the following address: Centralized Manuscript Processing, MEMOIRS OF THE AMS,
201 Charles Street, Providence, RI 02904-2294 USA. If a paper copy is being forwarded
to the AMS, indicate that it is for it Memoirs and include the name of the corresponding
author, contact information such as email address or mailing address, and the name of an
appropriate Editor to review the paper (see the list of Editors below).

The paper must contain a descriptive title and an abstract that summarizes the ar-
ticle in language suitable for workers in the general field (algebra, analysis, etc.). The
descriptive title should be short, but informative; useless or vague phrases such as “some
remarks about” or “concerning” should be avoided. The abstract should be at least one
complete sentence, and at most 300 words. Included with the footnotes to the paper
should be the 2000 Mathematics Subject Classification representing the primary and sec-
ondary subjects of the article. The classifications are accessible from www.ams.org/msc/.
The list of classifications is also available in print starting with the 1999 annual index
of Mathematical Reviews. The Mathematics Subject Classification footnote may be fol-
lowed by a list of key words and phrases describing the subject matter of the article
and taken from it. Journal abbreviations used in bibliographies are listed in the latest
Mathematical Reviews annual index. The series abbreviations are also accessible from
www.ams.org/msnhtml/serials.pdf. To help in preparing and verifying references, the
AMS offers MR Lookup, a Reference Tool for Linking, at www.ams.org/mrlookup/.

Electronically prepared manuscripts. The AMS encourages electronically prepared
manuscripts, with a strong preference for AAS-IATEX. To this end, the Society has pre-
pared ANS-IATEX author packages for each AMS publication. Author packages include
instructions for preparing electronic manuscripts, samples, and a style file that generates



the particular design specifications of that publication series. Though ANMS-IATEX is the
highly preferred format of TEX, author packages are also available in ANMS-TEX.

Authors may retrieve an author package for Memoirs of the AMS from
www.ams . org/journals/memo/memoauthorpac.html or via FTP to ftp.ams.org (login as
anonymous, enter username as password, and type cd pub/author-info). The AMS Au-
thor Handbook and the Instruction Manual are available in PDF format from the author
package link. The author package can also be obtained free of charge by sending email
to tech-support@ams.org (Internet) or from the Publication Division, American Math-
ematical Society, 201 Charles St., Providence, RI 02904-2294, USA. When requesting an
author package, please specify AAS-IATEX or AAMS-TEX and the publication in which
your paper will appear. Please be sure to include your complete mailing address.

After acceptance. The final version of the electronic file should be sent to the Providence
office (this includes any TEX source file, any graphics files, and the DVI or PostScript file)
immediately after the paper has been accepted for publication.

Before sending the source file, be sure you have proofread your paper carefully. The
files you send must be the EXACT files used to generate the proof copy that was accepted
for publication. For all publications, authors are required to send a printed copy of their
paper, which exactly matches the copy approved for publication, along with any graphics
that will appear in the paper.

Accepted electronically prepared files can be submitted via the web at www.ams.org/
submit-book-journal/, sent via FTP, or sent on CD-Rom or diskette to the Electronic
Prepress Department, American Mathematical Society, 201 Charles Street, Providence,
RI 02904-2294 USA. TgX source files, DVI files, and PostScript files can be transferred
over the Internet by FTP to the Internet node ftp.ams.org (130.44.1.100). When sending
a manuscript electronically via CD-Rom or diskette, please be sure to include a message
identifying the paper as a Memoir.

Electronically prepared manuscripts can also be sent via email to pub-submit@ams. org
(Internet). In order to send files via email, they must be encoded properly. (DVI files are
binary and PostScript files tend to be very large.)

Electronic graphics. Comprehensive instructions on preparing graphics are available at
www.ams.org/authors/journals.html. A few of the major requirements are given here.

Submit files for graphics as EPS (Encapsulated PostScript) files. This includes graphics
originated via a graphics application as well as scanned photographs or other computer-
generated images. If this is not possible, TIFF files are acceptable as long as they can be
opened in Adobe Photoshop or Illustrator. No matter what method was used to produce
the graphic, it is necessary to provide a paper copy to the AMS.

Authors using graphics packages for the creation of electronic art should also avoid the
use of any lines thinner than 0.5 points in width. Many graphics packages allow the user
to specify a “hairline” for a very thin line. Hairlines often look acceptable when proofed
on a typical laser printer. However, when produced on a high-resolution laser imagesetter,
hairlines become nearly invisible and will be lost entirely in the final printing process.

Screens should be set to values between 15% and 85%. Screens which fall outside of this
range are too light or too dark to print correctly. Variations of screens within a graphic
should be no less than 10%.

Inquiries. Any inquiries concerning a paper that has been accepted for publication
should be sent to memo-query®@ams.org or directly to the Electronic Prepress Department,
American Mathematical Society, 201 Charles St., Providence, RI 02904-2294 USA.



Editors

This journal is designed particularly for long research papers, normally at least 80 pages in
length, and groups of cognate papers in pure and applied mathematics. Papers intended for
publication in the Memoirs should be addressed to one of the following editors. The AMS uses
Centralized Manuscript Processing for initial submissions to AMS journals. Authors should follow
instructions listed on the Initial Submission page found at www.ams.org/memo/memosubmit.html.

Algebra to ALEXANDER KLESHCHEV, Department of Mathematics, University of Oregon,
Eugene, OR 97403-1222; email: ams@noether.uoregon.edu

Algebraic geometry to DAN ABRAMOVICH, Department of Mathematics, Brown University,
Box 1917, Providence, RI 02912; email: amsedit@math.brown.edu

Algebraic geometry and its applications to MINA TEICHER, Emmy Noether Research Institute for
Mathematics, Bar-Ilan University, Ramat-Gan 52900, Israel; email: teicher@macs.biu.ac.il

Algebraic topology to ALEJANDRO ADEM, Department of Mathematics, University of British
Columbia, Room 121, 1984 Mathematics Road, Vancouver, British Columbia, Canada V6T 1Z2; email:
adem@math.ubc.ca

Combinatorics to JOHN R. STEMBRIDGE, Department of Mathematics, University of Michigan,
Ann Arbor, Michigan 48109-1109; email: JRSQumich.edu

Commutative and homological algebra to LUCHEZAR L. AVRAMOV, Department of Mathematics,
University of Nebraska, Lincoln, NE 68588-0130; email: avramov@math.unl.edu

Complex analysis and harmonic analysis to ALEXANDER NAGEL, Department of Mathematics,
University of Wisconsin, 480 Lincoln Drive, Madison, WI 53706-1313; email: nagel@math.wisc.edu

Differential geometry and global analysis to CHRIS WOODWARD, Department of Mathematics,
Rutgers University, 110 Frelinghuysen Road, Piscataway, NJ 08854; email: ctw@math.rutgers.edu

Dynamical systems and ergodic theory and complex analysis to YUNPING JIANG, Department of
Mathematics, CUNY Queens College and Graduate Center, 65-30 Kissena Blvd., Flushing, NY 11367;
email: Yunping.Jiang@qc.cuny.edu

Functional analysis and operator algebras to DIMITRI SHLYAKHTENKO, Department of Mathe-
matics, University of California, Los Angeles, CA 90095; email: shlyakht@math.ucla.edu

Geometric analysis to WILLIAM P. MINICOZZI II, Department of Mathematics, Johns Hopkins
University, 3400 N. Charles St., Baltimore, MD 21218; email: trans@math. jhu.edu

Geometric topology to MARK FEIGHN, Math Department, Rutgers University, Newark, NJ 07102;
email: feighn@andromeda.rutgers.edu

Harmonic analysis, representation theory, and Lie theory to ROBERT J. STANTON, Department
of Mathematics, The Ohio State University, 231 West 18th Avenue, Columbus, OH 43210-1174; email:
stanton@math.ohio-state.edu

Logic to STEFFEN LEMPP, Department of Mathematics, University of Wisconsin,
480 Lincoln Drive, Madison, Wisconsin 53706-1388; email: lempp@math.wisc.edu

Number theory to JONATHAN ROGAWSKI, Department of Mathematics, University of California,
Los Angeles, CA 90095; email: jonr@math.ucla.edu

Number theory to SHANKAR SEN, Department of Mathematics, 505 Malott Hall, Cornell Univer-
sity, Ithaca, NY 14853; email: ss70@cornell.edu

Partial differential equations to GUSTAVO PONCE, Department of Mathematics, South Hall, Room
6607, University of California, Santa Barbara, CA 93106; email: ponce@math.ucsb.edu

Partial differential equations and dynamical systems to PETER POLACIK, School
of Mathematics, University of Minnesota, Minneapolis, MN 55455; email: polacik@math.umn.edu

Probability and statistics to RICHARD BASS, Department of Mathematics, University of Connecti-
cut, Storrs, CT 06269-3009; email: bass@nath.uconn.edu

Real analysis and partial differential equations to DANIEL TATARU, Department of Mathematics,
University of California, Berkeley, Berkeley, CA 94720; email: tataru@math.berkeley.edu

All other communications to the editors should be addressed to the Managing Editor, ROBERT
GURALNICK, Department of Mathematics, University of Southern California, Los Angeles, CA 90089-
1113; email: guralnic@math.usc.edu.






Titles in This Series

946
945

944

943
942

941
940

939

938

937
936

935

934

933

932

931

930

929

928
927
926

925

924

923

922

921
920

919

Jay Jorgenson and Serge Lang, Heat Eisenstein series on SLy, (C'), 2009

Tobias H. Jager, The creation of strange non-chaotic attractors in non-smooth
saddle-node bifurcations, 2009

Yuri Kifer, Large deviations and adiabatic transitions for dynamical systems and Markov
processes in fully coupled averaging, 2009

Istvdan Berkes and Michel Weber, On the convergence of Y ¢k f(ngz), 2009

Dirk Kussin, Noncommutative curves of genus zero: Related to finite dimensional
algebras, 2009

Gelu Popescu, Unitary invariants in multivariable operator theory, 2009

Gérard Iooss and Pavel I. Plotnikov, Small divisor problem in the theory of
three-dimensional water gravity waves, 2009

I. D. Suprunenko, The minimal polynomials of unipotent elements in irreducible
representations of the classical groups in odd characteristic, 2009

Antonino Morassi and Edi Rosset, Uniqueness and stability in determining a rigid
inclusion in an elastic body, 2009

Skip Garibaldi, Cohomological invariants: Exceptional groups and spin groups, 2009

André Martinez and Vania Sordoni, Twisted pseudodifferential calculus and
application to the quantum evolution of molecules, 2009

Mihai Ciucu, The scaling limit of the correlation of holes on the triangular lattice with
periodic boundary conditions, 2009

Arjen Doelman, Bjorn Sandstede, Arnd Scheel, and Guido Schneider, The
dynamics of modulated wave trains, 2009

Luchezar Stoyanov, Scattering resonances for several small convex bodies and the
Lax-Phillips conjuecture, 2009

Jun Kigami, Volume doubling measures and heat kernel estimates of self-similar sets,
2009

Robert C. Dalang and Marta Sanz-Solé, Holder-Sobolv regularity of the solution to
the stochastic wave equation in dimension three, 2009

Volkmar Liebscher, Random sets and invariants for (type II) continuous tensor product
systems of Hilbert spaces, 2009

Richard F. Bass, Xia Chen, and Jay Rosen, Moderate deviations for the range of
planar random walks, 2009

Ulrich Bunke, Index theory, eta forms, and Deligne cohomology, 2009
N. Chernov and D. Dolgopyat, Brownian Brownian motion-I, 2009

Riccardo Benedetti and Francesco Bonsante, Canonical wick rotations in
3-dimensional gravity, 2009

Sergey Zelik and Alexander Mielke, Multi-pulse evolution and space-time chaos in
dissipative systems, 2009

Pierre-Emmanuel Caprace, “Abstract” homomorphisms of split Kac-Moody groups,
2009

Michael Jo6llenbeck and Volkmar Welker, Minimal resolutions via algebraic discrete
Morse theory, 2009

Ph. Barbe and W. P. McCormick, Asymptotic expansions for infinite weighted
convolutions of heavy tail distributions and applications, 2009

Thomas Lehmkuhl, Compactification of the Drinfeld modular surfaces, 2009
Georgia Benkart, Thomas Gregory, and Alexander Premet, The recognition
theorem for graded Lie algebras in prime characteristic, 2009

Roelof W. Bruggeman and Roberto J. Miatello, Sum formula for SLy over a totally
real number field, 2009



918

917

916

915

914

913

912

911

910

909

908
907
906

905

904

903
902

901

900

899

898
897

896

895
894

TITLES IN THIS SERIES

Jonathan Brundan and Alexander Kleshchev, Representations of shifted Yangians
and finite W-algebras, 2008

Salah-Eldin A. Mohammed, Tusheng Zhang, and Huaizhong Zhao, The stable
manifold theorem for semilinear stochastic evolution equations and stochastic partial
differential equations, 2008

Yoshikata Kida, The mapping class group from the viewpoint of measure equivalence
theory, 2008

Sergiu Aizicovici, Nikolaos S. Papageorgiou, and Vasile Staicu, Degree theory for
operators of monotone type and nonlinear elliptic equations with inequality constraints,
2008

E. Shargorodsky and J. F. Toland, Bernoulli free-boundary problems, 2008

Ethan Akin, Joseph Auslander, and Eli Glasner, The topological dynamics of Ellis
actions, 2008

Igor Chueshov and Irena Lasiecka, Long-time behavior of second order evolution
equations with nonlinear damping, 2008

John Locker, Eigenvalues and completeness for regular and simply irregular two-point
differential operators, 2008

Joel Friedman, A proof of Alon’s second eigenvalue conjecture and related problems,
2008

Cameron McA. Gordon and Ying-Qing Wu, Toroidal Dehn fillings on hyperbolic
3-manifolds, 2008

J.-L. Waldspurger, L’endoscopie tordue n’est pas si tordue, 2008
Yuanhua Wang and Fei Xu, Spinor genera in characteristic 2, 2008

Raphaél S. Ponge, Heisenberg calculus and spectral theory of hypoelliptic operators on
Heisenberg manifolds, 2008

Dominic Verity, Complicial sets characterising the simplicial nerves of strict
w-categories, 2008

William M. Goldman and Eugene Z. Xia, Rank one Higgs bundles and
representations of fundamental groups of Riemann surfaces, 2008

Gail Letzter, Invariant differential operators for quantum symmetric spaces, 2008

Bertrand Toén and Gabriele Vezzosi, Homotopical algebraic geometry II: Geometric
stacks and applications, 2008

Ron Donagi and Tony Pantev (with an appendix by Dmitry Arinkin), Torus
fibrations, gerbes, and duality, 2008

Wolfgang Bertram, Differential geometry, Lie groups and symmetric spaces over general
base fields and rings, 2008

Piotr Hajtasz, Tadeusz Iwaniec, Jan Maly, and Jani Onninen, Weakly
differentiable mappings between manifolds, 2008

John Rognes, Galois extensions of structured ring spectra/Stably dualizable groups, 2008

Michael I. Ganzburg, Limit theorems of polynomial approximation with exponential
weights, 2008

Michael Kapovich, Bernhard Leeb, and John J. Millson, The generalized triangle
inequalities in symmetric spaces and buildings with applications to algebra, 2008

Steffen Roch, Finite sections of band-dominated operators, 2008

Martin Dindo8, Hardy spaces and potential theory on C'! domains in Riemannian
manifolds, 2008

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/.



ISBN 978-0-8218-4400-7

7808211844007 AMS - tthcb
MEMO/201/942 Www.ams.org




