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Abstract . Overthe past50yearsKarl Hofmannhas
mademajor, wide-rangingoriributions acrosshe
spectrumin topologicalalgebra:

compactsemigroupdransformationgroupsringsand
sheaes,cortinuouslatticesand domaintheory
C -algebrasl.ie semigroupdpops,divisiblegroupsand
semigroupghe expnertial function,compactgroups,
and proLiegroups.



The Fifties

TOPOLOGICAL SEMIGR OUPS
EMER GE

A topological semigioup consistof a semigrous en-
dovedwith a Hausdor topologysud that the multipli-
cationfunction

(s;t) 7'st: S S!S

IS (Jointly) cortinuous.The pioneeringvork in the study
of compact(topological)semigroupsvas carriedout by
A. D. Walla ce and his studens and co-vorkers at
Tulaneduringthe fties. The accehin thoseearlydays
(re ecting Walla ce's mathematicalinterests)was on
semigroupconnectionsvith algebraictopology and the
topologyof cortinua.

Semigoupsappear more naturally
In a physi@l universethanin a ge-
ometric one...[They] might be re-
garded as exemplarsof irr eversible
actions.

A. D. Walla ce




TOPOLOGICAL GEOMETR Y

Mearwhile, in Germaly, a youngmathematiciaroy the

nameofKarl H. Hofmann wasseekingo applytopo-

logicalalgebrao topologicabeometry Therearenatural

ways to assigncoordinate elds and moregeneralalge-
braic structuresto geometricobjects sud as projective

planes.Hofmann's early explorationanto topological
geometryled to the consideratiorand characterization
of locally compactsemigroupshat werethe union of a

groupanda zeroelemet) or moregenerallya groupand

a compactboundary
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HOFMANN UNDER GOES
TRANSA TLANTIC TRANSLA TION

Hofmann's semigroupnvestigationgouched on work
of Moster t andShields , two Tulanemathematicians,

who studiedsemigroupsn manifolds.

The Tulaneconnectiompenedhroughfurther cortact
with Moster t and Walla ce, ewrtually leadingto
Hofmann's moving to New Orleansand spending20
yearsonthe Tulanefaculty until hereturnedto Germary

In the early80's.

StreetScene
NewOrleans



ONE-P ARAMETER SEMIGR OUPS

Theadditivesemigroupfnonnegatigrealsjts one-irt
compacti cation

(161 ;+) = (1,0 );

and the correspnding one-parametesemigroupgcon-
tinuoushomomorphiemages)are basicto the theory of
topologicalkemigroup§ust asone-parametegroupsare
In Lie andtopologicalgrouptheory).

The One-P arameter Semigroup Theorem .
(Moster t and Shields , 1957)Let S 6 S ! be a
compactconnectegemigroupvith idertity 1 isolatedin
the setofidempoterts. Thenthereexistsaone-parameter
semigroupgtartingat 1 andimmediatelyeasingthegroup
of unitsH (1). If the only otheridempotert is 0, thenthe
iImagerunsall the way to O.

Paul Mostert



VARIA TIONS ON HILBER T'S

FIFTH

In 1959Hofmann independetly madeheavily overlap-
ping discaerieson the existencef one-parametesemi-
groups.Thiswork in somesensextendedvork of Yam-

abe, Gleason , Hille

and otherson one-parameter

groupsand semigroupsaork that had arisenin connec-
tion with Hilber t's Fifth Problem.

Hofmann wert onto considerersion®f Hilber t's
Fifth Problemfor loopsand later for semigroups.
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THEOR Y OF THREADS SEWN UP

In the earlytheorya thread denoteda topologicalsemi-
groupwith 1 de ned on an interval. Besideghe basic
example([0;1 ];+) = ([1;0] ), thereis alsothe \cal-
culatorsemigroup'tonstructedrom[C; 1 [ with [M; 1 ]
iderti ed to a singlepoirt called\over ow":

a+ b fa+ b< M,

for0 ab<M:;a b= _
over ow, otherwise.

A. H. Cli ord, apioneemalgebraicsemigrouprandTu-
lanecolleaguenademajor cortributionsto the following

Theorem . Any metricf 1, Og-thread(with endpoints 1
and 0) arisesby deletingcountably mary pairwisedis-
joint openintervalsof [C; 1], pastinga multiplicative copy
of one of the above two semigroupsnto ead gap, and
multiplying by taking the minimum in all othercases.

C¥ AL

A. H. Cli ord




The Sixties

NEW WAYS OF \WINDING
DO WN"

Let :R*! G beacorinuoushomomorphisnfa one-
parametesemigroupdrno adenseubsebfatopological
groupG. Thenonecancreatea compactsemigrou®
consistingpf a one-parametesemigroupvindingdensely
onthegroupG, whidhisthe minimalidealof S asfollows:

1. Formthe productsemigroupl’ .= [G;1 ] G.
2. De ne a one-parametesemigroup : R*™ ! T by

t)y=t (t).

3. Formthe semigroup
S:= (R")[ (fig G)= (R%):

i ,.u.l"h.""“-.-___




More elalorate winding semigroupsnay be marufac-
tured by replacing[0;1 | by K [0 1 ], whereK is a
compactgroup.

H(1)




A PATH THR OUGH THE
WILDERNESS

Thenotionofacompacssemigrougrovedtoo diversefor
any comprehensetheoryto emerge.But a remarlable
adiievemen of the sixtieswas a structure theoremby
Hofmann andMoster t forirr educible(that is, min-
Imal) compactconnectedubsemigroupstretding from
one end of the semigroupthe idertity 1, to the other
end, the minimal idealM . After their work, sud sub-
semigroupprovideda knovn path throughanundarted
jungle.

Theorem . Let T be an irreduciblecompactconnected
subsemigrouptretdiingfroml1to M of a compactsemi-
groupS. Then

1. T isabelian;
2. T meetsthe groupof units only in f 1g;

3. T=H isaf0; 1g-thread,whereH denoteghe congru-
encerelationof mutual divisibilty;

4. T canbe constructedoy an appropriate,concretely
given\chaining"procedureofwindingsemigroupthat
generalizethe constructionof f 0; 1g-threads.
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An irreduciblesemigroud togethemwith T=H, athread
with idempoterts all integerstogetherwith 1
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WHA T NEEDS TO BE FIXED?

The proof of the irreducibily theorem(the cererpiece
of Elements of Compact Semigoups 1966)required
extensie semigroupmadinery plus a maor new xed-
point theorenfromthetheoryofcompactonnectedrans-
formationgroupsgiving su cient conditionsfor a com-
pact, connectedjroupactionon a compactacyclicspace
to have an acyclicset of xed-points. Hofmann and
Moster t were assistedwith the latter by insighs of
Armand Borel , whovisitedat Tulaneduringthe pe-
riod they wereworkingon this theoremand the book.

Onebig problemremainedand remains)open:
The Centralizer Conjecture . Canthe irreducible
semigroupl’ be chosenin the cerralizer of the (neces-
sarily compact)groupof units H (1)?
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HOFMANN ENCOUNTERS UPS
AND DAUNS

In 1968Hofmann publishedvith Tulanecolleagudohn
Dauns an AMS Memoiron represetations of rings by
section®f sheaesand bundlesover the spectrum. Here
the celebrateddauns-Hofmann Theoremappeared,
sodubbed by Dixmier , whowasvisiting Tulaneat the

time.

The Dauns-Hofmann Theorem . Let A beaC -
algebrax 2 A, andf aboundedcortinuousscalarfunc-
tion on Prim(A), the spaceof primitive idealsendaved
with the Jacobsoriopology Thenthereexistsa unique
fx 2 A sud that

fx f(P)xmodP forallP 2 Prim(A):
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The Seventies

A SEAR CH FOR ORDER

The ladk of a comprehensegeneratheoryledtopologi-
calsemigrouprsto focusonimportant specialclassesA
hundredmilesup the Mississippifrom Tulane,a young
researigerat LouisiangStateUniversity wasbusilystudy-
Ing compactsemilattices comnutative semigroupsn
whid everyelemehisidempotert. Thesecarryanatural
(partial) order
s t, st=s;

this orderprovidesanalternative characterizatiommfsemi-
lattices as partially orderedsetsin whid any two ele-
mens have agreatestowerbound(their semigrougrod-
uct). Compactnessorces\lower completeness.gwery
nonempy subsethasa greatesiower bound.
Investigationdy Lawson uncoereda tractible class
of compactsemilatticesnamelythosewhich had a basis
of neiglborhaods at ead point which were subsemilat-
tices. Standardexamplessud asthe spacefnon-empy
compactsubsetf a compactspaceequipped with the
Vietoris topologyand the operationof union, possessed
this property.
Mearwhile,....
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SCOTT ORDERS COMPUTER
SCIENCE

Dana Scott at Oxfordrealizedthat mary structures
andoperationof computeiscienc@aveinterestingorder-
theoretianterpretation.Hediscoeda clasoflowercom-
plete semilattices)ater calledSott domains in whid
eat elemehwasthedirectedsuprennmofelemets\com-
pactly" belavit. Thesdurnedoutto beadmirablysuited
for modelingthe lambda-calculusjenotationakematncs
of programmindanguagesndavariety of basicconcepts
In theoreticalcomputerscienceFor his groundbreaking
work hewasawardedthe Turing Prize.

15



TOPOLOGICAL ALGEBRA VISITS
\SCOTT"LAND

In a 1976paper of mgor consequencéfofmann and
Stralka  (implicitly) proved:

Theorem . Given a compacttopologicalsemilatticeS
with a neiglborhood basisof subsemilatticeshen asa
partially orderedsetS is a Scottdomain. Corverselya
Scottdomainadmits a uniguetopology (whidh may be
de ned directly from the order) makingit into a com-
pact semilattice(with a neighlborhaod basisof subsemi-
lattices).

This remarlable corvergencefrom diverseinvestiga-
tionsto the samamathematicatructuregase impetusto
a far-reatingjoint collaborationthat resultedin the de-
velopmenhofamaturetheoryof cortinuoudattices,semi-
lattices, and domains,which was setdovn in A Com-
pendiumof Continuous Lattices 1980with nolesghen
six authors,Gierz, Keimel, Hofmann, Lawson,
Mislo ve, and Scott , threefrom Darmstadt.

16



A STRANGE, NEW WORLD

In \Scott"land the topologicalalgebraistdound them-
selesin astrangenewworld. In Scott'stopology spaces
wereno longerHausdor , only To. But even heresignif-
icart work wasdone,sut asthe Hofmann-Mislo ve
Theorem,whidh characterizeccompactsetsin terms of
Scott-oen lters in the open-setattice.

Spacesouldsatisfystrange\domain equations,'sud
asbeinghomeomorphito their own functionspacesso
that onecouldapply an elemenresp.functionto itself.

17



TRANSITION

As the next decaderolled around, like Dorothy in Oz,
or Alice in Wonderland,t wastime to clidk the magic

redslipperstogether,geta little recaverytime, andthen
return to a morenormalworld.

Coming Up: Lie Meets Wallace,
Lie Theory and Semigroups

18



The Eighties

IT'S AN (INFINITESIMALL Y)
SMALL WORLD AFTER ALL

Onereasorfor the hugesuccessf the classical.ie the-
ory of groupsis the capabiliyy that often existsto pull
badk nonlinearproblemsat the grouplewel to problems
at the Lie algebrgor in nitesimal) level whidh canbe at-
tackedby the toolsoflinearalgebra.lndeedonetypically
triesto reirterpretthe problemat the Cartansubalgebra
level and usethe elemetary geometryof roots andtheir
transformationgvia the nite Weyl group).

A signi cart themein the work of Hofmann has
beenthe e ort to extendthis programto largerclasses
of algebraicstructures.In particular, he,Hilger t and
Lawson (togethemwith sewralof Hofmann's talerted
graduatestuders) pioneeredan extensie Lie theory of
semigroupsn the eighies, in whidh one studiedthose
thosesubsemigroupsf Lie groupsthat were\in nitesi-
mallygenerated,|.e.,couldberecoeredfromtheir (sub)-
tangen setsat the idertity in the Lie algebra.

19



Actually (as graduallyemergedysud a programhad
beenlaunded in the fties by Charles Loewner |,
whois mostfamousfor his work on the Bieberbat con-
jecture,and re-emergethdependetly in the eighiesin
the work of G. Ol 'shanski i (with aneyetoward appli-
cationsin represetation theory) andin the work of V.
Jurjevic andl. Kupka in geometricorirol theory

Theorem Given a closed(local) subsemigrou® of a
Lie groupG, thereis a naturally assciatedtangen ob-
ject in the Lie algebraof G whid is a specialtype of
closedcorvex conecalleda Lie wedge(the appropriate
analogofthe Lie subalgebraorrespndingto an analytic
subgroup). Converselygiven ary Lie wedge,thereis a

correspndinglocal semigroupn the Lie groupin nites-

imally generatedby the Lie wedge.

Unlike the Lie groupcasethereis not a globalvariart
of this theorem,i.e., no third fundametal theoremof
Lie. A maor problemin the theory hasbeenthe e ort
to understandhoseLie wedgedor whidh there existsa
correspnding(global)semigroup.

20



A POSITIVE OUTLOOK

The Lie theoryof semigrouphlasintroduceda signi cart
newaspectinto the Lie grouptheory namelyan appro-
priate notion of \p ositivity." At the grouplewelthe semi-
groupsmay bethough of asthe setof positive elemets,
and the tangen coneis the set of in nitesimal positive
elemets. Thereis anassaiatednotionof orderechomo-
geneouspaces.The dewelopmen of the theory hasne-
cessitatethewtoolssud ascorvexanalysisthe theoryof
causalstructures(drawn from physics),and methals of
geometricornrol theory(whereonehasnotionsof evolu-
tion in positive time) in additionto the classicamethals
of Lie theory Applicationswerefoundin variousareas
sut asrepresetation theoryand harmonicanalysis.

The new theory found ample documen-
tation in two comprehensesworks: Lie
Groups, Convex Cones, and Semigoups
by Hilger t, Hofmann , and Lawson
(1989)andLie Semigoupsand Their Ap-
plications by Hilger t andNeeb (1993).

21



The Nineties
HOFMANN LOOPS BA CK

Loops,nonassaoiative groups,sometimesurn up asthe

coordinatizingalgebraicstructuresin topologicalgeome-
try andhadbeenconsideredy Hofmann inthethelate

50sandearly60s.Hereturnedto this sulgectin the early

90swith Karl Stramba ch. Hofmann's workin this

areahasbeenfar-rangingjncludinganalogiesvith topo-

logicalandLie grouptheory localandglobaltheory and

an examinationof the correspndingversionof Hilbert's

fth problem.

Hofmann andStramba ch shavedthat thetangert
space. (G) at the idertity e of a (local) Lie loop carries
two operations,a binary comnutator bradket and a tri-
linear assaiator bradket linked by what they calledthe
Akivis idertity. This tangen algebral (G) then forms
an Akivis algebraandif G is a Lie group,
the Akivis idertity reducedo the classical
Jacobiidentity. Theseconsiderationsvere
tied to di erential geometryby assagiating
with a Lie loop G two left canonicatonnec-
tions, whid coincidaf G is a Lie group.

22



FINDING ONE'S ROOTS

A subsemigroupf a Lie groupis calleddivisible if given
g2 Sandn 2 N, thereexistsann-th root h 2 S (i.e.,

" = g). Repeatedrandomtaking of roots candisplay
rather unsystematidoehavior, as even examplesn the
complexplanecandemonstrateandtrying to take them
In an orderlyway in a Lie groupproved somethingof a
nightmare. Howewer in a lengthly detailedstudy (yet an-
otherAMS Memoir)Hofmann andWolf gang Rup-
pert shavedthat divisibility in Lie semigroupsmplies

() local divisibility (andin the local settingroot extrac-
tion is uniquelydetermined),

(i) all elemets lie on one-parametesemigroupsand
hencein the imageof the exponertial

mapping,

(i) thesesemigroupsanessetmally be

classi edfromtheir Lietangen wedges,
calledsemialgebrasnd

(iv) the only simpleLie algebracorain-

Ing ageneratingemialgebr& sl(2; R).

23



HOFMANN REPOR TS
EXPONENTIAL RESEAR CH
GR OWTH

Many considerationgwolvedin the divisibility problem
requireddetailedinformationabout the exponetial func-
tion (dubbed \ Hofmann's favorite function" by stu-
dens) from a Lie algebrato a Lie group. This researia
hasnaturally led to important newgeneralnsighs and
resultsconcerninghe exponettial functionofalLie group.
In particular, one nov has an almostcompleteunder-
standingof thoselLie groupsfor which the exponettial
functionis surjectie or hasdensamage.

24



HOFMANN REGR OUPS

In the60sHofmann publishedcanintr oductionto Com-
pact Groups I,Il in the Tulane Notesand later began
a 30-year researc collalmoration on the topic with Sid
Morris around1977.This project movedto the front
burner of the stove in the 90s,resultingin the 858page
tome The Structure of Compact Groups (a far from
compactbook). SCGappearedin 1998andin arevised
versionin 2006.

The aim of SCGwasto preseh the structureof com-
pact groupswithout unnecessargssumptions.The ap-
proat wasnot that of analysigHofmann hadlectured
andwritten on\analytic groupswithout analysis"),but,
not suprisinglythroughthe dewelopmenof a Lie theory
for compactgroups. The power of this generalLie the-
oretic approab is then demonstratedy obtainingin a
systematiovay not only the known structure resultsof
compacigroupsput alsonewandextendedesultsalong
the way.

Thanksto SidMorrisfor generouielpwith this section

25



THE BIG FOUR

The postscriptto Chapter9 of SCGrecapdour principal
structure theoremsfor compactgroupsthat appear in
that chapter.

(I) The Levi-Mal'cev Theorem . A connecteadtom-
pact group is nearly a direct product of its connected
cener andthe comnutator subgroup.

(I) The Maximal Pro-torus Theorem . A con-
nectedcompactgroup has maximal pro-tori which are
all conjugateand the cener is their intersection.Eat
maximalpro-torusis a maximalabeliansubgroup.

(I11) The Borel-Sc heerer-Hofmann Theorem . The
comnutator of a connecteccompactgroupis (topologi-
cally and algebraicallyp semidirectfactor.

(IV) The Dong Hoon Lee Supplement Theorem .
A compacigroupG corainsatotally disconnectedom-
pact subgroupD sud that G = GogD and Gg\ D is
normalin G andcernral in Gy.

26



THE LITTLEST OUTLA W

Lie theoreticargumets nov and then emply inductive
argumets on Lie algebradimensionby eliminating a
\smallestcriminal" or \littlest outlaw." Hereis Hof-
mann in hot pursuit of the \littlest outlaw" (or isit the
Infamous\Mexican bandito"?).

Sheri Hofmann

27



WANTED: DEAD OR ALIVE

The Mexican Bandit

28



BEYOND LOCALL Y COMP ACT
GR OUPS

Combiningthework of Iwasawa andY amabe fromthe
rst half of the 20th cenury, onecanreducethe struc-
ture theory of connectedocally compactgroupsto that
of compactgroupsand Lie groups. But is therea well-
behaved categorythat cortains all theseobjects,and is
therea systematiovay to study and obtain their struc-
ture? In their book The Lie Theory of Connected Pro-
Lie Groups 2007 Hofmann andMorris proposethe
categoryof pro-Lie groups

The Hofmann-Morris Compary
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PRO-LIE GROUPS

A pro-Lie group canbe de nedin arny of the follonving
equialen ways:

(1) A projective limit of nite dimensionalie groups.

(2) A completegroup G for whidh ewery idertity neigh-
borhood cortains a normal subgroupN sud that
G=N isaLiegroup.

(3) A groupthat is (isomorphido) a closecsubgroupof
a product of nite dimensional.ie groups.

Favorable Prop erties: Thecategonofpro-Liegroups
IS closedunderall limits, particularlyall products,in the

categonftopologicagroupsandunderpassingo closed
subgroups.It is not closedunder quotiert groups,but

thesehave completionghat areagainpro-Lie.
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THE LIE THEOR Y OF PRO-LIE
GR OUPS

Everypro-LiegrouphasaLie algebraandanexponenial
function whoseimagegenerategalgebraically)a dense
subgroupof the idertity compmnen. The Lie algebrais
an analoguef a pro-Liegroup,calleda pro-Lie algeba.
Basicfamiliar propertiessud as existenceof a radical
and a Levi-Mal'cevtheoremcarry over.

The Lie algebrafunctor presereslimits and quotierts,
and its left adjoirt providesa functorial versionof Lie's
Third Theorem.

Oneused._ie theoreticmethalsto derive structurethe-
oremsfor pro-Liegroups.

Sample Theorem . Ead connectegro-Liegroupcon-
tains maximalcompactconnectesgubgroups whidc are
all conjugateunderinnerautomorphisms.

31



FOOTNOTES

(1) Hofmann's sketchesof A. D. Walla ce, Paul Moster t,
andA. H. CIiff ord appearin \An interviewwith Karl Hof-
mann on the occasionof his sewertieth birthday," Semigroup
Forum 65(3),317-328 Supplemetary informationto that pre-
sered herecanbe foundthere.

(2) Hofmann's drawingsof a semigrougonsistingpf a wind ona
torusandofanirreduciblesemigrougonsistingf chainedwind-
ing semigroupappearin K. H. Hofmann andP. Moster t,
Elementsof Compact Semigoups CharlesMerrill, 1966.

(3) ThepostersontopologicaplanesHilbert'sFifth Problem topolo-
gieson lattices, and Lie and Wallacewere selectiongrom re-
productionsof Hofmann's weeklycollagquium postersfor the
MathematicsDepartmenh at the Tednical University, Darm-
stadt. Theseappearedin a selectionof theseposters,Poster
Cartoons 1983-1998 publishedn 1998by the TU Darmstadt
University Press.

(4) Hofmann's NewOrleansstreetscenceppearedas: Cover of
the AMS NoticesOctoler2006 anissuguublicizinghe national
meetingof the AMS in NewOrleansn Jaruary, 2007.

(5) Thanksto Sid Morris for picturesof Sheri Hofmannandthe
Hofmann-MorrisCompany and Karl Hofmann for a scan
of his drawing of the MexicanBandit (Karl's original (1986)is
property of Al Stralka ).
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