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Abstract . Over the past50yearsKarl Hofmannhas
mademajor, wide-rangingcontributions acrossthe

spectrumin topologicalalgebra:

compactsemigroups,transformationgroups,ringsand
sheaves,continuouslatticesanddomaintheory,

C� -algebras,Lie semigroups,loops,divisiblegroupsand
semigroups,the exponential function,compactgroups,

andproLiegroups.
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The Fifties

TOPOLOGICAL SEMIGR OUPS
EMER GE

A topological semigroup consistsof a semigroupS en-
dowedwith a Hausdor� topologysuch that the multipli-
cationfunction

(s; t) 7! st : S � S ! S

is (jointly) continuous.The pioneeringwork in the study
of compact(topological)semigroupswascarriedout by
A. D. Walla ce and his students and co-workers at
Tulaneduring the �fties. The accent in thoseearlydays
(re
ecting Walla ce's mathematicalinterests)was on
semigroupconnectionswith algebraictopologyand the
topologyof continua.

Semigroupsappear more naturally
in a physical universethan in a ge-
ometric one...[They] might be re-
garded as exemplarsof irr eversible
actions.
A. D. Walla ce
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TOPOLOGICAL GEOMETR Y

Meanwhile, in Germany, a youngmathematicianby the
nameof Karl H. Hofmann wasseekingto applytopo-
logicalalgebrato topologicalgeometry. Therearenatural
ways to assigncoordinate�elds and moregeneralalge-
braic structuresto geometricobjectssuch as projective
planes.Hofmann's earlyexplorationsinto topological
geometryled to the considerationand characterization
of locally compactsemigroupsthat werethe union of a
groupanda zeroelement, or moregenerallya groupand
a compactboundary.

TopologicalGeometryAt Work
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HOFMANN UNDER GOES
TRANSA TLANTIC TRANSLA TION

Hofmann's semigroupinvestigationstouchedon work
of Moster t andShields , twoTulanemathematicians,
whostudiedsemigroupson manifolds.

TheTulaneconnectionripenedthroughfurthercontact
with Moster t and Walla ce, eventually leadingto
Hofmann's moving to New Orleansand spending20
yearsontheTulanefaculty until hereturnedto Germany
in the early80's.

StreetScene
NewOrleans
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ONE-P ARAMETER SEMIGR OUPS

Theadditivesemigroupofnonnegativereals,its one-point
compacti�cation

([0; 1 ]; +) �= ([1; 0]; �);

and the correspondingone-parametersemigroups(con-
tinuoushomomorphicimages)arebasicto the theoryof
topologicalsemigroups(just asone-parametergroupsare
in Lie andtopologicalgrouptheory).

The One-P arameter Semigroup Theorem .
(Moster t and Shields , 1957)Let S 6= S� 1 be a
compactconnectedsemigroupwith identit y 1 isolatedin
thesetof idempotents. Thenthereexistsaone-parameter
semigroupstartingat 1andimmediatelyleavingthegroup
of units H (1). If the onlyotheridempotent is 0, thenthe
imagerunsall the way to 0.

Paul Mostert
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VARIA TIONS ON HILBER T'S
FIFTH

In 1959Hofmann independently madeheavily overlap-
ping discoverieson the existenceof one-parametersemi-
groups.This work in somesenseextendedwork of Yam-
abe, Gleason , Hille and otherson one-parameter
groupsand semigroups,work that had arisenin connec-
tion with Hilber t's Fifth Problem.

Hofmann went onto considerversionsof Hilber t's
Fifth Problemfor loopsandlater for semigroups.
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THEOR Y OF THREADS SEWN UP

In the early theorya thread denoteda topologicalsemi-
groupwith 1 de�ned on an interval. Besidesthe basic
example([0; 1 ]; +) �= ([1; 0]; �), there is alsothe \cal-
culatorsemigroup"constructedfrom [0; 1 ] with [M ; 1 ]
identi�ed to a singlepoint called\over
ow":

for 0 � a;b < M ; a � b =

(
a + b; if a + b < M ,

over
ow; otherwise.

A. H. Cli�ord, a pioneeralgebraicsemigrouperandTu-
lanecolleague,mademajor contributionsto the following
Theorem . Any metric f 1; 0g-thread(with endpoints 1
and 0) arisesby deletingcountably many pairwisedis-
joint openintervalsof [0; 1],pastinga multiplicativecopy
of oneof the above two semigroupsinto each gap, and
multiplying by taking the minimum in all othercases.

A. H. Cli�ord
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The Sixties

NEW WAYS OF \WINDING
DO WN"

Let � : R+ ! G be a continuoushomomorphism(a one-
parametersemigroup)onto adensesubsetofa topological
groupG. Then onecancreatea compactsemigroupS
consistingof a one-parametersemigroupwindingdensely
onthegroupG, which istheminimalidealofS asfollows:

1. Form the product semigroupT := [0; 1 ] � G.

2. De�ne a one-parametersemigroup� : R+ ! T by
� (t) =

�
t; � (t)

�
.

3. Form the semigroup

S := � (R+ ) [ (f1g � G) = � (R+ ):

T � (R+ ) S
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More elaboratewindingsemigroupsmay be manufac-
tured by replacing[0; 1 ] by K � [0; 1 ], whereK is a
compactgroup.
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A PATH THR OUGH THE
WILDERNESS

Thenotionofacompactsemigroupprovedtoodiversefor
any comprehensive theory to emerge.But a remarkable
achievement of the sixtieswas a structure theoremby
Hofmann andMoster t for irr educible(that is, min-
imal) compactconnectedsubsemigroupsstretching from
oneend of the semigroup,the identit y 1, to the other
end, the minimal idealM . After their work, such sub-
semigroupsprovideda known path throughanuncharted
jungle.

Theorem . Let T be an irreduciblecompactconnected
subsemigroupstretchingfrom1 to M of a compactsemi-
groupS. Then

1. T is abelian;

2. T meetsthe groupof units only in f 1g;

3. T=H is a f 0; 1g-thread,whereH denotesthe congru-
encerelationof mutual divisibilty;

4. T can be constructedby an appropriate,concretely
given\chaining"procedureofwindingsemigroupsthat
generalizesthe constructionof f 0; 1g-threads.
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An irreduciblesemigroupT togetherwith T=H, a thread
with idempotents all integerstogetherwith �1 .
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WHA T NEEDS TO BE FIXED?

The proof of the irreducibilty theorem(the centerpiece
of Elements of Compact Semigroups, 1966)required
extensive semigroupmachinery plus a major new�xed-
point theoremfromthetheoryofcompactconnectedtrans-
formationgroupsgiving su�cient conditionsfor a com-
pact,connectedgroupactionon a compactacyclicspace
to have an acyclicset of �xed-points. Hofmann and
Moster t were assistedwith the latter by insights of
Armand Borel , whovisitedat Tulaneduringthe pe-
riod they wereworkingon this theoremandthe book.

Onebig problemremained(andremains)open:
The Centralizer Conjecture . Can the irreducible
semigroupT be chosenin the centralizer of the (neces-
sarilycompact)groupof units H (1)?
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HOFMANN ENCOUNTERS UPS
AND DA UNS

In 1968Hofmann publishedwith TulanecolleagueJohn
Dauns an AMS Memoiron representations of ringsby
sectionsof sheavesandbundlesover the spectrum. Here
the celebratedDauns-Hofmann Theoremappeared,
sodubbedby Dixmier , whowasvisiting Tulaneat the
time.

The Dauns-Hofmann Theorem . Let A be a C � -
algebra,x 2 A, andf a boundedcontinuousscalarfunc-
tion on Prim(A), the spaceof primitive idealsendowed
with the Jacobsontopology. Then thereexistsa unique
f x 2 A such that

f x � f (P)x modP for all P 2 Prim(A):
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The Seventies

A SEAR CH FOR ORDER

The lack of a comprehensive generaltheoryled topologi-
calsemigroupersto focuson important specialclasses.A
hundredmilesup the Mississippifrom Tulane,a young
researcherat LouisianaStateUniversity wasbusilystudy-
ing compactsemilattices, commutative semigroupsin
which everyelement is idempotent. Thesecarryanatural
(partial) order

s � t , st = s;

thisorderprovidesanalternativecharacterizationofsemi-
lattices as partially orderedsetsin which any two ele-
ments haveagreatestlowerbound(their semigroupprod-
uct). Compactnessforces\lower completeness,"every
nonempty subsethasa greatestlower bound.

Investigationsby Lawson uncovereda tractible class
of compactsemilattices,namelythosewhich hada basis
of neighborhoods at each point which weresubsemilat-
tices.Standardexamples,such asthespaceofnon-empty
compactsubsetsof a compactspaceequipped with the
Vietoris topologyand the operationof union,possessed
this property.

Meanwhile,....
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SCOTT ORDERS COMPUTER
SCIENCE

Dana Scott at Oxford realizedthat many structures
andoperationsofcomputersciencehaveinterestingorder-
theoreticinterpretation.Hediscovedaclassof lowercom-
plete semilattices,later calledScott domains, in which
each element wasthedirectedsupremumofelements \com-
pactly" below it. Theseturnedout to beadmirablysuited
for modelingthelambda-calculus,denotationalsemantics
ofprogramminglanguages,andavariety ofbasicconcepts
in theoreticalcomputerscience.For his groundbreaking
work hewasawardedthe Turing Prize.
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TOPOLOGICAL ALGEBRA VISITS
\SCOTT"LAND

In a 1976paper of major consequence,Hofmann and
Stralka (implicitly) proved:
Theorem . Given a compacttopologicalsemilatticeS
with a neighborhood basisof subsemilattices,then asa
partially orderedsetS is a Scottdomain. Conversely, a
Scott domainadmitsa uniquetopology(which may be
de�ned directly from the order) making it into a com-
pact semilattice(with a neighborhood basisof subsemi-
lattices).

This remarkable convergencefrom diverseinvestiga-
tionsto thesamemathematicalstructuregaveimpetusto
a far-reaching joint collaborationthat resultedin the de-
velopment ofamaturetheoryofcontinuouslattices,semi-
lattices,and domains,which was set down in A Com-
pendiumof ContinuousLattices, 1980,with nolessthen
six authors,Gierz, Keimel, Hofmann, Lawson,
Mislo ve, andScott , threefrom Darmstadt.

16



A STRANGE, NEW W ORLD

In \Scott"land the topologicalalgebraistsfound them-
selvesin a strange,newworld. In Scott'stopology, spaces
wereno longerHausdor�, only T0. But evenheresignif-
icant work wasdone,such asthe Hofmann-Mislo ve
Theorem,which characterizedcompactsetsin termsof
Scott-open�lters in the open-setlattice.

Spacescouldsatisfystrange\domain equations,"such
asbeinghomeomorphicto their own functionspaces,so
that onecouldapplyan element resp.functionto itself.
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TRANSITION

As the next decaderolled around, like Dorothy in Oz,
or Alice in Wonderland,it was time to click the magic
redslipperstogether,geta little recovery time, andthen
return to a morenormalworld.

Coming Up: Lie Meets Wallace,
Lie Theory and Semigroups
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The Eigh ties

IT'S AN (INFINITESIMALL Y)
SMALL W ORLD AFTER ALL

Onereasonfor the hugesuccessof the classicalLie the-
ory of groupsis the capability that often existsto pull
back nonlinearproblemsat the grouplevel to problems
at theLie algebra(or in�nitesimal) levelwhich canbeat-
tackedby the toolsof linearalgebra.Indeedonetypically
triesto reinterpret the problemat the Cartansubalgebra
level andusethe elementary geometryof rootsandtheir
transformations(via the �nite Weyl group).

A signi�cant theme in the work of Hofmann has
beenthe e�ort to extendthis programto largerclasses
of algebraicstructures.In particular,he,Hilger t and
Lawson (togetherwith severalof Hofmann's talented
graduatestudents) pioneeredan extensive Lie theory of
semigroupsin the eighties, in which one studiedthose
thosesubsemigroupsof Lie groupsthat were\in�nitesi-
mallygenerated,"i.e.,couldberecoveredfromtheir (sub)-
tangent setsat the identit y in the Lie algebra.
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Actually (as graduallyemerged)such a programhad
beenlaunched in the �fties by Charles Loewner ,
whois mostfamousfor his work on the Bieberbach con-
jecture,and re-emergedindependently in the eighties in
the work of G. Ol 'shanski �i (with aneyetowardappli-
cationsin representation theory) and in the work of V.
Jurjevic andI. Kupka in geometriccontrol theory.

Theorem Given a closed(local) subsemigroupS of a
Lie groupG, thereis a naturally associatedtangent ob-
ject in the Lie algebraof G which is a special type of
closedconvex conecalleda Lie wedge(the appropriate
analogof theLie subalgebracorrespondingto ananalytic
subgroup). Converselygiven any Lie wedge,there is a
correspondinglocal semigroupin the Lie groupin�nites-
imally generatedby the Lie wedge.

Unlike the Lie groupcase,thereis not a globalvariant
of this theorem,i.e., no third fundamental theoremof
Lie. A major problemin the theory hasbeenthe e�ort
to understandthoseLie wedgesfor which thereexistsa
corresponding(global)semigroup.
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A POSITIVE OUTLOOK

TheLie theoryof semigroupshasintroduceda signi�cant
newaspect into the Lie grouptheory, namelyan appro-
priatenotionof \p ositivity." At the grouplevel the semi-
groupsmay be thought of asthe setof positiveelements,
and the tangent coneis the set of in�nitesimal positive
elements. Thereis anassociatednotionof orderedhomo-
geneousspaces.The development of the theory hasne-
cessitatednewtoolssuch asconvexanalysis,thetheoryof
causalstructures(drawn from physics),and methods of
geometriccontrol theory(whereonehasnotionsof evolu-
tion in positive time) in additionto the classicalmethods
of Lie theory. Applicationswerefound in variousareas
such asrepresentation theoryandharmonicanalysis.

The new theory found ample documen-
tation in two comprehensive works: Lie
Groups, ConvexCones, and Semigroups
by Hilger t, Hofmann , and Lawson
(1989)andLie Semigroupsand Their Ap-
plications by Hilger t andNeeb (1993).
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The Nineties

HOFMANN LOOPS BA CK

Loops,nonassociative groups,sometimesturn up asthe
coordinatizingalgebraicstructuresin topologicalgeome-
try andhadbeenconsideredby Hofmann in thethelate
50sandearly60s.Hereturnedto this subject in theearly
90swith Karl Stramba ch . Hofmann's work in this
areahasbeenfar-ranging,includinganalogieswith topo-
logicalandLie grouptheory, localandglobaltheory, and
an examinationof the correspondingversionof Hilbert's
�fth problem.

Hofmann andStramba ch showedthat thetangent
spaceL(G) at the identit y e of a (local) Lie loop carries
two operations,a binary commutator bracket and a tri-
linear associator bracket linked by what they calledthe
Akivis identit y. This tangent algebraL(G) then forms
an Akivis algebra,and if G is a Lie group,
the Akivis identit y reducesto the classical
Jacobiidentit y. Theseconsiderationswere
tied to di�erential geometryby associating
with a Lie loopG two left canonicalconnec-
tions,which coincideif G is a Lie group.
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FINDING ONE'S ROOTS

A subsemigroupof a Lie groupis calleddivisible if given
g 2 S andn 2 N, thereexistsan n-th root h 2 S (i.e.,
hn = g). Repeatedrandomtaking of roots candisplay
rather unsystematicbehavior, as even examplesin the
complexplanecandemonstrate,andtrying to take them
in an orderlyway in a Lie groupproved somethingof a
nightmare. However in a lengthy detailedstudy (yet an-
otherAMSMemoir)Hofmann andWolf gang Rup-
per t showedthat divisibility in Lie semigroupsimplies
(i) local divisibility (and in the local settingroot extrac-
tion is uniquelydetermined),
(ii) all elements lie on one-parametersemigroupsand
hencein the imageof the exponential
mapping,
(iii) thesesemigroupscanessentially be
classi�edfromtheir Lie tangent wedges,
calledsemialgebras,and
(iv) theonlysimpleLiealgebracontain-
inga generatingsemialgebraissl(2; R).
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HOFMANN REPOR TS
EXPONENTIAL RESEAR CH

GR OWTH

Many considerationsinvolved in the divisibility problem
requireddetailedinformationabout theexponential func-
tion (dubbed \ Hofmann's favorite function" by stu-
dents) from a Lie algebrato a Lie group. This research
hasnaturally led to important newgeneralinsights and
resultsconcerningtheexponential functionofaLiegroup.
In particular, one now has an almost completeunder-
standingof thoseLie groupsfor which the exponential
functionis surjective or hasdenseimage.

24



HOFMANN REGR OUPS �

In the60sHofmann publishedanIntr oduction to Com-
pact Groups I,II in the TulaneNotesand later began
a 30-year research collaboration on the topic with Sid
Morris around1977.This project moved to the front
burnerof the stove in the 90s,resultingin the 858page
tome The Structure of Compact Groups (a far from
compactbook). SCGappearedin 1998and in a revised
versionin 2006.

The aim of SCGwasto present the structureof com-
pact groupswithout unnecessaryassumptions.The ap-
proach wasnot that of analysis(Hofmann hadlectured
andwritten on \analytic groupswithout analysis"),but,
not suprisingly, throughthe development of a Lie theory
for compactgroups. The power of this generalLie the-
oretic approach is then demonstratedby obtainingin a
systematicway not only the known structureresultsof
compactgroups,but alsonewandextendedresultsalong
the way.

� Thanksto SidMorrisfor generoushelpwith this section
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THE BIG FOUR

Thepostscriptto Chapter9 of SCGrecapsfourprincipal
structure theoremsfor compactgroupsthat appear in
that chapter.

(I) The Levi-Mal'cev Theorem . A connectedcom-
pact group is nearly a direct product of its connected
center andthe commutator subgroup.

(I I) The Maximal Pro-torus Theorem . A con-
nectedcompactgroup has maximal pro-tori which are
all conjugate,and the center is their intersection.Each
maximalpro-torusis a maximalabeliansubgroup.

(I II) The Borel-Sc heerer-Hofmann Theorem . The
commutator of a connectedcompactgroupis (topologi-
cally andalgebraically)a semidirectfactor.

(IV) The Dong Ho on Lee Supplemen t Theorem .
A compactgroupG containsa totally disconnectedcom-
pact subgroupD such that G = G0D and G0 \ D is
normalin G andcentral in G0.
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THE LITTLEST OUTLA W

Lie theoreticarguments now and then employ inductive
arguments on Lie algebradimensionby eliminating a
\smallest criminal" or \littlest outlaw." Hereis Hof-
mann in hot pursuit of the \littlest outlaw" (or is it the
infamous\Mexicanbandito"?).

Sheri� Hofmann
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WANTED: DEAD OR ALIVE

The Mexican Bandit
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BEYOND LOCALL Y COMP A CT
GR OUPS

Combiningtheworkof Iw asawa andYamabe fromthe
�rst half of the 20th century, onecan reducethe struc-
ture theoryof connectedlocally compactgroupsto that
of compactgroupsand Lie groups. But is therea well-
behaved categorythat contains all theseobjects,and is
therea systematicway to study and obtain their struc-
ture? In their book The Lie Theory of Connected Pro-
Lie Groups, 2007,Hofmann andMorris proposethe
categoryof pro-Lie groups.

The Hofmann-Morris Company
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PR O-LIE GR OUPS

A pro-Lie group canbe de�ned in any of the following
equivalent ways:

(1) A projective limit of �nite dimensionalLie groups.

(2) A completegroupG for which every identit y neigh-
borhood contains a normal subgroupN such that
G=N is a Lie group.

(3) A groupthat is (isomorphicto) a closedsubgroupof
a product of �nite dimensionalLie groups.

Favorable Prop erties : Thecategoryofpro-Liegroups
is closedunderall limits, particularlyall products,in the
categoryof topologicalgroupsandunderpassingto closed
subgroups.It is not closedunderquotient groups,but
thesehave completionsthat areagainpro-Lie.
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THE LIE THEOR Y OF PR O-LIE
GR OUPS

Everypro-Liegrouphasa Liealgebraandanexponential
function whoseimagegenerates(algebraically)a dense
subgroupof the identit y component. The Lie algebrais
ananalogueof a pro-Liegroup,calleda pro-Lie algebra.
Basic familiar propertiessuch as existenceof a radical
anda Levi-Mal'cevtheoremcarryover.

The Lie algebrafunctorpreserveslimits andquotients,
and its left adjoint providesa functorialversionof Lie's
Third Theorem.

OneusesLie theoreticmethodsto derivestructurethe-
oremsfor pro-Liegroups.

Sample Theorem . Each connectedpro-Liegroupcon-
tainsmaximalcompactconnectedsubgroups, which are
all conjugateunderinnerautomorphisms.
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FOOTNOTES

(1) Hofmann's sketchesof A. D. Walla ce, Paul Moster t ,
andA. H. Cliff ord appearin \An interviewwith Karl Hof-
mann on the occasionof his seventieth birthday," Semigroup
Forum 65(3),317-328.Supplementary informationto that pre-
sented herecanbe foundthere.

(2) Hofmann's drawingsof a semigroupconsistingof a wind on a
torusandofanirreduciblesemigroupconsistingofchainedwind-
ingsemigroupsappearin K. H. Hofmann andP. Moster t ,
Elementsof Compact Semigroups, CharlesMerrill, 1966.

(3) Thepostersontopologicalplanes,Hilbert'sFifth Problem,topolo-
gieson lattices,and Lie and Wallacewereselectionsfrom re-
productionsof Hofmann's weeklycolloquiumpostersfor the
MathematicsDepartment at the Technical University, Darm-
stadt. Theseappearedin a selectionof theseposters,Poster
Cartoons 1983-1998, publishedin 1998by the TU Darmstadt
University Press.

(4) Hofmann's NewOrleansstreetscenceappearedas: Cover of
theAMSNotices,October2006,anissuepublicizingthenational
meetingof the AMS in NewOrleansin January, 2007.

(5) Thanksto Sid Morris for picturesof Sheri� Hofmannandthe
Hofmann-MorrisCompany and Karl Hofmann for a scan
of his drawing of the MexicanBandit (Karl's original (1986)is
property of Al Stralka ).
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