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Abstract. Several models of NP-completeness in an algebraic frame-
work of computation have been proposed in the past, each of them hing-
ing on a fundamental hypothesis of type P#NP. We first survey some
known implications between such hypotheses and then describe attempts
to establish further connections. This leads us to the problem of relat-
ing the complexity of computational and decisional tasks and naturally
raises the question about the connection of the complexity of a polyno-
mial with those of its factors. After reviewing what is known with this
respect, we discuss a new result involving a concept of approximative
complexity.

1 Introduction

Algebraic complexity theory is the study of the intrinsic difficulty of compu-
tational problems that can be posed in an algebraic or numerical framework.
Instead of basing this study on the model of the Turing machine, it uses “alge-
braic models” of computation. Besides the fact that these models form a natural
theoretical framework for the algorithms commonly known to solve the problems
under consideration, the main motivation for this choice of model is the idea that
various methods from pure mathematics like algebraic geometry or topology
can be employed to establish lower bounds in this more structured world. This
project has been successful for problems of polynomially bounded complexity,
as illustrated by the large body of work presented in the textbook [14].

The theory of NP-completeness is one of the main cornerstones of computa-
tional complexity, although still resting on the unproven hypothesis that P # NP.
In seminal works by Valiant [45,47] and Blum, Shub and Smale [9] models of
NP-completeness in an algebraic framework of computation have been proposed,
motivated by the hope to prove the elusive separation of P and NP in these
frameworks. So far, this hope has not been fulfilled except in rather trivial cases.
However, there have been successful attempts in relating these different mod-
els to each other and in establishing implications between the various P-NP-
hypotheses presently studied. The known “transfer theorems” either relate such

* To appear in Proc. MFCS 2001, Springer LNCS, (©)Springer-Verlag.



hypotheses of the same type refering to different fields, or provide implications
from the separation of P and NP in the classical bit model to a corresponding
separation in an algebraic model of computation. As an exception to this rule,
Fournier and Koiran [20] (see also [31]) recently proved an implication in the
reverse direction for a restricted algebraic model. This has challenged the hope
that a P-NP-separation in the algebraic model might be easier to prove than in
the bit model. We review some of the known transfer results in Section 3.

In Section 4 we will discuss an attempt [12] to relate the P-NP hypothesis
in Valiant’s framework to the one in the Blum, Shub, Smale (BSS) framework,
as well as an attempt [42] to establish a connection to the complexity of certain
univariate polynomials. This leads us to the problem of relating the complexity
of computational and decisional tasks and naturally raises the question about
the connection of the complexity of a polynomial with those of its factors. This
relationship is not well understood and turns out to be the bottleneck in both
attempts.

In Section 5 we review what is known about the complexity of factors. We
mention a result by Kaltofen [27], which seems to be widely unknown in the
community (and has been independently discovered by the author). It states that
the complexity of an irreducible factor g of a polynomial f can be polynomially
bounded in the complexity of f, the degree of g, and the multiplicity of g. We
believe that the dependence on the multiplicity is not necessary, but we have
been unable to prove this. Instead, we present a new result [10], which states that
the dependence on the multiplicity can be avoided when replacing complexity
by the related notion of “approximative complexity”, which is introduced in
Section 6.

As a major application, we obtain the following relative hardness result about
decision complexity over the reals: Checking the values of polynomials forming
complete families in Valiant’s sense cannot be done with a polynomial number
of arithmetic operations and tests, unless the permanent has a p-bounded ap-
proximative complexity, which seems unlikely. This hardness result extends to
randomized algorithms with two-sided error, formalized by randomized algebraic
computation trees.

2 Algebraic Models of NP-Completeness

2.1 Blum-Shub-Smale model

Blum, Shub, and Smale [9] have extended the classical theory of NP-completeness
to a theory of computation over arbitrary rings, the three most interesting cases
being the field of real or complex numbers, and the finite field F,. In the latter
case, the classical theory of computation is recovered. As usual in algebraic
complexity theory, a basic computational step is an arithmetic operation, an
equality test, or a <-test if the field is ordered, and we make the idealizing
assumption that this can be done with infinite precision. Moreover a uniformity
condition is assumed to be satisfied. For a recent account see [8]. Poizat [40]
describes an elegant approach to a P-NP-framework over general structures.



Many ideas of discrete structural complexity can be extended to such a
framework; in particular the complexity classes P, NP and the notion of NP-
completeness. In this framework, a natural NP-complete problem turns out to
be the feasibility problem to decide for a given system of polynomials whether
they have a common root. In all three settings (F,R,C) it is a fundamental
open problem whether P # NP is true. It has been shown [7] that this question
has the same answer over all algebraically closed fields of characteristic zero.
Over the reals, no corresponding transfer theorem is known.

2.2 Valiant’s algebraic model

In [45,47] Valiant proposed an analogue of the theory of #P-completeness in a
framework of algebraic complexity, in connection with his famous hardness re-
sult for the permanent [46]. This theory features algebraic complexity classes VP
and VNP as well as VNP-completeness results for many families of generating
functions of graph properties, the most prominent being the family of perma-
nents. For a comprehensive presentation of this theory, we refer to [21,14] and
to the recent account [12].

While the complexity classes in the BSS-modell capture decision problems,
the Valiant classes deal with the computational problem to evaluate multivariate
polynomials. Only straight-line computations are considered and uniformity is
not taken into account. The basic object studied is a p-family over a fixed field k,
which is a sequence (f,) of multivariate polynomials such that the number of
variables as well as the degree of f, are polynomially bounded (p-bounded)
functions of n. The complexity class VP over k consists of the p-families (f,)
which are p-computable, which means that the straight-line complexity of f, is
p-bounded in n. Note that although X?2" can be computed with only n multipli-
cations, the corresponding sequence is not considered to be p-computable, as the
degrees grow exponentially. A p-family (f,) is called p-definable iff there exists
(g9n) € VP such that for all n

fn(Xla"'aX'u(n)) = Z gn(Xla---;Xv(n)aev(n)+1a'"7eu(n))'
e€{0,1}u(m—v(n)

The set of p-definable families form the complexity class VNP. The class VP is
obviously contained in VNP, and Valiant’s hypothesis claims that this inclusion
is strict. It has been shown in [12, § 4.1] that over algebraically closed fields, this
hypothesis depends at most on the characteristic of the field.

3 Known Implications between P-NP-Hypotheses

In each of the algebraic models discussed before we have raised the fundamental
question whether P # NP. Recently, a considerable amount of research has
been directed towards establishing “transfer theorems” that provide implications
from the separation of P and NP in the classical bit model to a corresponding



separation in an algebraic model of computation. These results rely on various
techniques to eliminate the real or complex constants that may be used by a
computation in the algebraic model on a Boolean input. One of the first results
of this kind was established by Koiran [29] for the additive BSS-model over the
reals, which allows additions and subtractions as the only arithmetic operations.
Koiran showed that

P # NP nonuniformly = P # NP over R as an ordered group. (1)

Here, the elimination of constants is based on polyhedral geometry, in particular
on the fact that a nonempty polyhedron defined by a system of inequalities with
small coefficients has a small rational point. Quite astonishingly, the converse
of the above implication is also true, as recently established by Fournier and
Koiran [20]. The proof of the converse of (1) relies on Meyer auf der Heide’s [37,
39] construction of small depth linear decision trees for locating points in ar-
rangements of hyperplanes.

For the unrestricted BSS-model over the reals (with order) no implication
in either direction is known. Over the complex numbers, we know the following
about the unrestricted BSS-model

P # NP nonuniformly = P # NP over C, (2)

as noticed independently by several researchers. The essential point here is that
using modular arithmetic, it is possible to test in random polynomial time
whether an integer given by a straight-line program equals zero. Actually, the
left-hand side can be replaced by the weaker statement NP ¢ BPP. (A proof can
be found in Cucker et al. [18], although somewhat hidden.) We do not know how
to efficiently test for positivity of an integer given by a straight-line program,
and this seems to be the main obstacle for establishing an implication analogous
to (2) over the reals.

In [13] we have shown the following implication for Valiant’s model over Fs:

NC? # @P nonuniformly = VP # VNP over F;. (3)

More specifically, by interpreting families of polynomials over Fy as Boolean
functions, we can assign to an algebraic class C its Boolean part BP(C). It turns
out that over F; we have

NC!/poly C BP(VP) C NC?/poly, BP(VNP) = @&P/poly,

which immediately implies (3). Note that the class VNP over F, is by definition
closely related to ©P. On the other hand, the Boolean function corresponding
to a p-computable family lies in NC? /poly, due to the fact [6] that an algebraic
straight-line program of size n®") computing a polynomial of degree n®™") can
be efficiently parallelized, i.e., simulated by a straight-line program of size n®)
and depth O(log®n). A challenging open problem is to find out to what extent
implication (3) might be reversed: does BP(VP) = BP(VNP) imply that VP =
VNP over F2? As a first step in this direction, it seems rewarding to locate



BP(VP) exactly in the hierarchy of known complexity classes between NC' /poly
and NC? /poly.

For Valiant’s model in characteristic zero, we have proved in [13] the following
implication similar to (3):

FNC?® # #P nonuniformly = VP # VNP in characteristic zero,

conditional on the generalized Riemann hypothesis. Besides the ideas mentioned
for the field Fs, the proof is based on some elimination of constants, which is
achieved by a general result about the frequency of primes p with the property
that a system of integer polynomial equations solvable over C has a solution
modulo p.

In Section 4.2 we will address the question whether VP # VNP implies
P # NP over C. The difficulty here is not to eliminate constants, but to link the
complexity of decisional problems to the complexity of computational problems.

4 Attempts to Establish Further Connections

4.1 Linking Decisional to Computational Complexity

Are there functions, whose value can be checked in polynomial time but which
cannot be computed in polynomial time? In fact, this is a basic assumption in
cryptography, since it turns out to be equivalent to the existence of one-way
functions [24,41]. We ask now this question for a real or complex polynomial
function g. More specifically, we ask whether deciding g(z) = 0 can be done
considerably faster than just by computing g at input x?

In order to make this formal, we introduce the computational complexity L(g)
and the decisional complexity C(g). The first one refers to the straight-line model
of computation and counts all arithmetic operations (divisions are not allowed
for simplicity). The decisional complexity refers to algebraic computation trees
and counts besides arithmetic operations also branchings according to equality
tests (and <-tests over the reals). Clearly, C(g) < L(g) + 1. In both cases, we
allow that any real or complex numbers may be used as constants.

Assume that g is the product of m real linear polynomials: g = hy - - - hy,.
In the case n = 1 we have obviously C(g) = O(logm) using binary search. The
result by Meyer auf der Heide [37,39] and Meiser [36] extends this to higher
dimensions and states that it is possible to locate a given point z € R” in the
hyperplane arrangement given by hq,...,h, by an algebraic computation tree
with depth (nlogm)®M. (In fact, linear decision trees are sufficient for this,
see [19].) We therefore have C(g) = (nlogm)®™). On the other hand, one can
show that the complexity for evaluating g equals ©@(mn) if the h; are in general
position [14, Chap. 5]. This example shows that computational and decisional
complexity may differ dramatically. In Section 7.1 we will provide strong evidence
that this phenomenon does neither occur over the complex numbers nor over the
reals if g is irreducible and has a degree polynomially bounded in its complexity.



The following well-known lemma [16,8] provides a link from decisional to
computational complexity. It naturally leads to the question of relating the
complexity of a polynomial to those of its multiples, which will be investigated
systematically in Section 5.

Lemma 4.1. There exists a nonzero multiple f of g such that L(f) < C(g).
Over C this is true without additional assumption, over R we have to require
that g is irreducible.

4.2 Does Valiant’s hypothesis imply the BSS hypothesis over C?

In [12, §8.4] we have conjectured that Valiant’s hypothesis implies the BSS
hypothesis over C. Loosely speaking, this means that if the permanent is in-
tractable, then solving systems of polynomial equations over C is intractable
as well. The following reasonings from [12], similar as in Heintz and Morgen-
stern [25], have lead us to this conjecture.

The real, weighted cycle cover problem is the following decision problem:
given a real n x n matrix [w; ;] of weights and a real number s, one has to decide
whether there exists some permutation 7 € Sy, such that Y27 | w; ;) = s. (Note
that a permutation can be visualized as a cycle cover.) By the above mentioned
result [37,39], this decision problem can be solved by algebraic computation trees
over the reals with depth n®®). We reformulate this problem now as follows: let
x;; = 25 and y = 27°. Then the above question amounts to test whether the
(reducible) polynomial

gn = res, (1= Y X120) -+ X a(w)

vanishes for a given (positive) real matrix z = [z; ;] and y > 0.

If we expand g, according to powers of Y, we see that the permanent of
the matrix [X; ;] is the coefficient of Y: in fact, g, = 1 — Y PER,(X) + O(Y?).
A variant of a well-known result on the computation of homogeneous parts im-
plies L(PER,,) < 4L(g,) (compare [14, § 7.1]). Therefore, g, is hard to compute
if Valiant’s hypothesis is true.

It is easy to see that the problem to check whether g,(z,y) = 0 gives rise
to a problem in the BSS complexity class NP over the reals. Indeed, for a given
matrix ¢ and y € R it suffices to guess the permutation 7 and to check that
YT1,2(1) - Tnya(n) = L.

We present now an attempt to deduce P # NP over C from Valiant’s hy-
pothesis, based on the decision problem g, (x,y) = 0 over the complex numbers.
Assume that P = NP over C. Then the above decision problem would lie in P
and therefore could be solved by algebraic computation trees of depth polyno-
mially bounded in n, hence C(g,) = n°"). By Lemma 4.1 there is a nonzero
multiple f,, of g, for each n such that L(f,) < C(gn), hence L(f,) = n®W.
If we could derive from this that the factor g, has a complexity polynomially
bounded in n, then we could conclude L(PER,) = n®®, which contradicts
Valiant’s hypothesis, as the the permanent family is VNP-complete.



4.3 Univariate polynomials and P # NP over C

For given n € N consider the problem (“Twenty Questions”) to decide for a given
complex number z whether z € {1,2,...,n}. The complexity of this problem in
the model of computation trees over C thus equals C(p,), where

(X)) =X -1)(X =2)---(X —n)

are the Pochhammer-Wilkinson polynomials. Shub and Smale [42] made the fol-
lowing reasoning similar to the one in Section 4.2. By considering the parameter n
also as an input, the above decision problem is easily seen to lie in the class NP
over C, when we consider the pair (n,z) as an instance of size £ = [logn]. The

point is that one can check whether z is an integer in the range 0,1,...,2¢ —1
by guessing complex numbers wy,...,wy_1 and checking that x = Ef;é w; 2

and w;(w; — 1) = 0 for all <.

Assume that P = NP over C. Then the above decision problem would lie in P
and we would have C(p,) = n°1). By Lemma 4.1 there would exist a nonzero
multiple f,, of p, with complexity L(f,) < C(p,) = n®®. This argument
can be refined: by eliminating the finite set of complex constants used by a
BSS-machine, it is possible to achieve that the multiple f,, of p, is an integer
polynomial computed by a straight-line program of length n®®) using 1 as the
only constant. We call the minimal length of a straight-line program satisfying
this additional condition the 7-complexity 7(f). Clearly, L(f) < 7(f).

Shub and Smale [42] set up the so-called T-conjecture, which claims the
following connection between the number z(f) of distinct integer roots of a
univariate integer polynomial f and its 7-complexity:

2(f) <A@ +7()°,

where ¢ > 0 is a universal constant. The 7-conjecture thus implies P # NP over
the field of complex numbers.

In order to illustrate that the 7-conjecture is of a number theoretic quality, let
us ask a more general question. Let k be a field, f be a polynomial in n variables
over k, and d € N. We write N4(f) for the number of irreducible factors of f
over k having degree at most d, not counting multiplicity. For a fixed field k, we
raise the following question:

3e>0Vn,d VS € k[X1,...,Xa] : Na(f) < (L(f) + d)°. (4)

It is clear that this statement over QQ implies the 7-conjecture: the difference being
that we take n = d = 1, count all rational roots of f, and measure complexity
with L instead of 7. Refering to question (4), we observe the following;:

(i) If (4) is true over some field k, then it must be true over the rationals.
(ii) Question (4) is false over finite fields, real or algebraically closed fields, and
p-adic fields.
(iii) Over number fields one may equivalently take n =1 in (4).



The proof is simple: first note that property (4) is inherited by subfields of k.
A counterexample over k = F, is provided by the factorization of f = X  _x
into the product of all monic irreducible polynomials over F, whose degree is
a divisor of d. This example can be lifted to the p-adics. Over R and C one
may use f = X" — 1 or the Chebychev polynomials. The proof of (iii) is an
immediate consequence of the Hilbert irreducibility theorem [32]. (We note that
a corresponding conclusion with 7 instead of L is not clear.)

It is interesting to note that the Pochhammer-Wilkinson polynomial p,, can
be evaluated with O(y/nlog® n) arithmetic operations. Indeed, assume n = m?
and write for x € R

m—1
DPm2 (.’L‘) = Hgéz:m ('7: —qm — T) = Hq:() hm(Q)a

where hp, (V) := [[g (& —mY —r) = 37 a;(2)Y. Using FFT-based fast
arithmetic (cf. [14, Chap. 2]) one can compute on input z all coefficients a;(z)
and then use multiple evaluation to obtain h,,(¢) for all ¢ < m using only
O(mlog®m) arithmetic operations. A more detailed reasoning yields 7(p,,2) =
O(mlog® mloglogm). We remark that a similar idea was first formulated for
the efficient computation of factorials [44].

We do not know whether the sequence of Pochhammer-Wilkinson polyno-
mials (p,) is hard to compute in the sense that L(p,) > n¢ for some € > 0.
However, we can make the following interesting observation:

Pn(X?) =¢n Ty = H?:1(X 4] 'H?:1(X +VJ)-

Using techniques of algebraic complexity theory, Heintz and Morgenstern [25]
were able to prove that each of the sequences (g,) and (g,,) is hard to compute
(see also Baur [4]).

If we were able to extend the hardness proof for g, to all of its nonzero
multiples, then we had proved that all nonzero multiples of p,, are hard and thus
P # NP over C. The problem to relate the complexity of a polynomial with its
nonzero multiples appears here closely related to the P-NP problem over the
complex numbers. '

We remark that Aldaz at al. [1] showed that []_, (X —22) is hard to compute
and Baur and Halupczok [5] proved a corresponding lower bound for all the
nonzero multiples of these polynomials.

5 Complexity of Factors

We proceed now with a systematic investigation of the relationship in complexity
of a polynomial f with those of its factors. The first question to ask is whether
the complexity of a factor g can always be polynomially bounded in the com-
plexity of f. Our developments in Section 4.3 already indicate that the answer
to this question is negative, since a positive answer would provide a proof of
P # NP over C. The answer is indeed negative, as first discovered by Lipton



and Stockmeyer [35]. The simplest known example illustrating this is as follows:
consider f, = X?" —1= [1<on (X = ¢7), where { = exp(2mi/2"). By repeated
squaring we get L(f,) < n+1. On the other hand, one can prove that for almost
all M C {0,1,...,2" — 1} the random factor [];c,(X — ¢?) has a complexity
which is exponential in n, cf. [14, Exercise 9.8]. A similar reasoning can be made
over the rationals based on the factorization into the cyclotomic polynomials.
This idea yields reducible factors of high complexity.

Problem 5.1. Construct a sequence of irreducible polynomials g, with complex-
ity exponential in n, which have a nonzero multiple f, with complexity polyno-
mially bounded in n.

In the above example, the degree of the factor g is exponential in the complex-
ity of f. We restrict now our attention to factors having a degree polynomially
bounded in the complexity of f. A well-known result by Kaltofen [28] describes
a randomized polynomial time algorithm for factoring a multivariate polyno-
mial f given by a straight-line program. Hereby, the upper bound is polynomial
in the straight-line complexity of f and the degree of f. In a widely unknown
paper, Kaltofen [27] also proved that the complexity of any irreducible factor g
is polynomially bounded in the complexity of f, the degree of g and the multi-
plicity of g. This result, stated explicitly below, was independently found by the
author, compare [12, Thm. 8.14]. Hereby, the notation M (d) stands for an upper
bound on the complexity for the multiplication of two univariate polynomials
of degree d over k, e.g. M(d) = O(dlogd) if the field k “supports” fast Fourier
transforms.

Theorem 5.2. Assume f = g°h with polynomials g,h € k[X1,...,X,] which
are coprime. Let d > 1 be the degree of g and suppose that k is a field of char-
acteristic zero. Then we have

L(g) = O(M(d%e)(L(f) + dloge)).

In [12, Conj. 8.3] we have conjectured that the dependence on the multiplic-
ity e can be omitted, that is, we think that the complexity of the factor g is
polynomially bounded in the complexity of f and the degree d of g.

In Section 7.1 we will present a new result [10] stating that the dependence on
the multiplicity in Theorem 5.2 can indeed be omitted when replacing complexity
by the related notion of “approximative complexity”, to be defined next.

The fact that a computation with a polynomial number of steps may produce
intermediate results of exponential degree is well-known to cause considerable
complications. Actually, the so-called weak BSS model of computation [30] was
defined in order to cope with this phenomenon, simply by forbidding such an
exponential growth of degree. The fact that the P-NP separation in the weak
model is trivial to obtain clearly shows that this model is a large oversimplifi-
cation. We remark that the Valiant model also excludes an exponential growth
of degrees during a computation. However, one can show [43] that this is no
restriction for the study of polynomials of p-bounded degree, like permanents.



Note that resultants of systems of polynomial equations have a huge degree and
are not captured by Valiant’s framework.

6 Approximative Complexity

The concept of approximative complexity has been systematically studied in the
framework of bilinear complexity (border rank) and there it has turned out to
be one of the main keys to the currently best known fast matrix multiplication
algorithms [17]. For computations of polynomials or rational functions, approx-
imative complexity has been investigated in less detail. Griesser [22] generalized
most of the known lower bounds for multiplicative complexity to approxima-
tive complexity. Lickteig [33] as well as Grigoriev and Karpinski [23] employ the
notion of approximative complexity for proving lower bounds. We refer to [14,
Chap. 15] and the references there for further information.

6.1 Algebraic definition and topological characterization

Let f = f(X1,...,Xn)Y? + foi1(X1,...,X,)Y?™ + ... be the expansion
of a polynomial f with respect to the variable Y. We do not know whether
the complexity of the leading coefficient f; can be polynomially bounded in
the the complexity of f. However, we can make the following observation. For
the moment assume that k is the field of real or complex numbers. We have
lim, oy~ 7f(X,y) = fo(X) and L(f(X,y)) < L(f) for all y € k. Thus we can
approximate f; with arbitrary precision by polynomials having complexity at
most L(f). We could say that f, has “approximate complexity” at most L(f).

We will formalize this in an algebraic way; a topological interpretation will
be given later. In what follows, K := k(e) is a rational function field in the
indeterminate € over the field ¥ and R denotes the local subring of K consisting
of the rational functions defined at ¢ = 0. We write F.—¢ for the image of
F € R[X] under the morphism R[X] — k[X] induced by € — 0.

Definition 6.1. Let f € k[X1,...,X,]. The approzimative complexity L(f) of
the polynomial f is the smallest natural number r such that there exists F' in
R[X1,...,X,] satisfying F.—o = f and L(F) < r. Here the complexity L is to
be interpreted with respect to the larger field of constants K.

Even though L refers to division-free straight-line programs, divisions will
occur implicitly since our model allows the free use of any elements of K as
constants. In fact, the point is that even though F is defined with respect to the
morphism e — 0, the intermediate results of the computation may not be so.
Note that L(f) < L(f).

We remark that the assumption that any elements of K are free constants is
made for achieving conceptual simplicity. We could as well require to build up
the needed elements of K from €, ¢! and elements of k. One can show that this
would not significantly change our main conclusions.



The topological characterization of approximative complexity, to be pre-
sented next, shows that this is a very natural notion from a mathematical point
of view. Assume k to be an algebraically closed field. There is a natural way to
put a Zariski topology on the polynomial ring A, := k[X1,...,X,] as a limit of
the Zariski topologies on the finite dimensional subspaces {f € 4,, | deg f < d}
for d € N. If k is the field of complex numbers, we may define the Euclidean
topology on A, in a similar way. If f € A,, satisfies L(f) < r, then it easy to see
that f lies in the closure (Zariski or Euclidean) of the set {f € A,, | L(f) <r}.
Alder [2] has shown that the converse is true and obtained the following topo-
logical characterization of the approximative complexity.

Theorem 6.2. The set {f € A, | L(f) <1} is the closure of the set {f € Ay |
L(f) < r} for the Zariski topology. If k = C, this is also true for the Euclidean
topology.

6.2 Computation of p-adic coefficients

Let f,p € k[X1,...,Xn][Y] and assume p to be monic of degree d > 1 in Y.
Let f = Y, fip' be the p-adic representation of f, that is, f; € k[X,Y] and
degy fi < d. Using the idea in [14, § 7.1] it is not hard to see that the complexity
of the coefficient polynomial f; of Y? can be polynomially bounded in d, i,
and L(f). The following observation shows that the dependence on the degree i
cannot be avoided in general.

Proposition 6.3. The complezity of coefficient polynomials in a p-adic repre-
sentation of a polynomial f is not polynomially bounded in L(f) and d = degp,
unless Valiant’s hypothesis is false.

Consider the Y-adic representation of the following polynomial f, of com-
plexity L(f) = O(n?)

fn = H?:1 (2?21 XinQj_l) = Ez f"vi(X)Yi

and observe that the coefficient f, o»_1(X) equals the the permanent of the
matrix [X;;]. This already provides the proof of Proposition 6.3.

Assume now that the p-adic representation f = fyp®+ foy1pttt +. .. starts at
order £, f; # 0. We can consider f; as the leading coefficient of f with respect to
the basis p. By contrast with Proposition 6.3, we can say the following about the
approximative complexity of the leading coefficient in relation to the complexity
of f (cf. [10]).

Proposition 6.4. The approzimative complexity of the leading coefficient f; is
polynomially bounded in d and L(f): we have

L(fr) = O(M(d)L())-



7 Decision versus Computation

7.1 Approximative complexity of factors

Here is the result from [10], which eliminates the dependence on the multiplicity
in Theorem 5.2 by switching to approximative complexity. The number 2 < w <
2.38 denotes the exponent of matrix multiplication (cf. [14, Chap. 15]).

Theorem 7.1. Assume that g is an irreducible factor of degree d of a polynomial
f € RXi1,...,X,]. We assume that the zeroset of g is a hypersurface in R".
Then we have for any € > 0 that

L(g) = O(M(d")L(f) + d****M(d)).

A corresponding result holds over C. Moreover, we remark that in the special
situation, where g is the generator of the graph of a polynomial function, we
obtain considerably better bounds, valid over any infinite field of characteristic
Z€ro.

The idea of the proof of Theorem 7.1 is as follows: After a suitable coordinate
transformation, one can interpret the zeroset of the factor g locally around the
origin as the graph of some analytic function . In order to cope with a possibly
large multiplicity of g, we apply a small perturbation to the polynomial f without
affecting its complexity too much. This results in a small perturbation of ¢. We
compute now the homogeneous parts of the perturbed ¢ by a Newton iteration
up to a certain order. Using efficient polynomial arithmetic, this gives us an upper
bound on the approximative complexity of the homogeneous parts of ¢ up to a
predefined order. In the special case, where the factor g is the generator of the
graph of a function, we are already done. Otherwise, we view the factor g as the
minimal polynomial of ¢ in the variable Y := X, over the field k(X;,..., X,—1).
We show that the Taylor approximations up to order 2d? uniquely determine the
factor g and compute the bihomogeneous components of g with respect to the
degrees in the X-variables and Y by fast linear algebra.

7.2 Applications to decision complexity

By combining Theorem 7.1 with Lemma 4.1 we immediately get the following re-
sult stating that the approximative complexity of a polynomial g can be bounded
polynomially in the decision complexity and the degree of g.

Corollary 7.2. Let g be the generator of an irreducible hypersurface in R™ or
in C", d = degg. Then we have for any € > 0 that

L(g) = O(M(d")C(g) + d**TM(d)).

It is quite natural to incorporate the concept of approximative complexity
into Valiant’s algebraic framework of NP-completeness.



Definition 7.3. An approzimatively p-computable family is a p-family (f,,) such
that L(f,) is a p-bounded function of n. The complexity class VP comprises all
such families over a fixed field k.

It is obvious that VP C VP. If the polynomial f is a projection of a poly-
nomial g, then we clearly have L(f) < L(g). Therefore, the complexity class
VP is closed under p-projections. We remark that VP is also closed under the
polynomial oracle reductions introduced in [11].

At the moment, we know very little about the relations between the com-
plexity classes VP, VP, and VNP.

Problem 7.4. 1. Is the class VP strictly contained VP?
2. Is the class VP contained in VNP?

Since the class VP is closed under p-projections, the following strengthening
of Valiant’s hypothesis is equivalent to saying that VNP-complete families are
not approximately p-computable.

Conjecture 7.5. The class VNP is not contained in the class VP.

This conjecture should be compared with the known work on polynomial
time deterministic or randomized approximation algorithms for the permanent
of non-negative matrices [34, 3, 26]. Based on the Markov chain approach, Jer-
rum, Sinclair and Vigoda [26] have recently established a fully-polynomial ran-
domized approximation scheme for computing the permanent of an arbitrary
real matrix with non-negative entries. We note that this result does not contra-
dict Conjecture 7.5 since the above mentioned algorithm works only for matrices
with non-negative entries while approximative straight-line programs work on all
real inputs.

Under the hypothesis VNP & VP, we can can conclude that checking the
values of polynomials forming VNP-complete families is hard, even when we
allow randomized algorithms with two-sided error, formalized by randomized
algebraic computation trees. This follows for deterministic computations eas-
ily from Corollary 7.2. The extension to randomized trees is straight-forward
using [38, 15, 18].

Corollary 7.6. Assume VNP € VP over R. Then for any VNP-complete fam-
ily (gn), checking the value y = g,(x) over the reals cannot be done by deter-
ministic or randomized algebraic computation trees with a polynomial number of
arithmetic operations and tests in n.

By applying Corollary 7.2 to the permanent polynomial, we see that Conjec-
ture 7.5 implies the following separation of complexity classes in the BSS-model
of computation (cf. [8]).

Corollary 7.7. If VNP Z VP is true, then we have P # PAR in the BSS-model
over the reals.
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