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Abstract. Kronecker coefficients are the multiplicities in the tensor product decsitipo of two irreducible repre-
sentations of the symmetric gro. They can also be interpreted as the coefficients of the expansion ofeheaih
product of two Schur polynomials in the basis of Schur polynomials. Véevghat the problem KONCOEFF of
computing Kronecker coefficients is very difficult. More specifically, preve that KRONCOEFFis #P-hard and
contained in the complexity classapP. Formally, this means that the existence of a polynomial time algorithm for
KRONCOEFFis equivalent to the existence of a polynomial time algorithm for evaluatingpg@eents.

Résure. Les coefficients de Kronecker sont les multipksitdans la @composition du produit tensoriel de deux
repiesentations igductibles du groupe syatrique. On peut aussi les interpreter comme les coefficient&delap-
pement du produit interne des pofmes de Schur. Nous montrons que le peaid KRONCOEFF de calculer les
coefficients de Kronecker eses difficile. Plus pecigment, nous prouvons querRKINCOEFF est#P-dur et que
KRONCOEFFest dans la classe de compléxiapP. Cela veut dire gu'il existe un algorithme pouRKNCOEFF
s’exécutant en temps polynomial si et seulement s'il existe un algorithme’'emaluation du permanent s'esutant
en temps polynomial.
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1 Introduction

It is well known that the irreducible representations of sigegnmetric grougb,, onn letters (in character-
istic zero) can be indexed by the partitioh$- n of n, cf. Sagan (2001). Let”, denote the irreducible
module corresponding té (Specht module). For given partitions i, v = n the Kronecker coefficient
g v is defined as the multiplicity o, in the tensor produc¥’, ® .7,. It is thus a nonnegative integer.
If x* denotes the irreducible character.#f, then the Kronecker coefficients,,,, are determined by the
expansion

XN = g’ (1)

vkn
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We note thaty,,, is invariant under permuting the indicesy, v. Related to this are thkittlewood-
Richardson coefficientsﬁl,, which can be characterized by the expansion of the produta Schur
functionss,, s, in the basis of Schur functions:

SusSy = Z c;\ws}\. (2)
AR+ ]
It is well known that the coefficient.sﬁy describe the multiplicities in the tensor product decontjps
of irreducible representations of the general linear gr@iyjn, C).

These coefficients play an important role in various mathialadisciplines (combinatorics, repre-
sentation theory, algebraic geometry; cf. Fulton (199%)jvall as in quantum mechanics. However, our
interest in the tensor product multiplicities stems fronvéo bound questions in computational complex-
ity. Early work by Strassen (1983) pointed out that a goodeustéinding of the Kronecker coefficients
could lead to complexity lower bounds for bilinear mapsabt matrix multiplication. The idea is to get
information about the irreducible constituents of the ghirig ideal of secant varieties to Segre varieties,
for recent results we refer to Landsberg and Manivel (2004).

Kronecker coefficients also play a crucial role in the gegimetomplexity theory of Mulmuley and
Sohoni (2001, 2006). This is an approach to arithmetic vessof the famous P vs. NP problem and re-
lated questions in computational complexity via geomegfpresentation theory. What has been achieved
so far is a series of reductions from orbit closure problesnsubgroup restriction problems. The latter
involve the problems of deciding in specific situations wieetmultiplicities g, ., or cﬁy are positive.
However, until very recently, no efficient algorithms werelwn for the general problem of deciding the
positivity of such multiplicities.

The well-known Littlewood-Richardson rule gives a combdmil description of the numbetsf‘}u and
also leads to algorithms for computing them. All of theseodthms take exponential time in the size
of the input partitions (consisting of integers encodedimaby notation). However, quite surprisingly,
the positivity ofclﬁ,, can be decided by a polynomial time algorithm! This followanh the proof of the
Saturation conjecture (Knutson and Tao, 1999), as pointeéty Mulmuley and Sohoni (2005). On the
other hand, Narayanan (2006) proved that the computatimil,ofs a #P-complete problem. Hence
there does not exist a polynomial time algorithm for commltiﬁl, under the widely believed hypothesis
P # NP.

Much less is known about the Kronecker coefficiefts,. Lascoux (1980), Remmel (1989, 1992),
Remmel and Whitehead (1994) and Rosas (2001) gave comhbalaterpretations of the Kronecker co-
efficients of partitions indexed by two row shapes or hoolpsisa Very recently, Ballantine and Orellana
(2005/07) managed to describg,, in the case wherg = (n — p, p) has two row shape and the diagram
of A is not contained inside tip — 1) x 2(p — 1) square. Except for these special cases, a combinatorial
interpretation of the numbets, .., is still lacking. Given this sad state of affair, it is not prising that it
is generally believed that the computation of Kroneckeffenents is a very difficult problem.

Our main result confirms this belief and gives a rigorous amtipe meaning to it. We prove that the
problem KRONCOEFFof computing the Kronecker coefficieps ., for given partitions\, i1, v (consist-
ing of integers encoded in binary notation) is hard for thentimg complexity clasgtP. (For general
information about complexity theory we refer to Papadiioitrl994.) This implies that there does not
exist a polynomial time algorithm for KONCOEFFunder the widely believed hypothedts# NP.

We do not know whether KONCOEFFis contained in the clagéP. In fact, the latter would just express
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The Young diagram of the The Young diagram of A skew diagram The same skew
partition\ = (4,4,2,1,1), the conjugate partition with shape diagram also has shape
X 12,4(\) = 5. N =(5,3,2,2), (4,4,2,1,1)/(3,3,2). (4,4,3,1,1)/(3,3,3).

N F12,000) = 4.

Fig. 1: Young diagrams and skew diagrams

thatg,,,, counts a number of appropriate combinatorial objects (ecah be decided in polynomial time
whether a given object is appropriate). However, we can shaty,,,,, can be written as the difference
of two functions in#P, that is, KRONCOEFFbelongs to the complexity clagsapP.

Summarizing, we have:

Theorem 1 The problemnK RONCOEFF of computing Kronecker coefficients GapP-complete. Hence
the existence of a polynomial time algorithm KRONCOEFFis equivalent to the existence of a polyno-
mial time algorithm for evaluating permanents of matricééentries in{0, 1}.

A few word about the proofs. Using the descriptionggf,,, in Ballantine and Orellana (2005/07) we
reduce the computation of Kostka numbers to the subprobféddmoNCoEFFwhere one of the partitions
has two row shape. ThgP-hardness then follows from Narayanan (2006). For the uppand, we
show that a well-known method (see Remmel 1989), which coetha formula of Garsia and Remmel
(1985) with the Jacobi-Trudi identity, leads to an algaritplacing KRONCOEFF into the complexity
classGapP.

Of course, the tantalizing question is whether the pogjtiof Kronecker coefficients can be decided in
polynomial time. In Mulmuley (2007) it is conjectured thatim fact the case.

2 Preliminaries and notation

For more information on tableaux and symmetric functiongafer to Stanley (1999, Chap. 7).

2.1 Skew diagrams and tableaus

A Young diagranis a collection of boxes, arranged in left justified rows,tstiat from top to bottom, the
number of boxes in a row is monotonically (weakly) decregsifor A := (A1, ..., ;) C N* we define
its length ag(\) := max{i|\; > 0} and its size a$\| := ngl) ;. Moreover we sef,. := 0 for all
r > s. If the \; are monotonically weakly decreasing ap\d = n, then we call\ a partition of n and
write A F n. In this case) specifies a Young diagram consistingroboxes, with); boxes in theth row
for all i (see Figure 1(a)). To any partitionthere corresponds itonjugate partition\” which is obtained
by transposing the Young diagram »f that is, reflecting it at the main diagonal (see Figure 1(l&)g
note that every row in\ corresponds to a column i and vice versa. Moreovel\| = |\'|.
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Fig. 2: The skew diagram of the produ@, 2) /(1) * (3,2,2)/(2,1) .
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Fig. 3: A semistandard skew tableau of shape3, 3,1)/(2,1) and type(1,4,3,1). Its reverse reading word is
(3,2,1,2,2,3,3,2,4), which is not a lattice permutation, but arlattice permutation forx = (4,1).

A skew diagramis the set of boxes obtained by removing a smaller Young diragrom a larger one
(see Figure 1(c)). If we remowe C X from )\, then we denote the resulting skew diagram\gy and
say that it has thehape\/«. Note that for a given skew diagraiy «, the partitionsy and A need not be
uniquely defined (see Figure 1(d)). Every Young diagram ikeavdiagram, as one can choaséo be
the empty set of boxes. Thoduct\/a x A/& of two skew diagrams./«. and\ /@ is defined to be the
skew diagram obtained by attaching the upper right cornartotthe lower left corner of (see Figure 2).
A similar definition applies for more than one factor.

A filling of a skew diagram\/« is a numbering of its boxes with (not necessarily distinct¥ifive
integers. Asemistandard skew tabledl of shape\/« is defined to be a filling of\/« such that the
entries are weakly increasing from left to right across eaeh and strictly increasing from top to bottom,
down each column. If" houses:; copies ofj for j < ¢, then the tablead” is said to have théype
w = (p1,..., ) (see Figure 3). Note thdh| — |a| = |u|, but in contrast to\ and «, © need not
be weakly decreasing. Aemistandard Young tableai shape) is defined to be a semistandard skew
tableau of shapa/«a, wherea is the empty partition. The Kostka numbisr, , is defined to be number
of semistandard Young tableaux of shapand typey.

Thereverse reading wordy— of a skew tablead” is the sequence of entriesThobtained by reading
the entries from right to left and top to bottom, startinghnmihe first row. Alattice permutationis a
sequencéas, aq, - - - ,a,) such that in any prefix segmefat; , as, . . ., a,) the number of's is at least as
large as the number ¢f + 1)'s for all i (see Figure 3).

2.2 Schur functions and Kronecker product

Given a semistandard skew table@uof shape)/«, we define itsweightw(T) to be the monomial
obtained by replacing each entrgf 7" by the variabler; and taking the product over all boxes. In other
words,w(T) = z}* - - - z}'*, where(yy, . . ., i) is the type ofl’. Theskew Schur functios, /,, is defined
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to be the polynomial

S\/a = Z U}(T),
T

where the sum runs over all semistandard skew tabflead shape)/«. We will interprets,,, as a
polynomial in the variables,, ..., z,, wheren > |)\| (the actual choice of. is not important). The
usualSchur functions, is defined as, . Itis immediate from the definition that , .5 /5 = $x/a55/4-
An important special case of Schur functions aredbmplete symmetric functiodefined as, := sy
corresponding to the partitioh = (k) for £ € N (one setsh, := 1). Moreover, for a partitiom =
(M,...,A¢) one setdhy := hy, -+ hy,. Itis well known that both the familieés,) and (k) form a
Z- basis of the ring\ of symmetric functions im variables and that the transition matrix is given by the
Kostka numbers.

We recall that thd.ittlewood-Richardson coefficiera;),, is the coefficient ofs, in the expansion of
s,s, in the basis of Schur functions, cf. Equation (2). The famlattewood-Richardson rule states that
cf;l, equals the number of semistandard skew tableaus of shgpand typer, whose reverse reading
word is a lattice permutation.

Recall the definition of the Kronecker coefficignt,, as the coefficient of” in the expansion of the
product of irreducible charactexs y* of S,,, cf. Equation (1). Thé&ronecker (or internal) producdf s
ands,, for A, i F n, is defined by

S\ kS, = Zg)\uusu
vkn
(cf. Stanley 1999, Ex. 7.78). This extends to a commutati associative product af. In order to
see this, one notes that the characteristic miagefined bych(x*) = s, is a linear isomorphism from
the space of class functions ¢f) to the space of homogeneous symmetric functions of degiieen
variables. We have, = h,, = s, forall A - n.

In the following we will briefly present the main result fronaBantine and Orellana (2005/07). Lkt
denote the sequence consisting otcurrences of. Leta = (ay, as, ... ay) be a partition. A sequence
a = (ay,as,...,a,) is called am-lattice permutatiornif the concatenatiofl* 2 . . . n%nq) is a lattice
permutation (see Figure 3). As the concatenation of twatatiermutations is a lattice permutation, the
concatenatiom b of ana-lattice permutatiom and a lattice permutatiahis ana-lattice permutation.

The following definition is from Ballantine and Orellana (J07).

Definition 2 (Kronecker-Tableau) Let the \, o, v be partitions such that € A N v and letT be a
semistandard skew tabledUof shape)\/« and typer — «. We callT aKronecker Tableaiff its reverse
reading word is am-lattice permutation and one of the following three corit is satisfied:

* o =2
e «; > as and the number of 1's in the second rowiofs exactlya; — as,
e «; > as and the number of 2's in the first row @fis exactlya; — as.
We denote byk?, the number of Kronecker-Tableaux of shapey and typer — «.

Ballantine and Orellana (2005/07) showed the following.
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Theorem 3 Suppose. = (n — p,p), A F n,v F n such thak > 2p and\; > 2p — 1. Then we have

9\ pv = X\, (n—p,p),v = Z kéy
Bp

O
BCANY

2.3 Counting complexity classes

For information about complexity theory we refer to Papattiou (1994). In order to characterize
the complexity of counting problems, Valiant (1979) intweed the complexity clasgP (pronounced
sharp B, which consists of the functions: {0,1}* — N such that there exists a polynomjahnd a
Turing machinel/ working in polynomial time such that, for all € N and allw € {0, 1}",

f(w) = |{z € {0,1}7™ | M acceptgw, 2)}|.

For instance, the problem of computing the Kostka numib&ss is in #P (see Narayanan (2006) for
details).

We compare the complexity of functionfsg: {0,1}* — N by means of reductions. We say that
reduces many-on g iff there exists a polynomial time computable functipn {0, 1}* — {0,1}* and
a polynomial time computable functiaf: N — N such thatf (w) = ¥ (g(e(w))) for all w € {0, 1}*. If
we may take) = idy, then we say thaf reduces parsimonioustyp g.

A function g: {0,1}* — N is called#P-completeiff ¢ € #P and everyf € #P reduces many-
one tog. Valiant (1979) proved that the computation of the permaoéa matrixA € {0,1}"*™ is a
#P-complete problem. Besides in combinatorics, importaRtcomplete problems are known in differ-
ent areas, such as geometry, knot theory (Jones polyngmiiatistical physics, and network reliability,
see Welsh (1993) for more information on this.

We note that#P is closed under the formation of products. The cl#dsis also closed under expo-
nential summation: for the simple proof of the following faee refer to Fortnow (1997).

Proposition 4 Let f: {0,1}* — N be in#P andp be a polynomial. Then the functidj®,1}* — N
mappingw € {0,1}" to ZZE{O,l}P(") f(w, 2) is also in#P.

The complexity clas§apP is defined as the set of functiorfs {0,1}* — Z which can be written as
the difference of two functions itP. Similarly as above we have the notionsadny-oneeduction and
GapP-completeness for such functiopis

3 Upper bound for KRONCOEFF

We shall encode a partition= (A1, ..., A¢) as the sequence of the positive integerencoded in binary;
thus the bitsize oA equals) (1 + [log A;]). The problem KRONCOEFFis defined as follows:

KRONCOEFF Given partitions\, i, v - n, compute the Kronecker coefficieqy,,. .

The following result provides the upper bound in Theorem 1.

Proposition 5 The problenK RONCOEFFis contained in the complexity cla€spP.
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Proof: The proof will use fairly standard ideas, compare Stanl®g8l Chap. 7). We fix € N and
denote bys, the Schur polynomial in the variables, . .., x,, corresponding to the partitioh- n. The
Jacobi-Trudi identity expressaeg as the following determinant of a structured matrix, whasgies are
the complete symmetric functiofis:

sx=det(ha—iihicigen = Y [[aciie — Do []Pn-in)

TEA i=1 T€S,\ Ay i=1 (3)
—. + -
= Y Niha = Y Nojha.

abn atkn

Here,NofA counts the even permutationse S,, such thaf[ ;. , P, —itn(iy = ha. Similarly, N_ is
defined by counting the odd permutations. Hence the furgtien\) — N1, and(a, A) — N, are in
the class#P.

A formula of Garsia and Remmel (see also Stanley 1999, EA, p.8478) states that fer, 1 - n with

La)=4

J4
ha * Su = Z HS#i/ui—l, (4)

D =1
where the sum is over all decompositioRs= (1°, ..., u) of the shape: with type «, that is,() =
pl Cpt C - C ot = powith [pf /i~ = a for all 4. If we denote byr(D)/p(D) the skew diagram

/,11 * ‘LLZ//,Ll ke ok u@/ue—l, thensﬂ(D)/p(D) = HZ Syt fpi—t-
It is well known that the Littlewood-Richardson coefficiemtppear in the expansion of Schur polyno-
mials of skew diagrams as follows

_ N x(D)
Sx(D)/p(D) = D CoiDy S ®)

vkn

We setM/, := > c::((g))y, where the sum is over all decompositian®f the shape: with type«. The

Littlewood-Richardson rule implies that the map p, v) — ¢}, is in the clas$#P (compare Narayanan
2006). Since#P is closed under exponential summation (Proposition 4)ntbp (o, i, v) — M, lies
in #P as well. We conclude from (4) and (5) that

_ v
ha * s, = E Mg, S0
vkn

By combining this with (3) we obtain

Sx* S =Y (Z NhME, - > N;/\M(’;M> 50

vkn \abn atkn

Hence the expression in the parenthesis eqggls. Proposition 4 implies that the map, i, v) —
>arn N MY, isin #P. Similarly, (A, p,v) — >, N;, MY, is in #P. Therefore, we have written
(A, 1, v) — gxu as the difference of two functions #P, which means that is is contained@apP. O
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4 Lower bound for KRONCOEFF
Narayanan (2006) proved that the following problem3¢KASUB is #P-complete.

KOSTKASUB Given a partitione: = (z1,22) - m andy = (y1,...,y¢) With |y| = m, compute the
Kostka numbei,,,.

In order to complete the proof of Theorem 1 it thus sufficesxioilét a many-one reduction from
KosTKASUB to KRONCOEFF This is established by the following result (which evenegia parsimo-
nious reduction). For an illustration see Figure 4.

Proposition 6 Letx = (x1,22) F m andy = (y1,...,ye) With |y] = m > 0 be given. Fon =
1,...,¢ — 1 we definep; := Zpi y; and we sep := 3m + Zf;ll p; andM :=2p — 1 — m. Consider

Ai=(M+m,m+z1,m+zo,m,m, ..., M, 1,02, Pi—1);
—_———
£+3 times
vi=(M+2m,2m,2m,m +y1 + p1,m +y2 + p2,m+y3 + p3,...,m+ye_1+ pe_1,m + ye).

and writen := |\|. Then we hav& ., = gx (n—p,p).v-

« m L M >
11111111‘ ‘l‘
2121213477
o 3147
2122
212(3(3]3
111223322224_35
2121213322333
31313122334 |4)|4
21212131344 |7|7]|7
313|344 |7|7
414 (4|77
71717

Fig. 4: A Kronecker tableau generated from the input date: (7,3), y = (3,2, 2, 3) according to Proposition 6.
We havem = 10, M = 79.

In the following we assume the notation and setting of Pritipos6. Its proof will proceed by a
sequence of Lemmas.
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Lemma 7 We have\; = 2p — 1 andn > 2p. Moreover )\ - n andv + n.

Proof: The first assertion is obvious. Moreover, one easily cheltis)t is a partition (note thad/ >
5m — 1 > masp > 3m). By a straightforward calculation we get

—1 ¢ =1
Wl =M+ (C+6)-m+Y pit D pi=M+({+6)-m+D pi+ai+as=|\.
i=1 =1 i=1

Finally, M +2m > 2m = m + p1 + y1. And asp; +y; = p;—1 forall 2 < i < ¢andp; > 0, it follows
thatv is weakly decreasing. Therefore- n. |

By Lemma 7 all technical requirements for Theorem 3 are meétwemconclude that

9x,(n—p,p),v = Z kgy (6)
BEp
BCANY
Definea := (m,m, m, p1, p2,...,pe—1). Thena is a partition ofp contained inv N . The next lemma

shows that only the term correspondingte=  contributes to the sum in (6), henge (,—, ). = k2, -
Lemma 8 Let 3 - p be such thaB C \ N v and suppose thaigl, > 0. Theng equals the partition
Q= (mam7m7pla pP2;- - 7P£—1)-

Proof: LetT be a Kronecker tableau of shapgs and typey — 5. As{(v) = £+ 3, we havel(v — 3) <
£(v) = £+ 3. Thereforel’ can only be filled with elements from the 4dt 2, ..., ¢+ 3}. Hence, because
of T’s column strictness property, each of its columns can d¢omtiamost/ + 3 boxes.

Let o’ and3’ denote the partitions conjugateg@and . In theith column of), 1 < i < m, there are
exactly3 + ¢+ 3 + p} boxes. Since théth column ofT’ contains at most+ 3 boxes, the tog + p; boxes
must belong tg3, which means3; > 3 + p) for all 1 < i < m. So in the firstn columns, this results in
atleast3m + >, p, = 3m + |p| = p boxes belonging t@. But 3 - p, therefore3, = 3 + p; for all
1 <i<mandg] = 0fori > m. Transposing}’ back givess = (m, m, m, p1,p2,...,pe—1) = . O

Let .7 denote the set of semistandard tableaus of shape(x1, 22) and type(0,0,0,y1, y2, - - ., Ye)-
Clearly, there is a bijection betwee#i and set of semistandard tableaus of shape (21, x2) and type
(y1,Y2, - - -, ye) (just map entryj to j — 3. See Figure 5 for an illustration). Hent€ | = K,,,,.

4445‘6‘7‘7‘ 1112‘3‘4‘4‘
“«—>
516 | 7 2 | 3 | 4

Fig. 5: An illustration of the bijection betweer¥ and the set of semistandard tableaus of shape (z1, z2) and

Let .7 denote the set of Kronecker tableaus of shape and typer — «. By definition, its cardinality
equalsk?,. For the proof of Proposition 6 it is now sufficient to set upijgdtion .#" — 7. Then we
have showr, = K, as claimed.
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Lemma 9 LetT be a semistandard skew tableau of shefe and typer — «. Then:

1. The filling ofT in the firstm columns is fixed, namely in each of these the entries fram( + 3
occur exactly once.

2. The first row ofl is filled with 1’s.

3. The restriction of to its second and third row (denotég s)) has the type0,0,0,y1,y2, .. ., Ye).

Proof: 1. This was already shown at the beginning of the proof of Ler8m

2. The shape/« of T" hasM +m columns and the type — « hasM +m 1's. No two 1’s can share a
column, so every column has exactly one 1. In a column, thenlist be the top elements. So in the first
row, if a box is to be filled, it must be filled with a 1.

3. T hasthetyper —a = (M +m,m,m,m+y;,m+ya,...,m+ye_1,m + y¢). Hence there are
only integers according to the typ&/, 0,0, y1,y2, . . ., y¢) left to distribute in the columns with a number
greater thamn. As the first row contains exactly/ + m 1's, the claim follows. O

According to Lemma 9, the magf” — .7, T + Tj, 3 is well defined and injective. (For an illustration
see the Figures 4 and 6.)

4 4 4 5

5 6 7

Fig. 6: The semistandard Young tableau corresponding to the KroneckeruablBaure 4.

We now proceed to prove that the mafp — 7, T + T, 5 is surjective. LetS € .7 and consider the
skew tablead” of shape)/a such thatS = T}, g}, the first row ofT" contains only 1's, and each of the
first m columns contain the entrids2, ..., ¢ + 3 in increasing order.

Lemma 10 We havel’ € 7 .

Proof: First of all, it is easy to check thaf has the typer — a. Next, we want to show thaf is a
semistandard skew tableau using that 7}, 3 is a semistandard tableau.

There are only 3 types of columnsBf The column strictness in the first columns is guaranteed by
the fixed entries. The column strictness in the ngxtolumns is assured as the first row contains only 1’s
and the other rows contain entries starting with 4 &g, is semistandard. Each other column contains
only a single 1. There are three types of rows: The first rowaos only 1's. The second and third row
only containTj, 5 which is semistandard. The other rows have at mosblumns by definition oh and
have fixed entries. The semistandard property of these roliesvs from the fact thaty is a partition.
Altogether, we see th&t is a semistandard skew tableau.

In order to prove thdl is a Kronecker tableau it is sufficient to show that its reeeeading wordv—
is ana-lattice permutation (note that; = «). LetT<3 denote the restriction &f to the first three rows
and letwZ; be its reverse reading word. Moreover, we denot&py the skew tableau obtained frofn
by deleting the first three rows and let, be its reverse reading word. Then we have = wt; - ws,
(concatenation). - o
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We first note thatv<, is a lattice permutation. Indeed, this easily follows frdre bbservation that for
each entry > 1in 7>, there is an entry — 1 in the same column right above (see Figure 4).

Claim. wZ; is ana-lattice permutation.

In order to show this, note that the first three rowgofontainM + m boxes. Lett € {1,..., M +
m} be a position in the reverse lattice wotel;. Then (#1’'s up tok) + oy = min(M, k) + m,
(#2'suptok) +as = (#3's Up tok) + s = m, and(#4’'s up tok) + ay = (#4's up tok) +m—y; <
m. For every entry > 3 we have

(#i'suptok) + a; > a; = pi—3 = pi—2 + Yi—2 = a1 + Yi—2 = (#(i +1)'s up tok) + a1

ThereforewZ; is ana-lattice permutation, which proves the claim.
SincewZ; is ana-lattice permutation anab<, is a lattice permutation, we conclude that” is an
a-lattice permutation. O

We have finished the proof of Proposition 6.
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