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Abstract

The existenceof string functions,which are not poly-
nomial time computable, but whosegraph is checkable in
polynomialtime, is a basicassumptionin cryptography. We
prove that in the framework of algebraic complexity, there
are no such familiesof polynomialfunctionsof � -bounded
degreeoverfieldsof characteristiczero. Theproof relieson
a polynomialupperboundontheapproximativecomplexity
of a factor � of a polynomial � in termsof the(approxima-
tive) complexity of � and the degreeof the factor � . This
extendsa resultby Kaltofen(STOC 1986). Theconceptof
approximativecomplexity allowsto copewith thecasethat
a factor hasan exponentialmultiplicity, by usinga pertur-
bation argument. Our resultextendsto randomized(two-
sidederror) decisioncomplexity.

1 Intr oduction

Checking or verifying a solution to a computational
problemmight be easierthan computinga solution. In a
certainsense,this is the contentsof the famous����	� �
hypothesis.In [30] Valiant madean attemptto clarify the
principal relationshipbetweenthe complexity of checking
andevaluating.In particular, heaskedwhetherany (string)
function,thatcanbecheckedin polynomialtime, canalso
beevaluatedin polynomialtime. Cryptographershopethat
theanswerto this questionis negative,sinceit turnsout to
be intimately connectedto the existenceof one-way func-
tions. Indeed,the inverse 
 of a one-way function is not
polynomialtime computable,but membershipto thegraph
of 
 canbe decidedin polynomial time. The converseis
alsoknown to betrue[18, 26] andequivalentto ����
� � .

The goal of this paperis to investigatethe relationship
betweenthe complexity of computationaland decisional
tasksin analgebraicframework of computation.Through-�
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out thepaper, � denotesa fixedfield of characteristiczero.
Are therefamiliesof polynomials ��
���� over � , for which
checkingcanbe donewith a polynomialnumberof arith-
metic operationsandtests,but which cannotbe evaluated
with a polynomialnumberof arithmeticoperations?If we
requirethat ��
���� is a � -family, i.e., thenumberof variables
andthedegreeof 
�� grow at mostpolynomially in � , then
our main result statesthat the answerto this questionis
no! Actually, theresultis slightly weakerandcanbestated
asfollows (thestatementwith detailedboundsis in Corol-
lary 5.1).

Theorem1.1 The approximative complexity � ��
�� of a
polynomial
 is polynomiallyboundedin thedecisioncom-
plexity of thegraphof 
 andthedegreeof 
 . Thisremains
true if weallow randomizationwith two-sidederror.

Hereby, thedecisioncomplexity of thegraphof 
 mea-
suresthenumberof arithmeticoperationsandequality-tests
in themodelof algebraiccomputationtrees.If � is ordered,
for instance� ��� , we allow also � -tests. (For formal
definitionssee[9].) The approximative complexity � ��
��
measuresthe minimal costof “approximative straight-line
programs”computingapproximationsof 
 with any preci-
sionrequired,for a formaldefinitionseeSection3.

It is not known whetherthe degreerestrictionin Theo-
rem1.1canbeomitted.However, in view of thediscussion
following Lemma1.2below, this seemsunlikely.

Sturtivant and Zhang [29] obtainedthe following re-
lated result, which excludesthe existenceof certainone-
way functionsin the algebraicframework of computation.
Let � �!� �#" � � be bijective suchthat � aswell as � $&%
arepolynomialmappings.Thenthecomplexity to evaluate� is polynomially boundedin the complexity to evaluate
the inverse�'$&% andthemaximaldegreeof thecomponent
functionsof � . Again, it is unkown whetherthedegreere-
strictioncanbeomitted.

Let usoutlinetheproofof Theorem1.1.By thestraight-
line complexity � �(�)� of a multivariatepolynomial � over �
weunderstandtheminimalnumberof arithmeticoperations



sufficient to compute� by a straight-lineprogramwithout
divisionsfrom the variablesandconstantsin � . The deci-
sioncomplexity *+�,�-� of � is definedastheminimalnumber
of arithmeticoperationsandtestssufficient for analgebraic
computationtreeto decidefor givenpoints . in � � whether�/��.0� �21 . Thedecisioncomplexity of thegraphof 
 con-
sideredaboveis formallydefinedasthedecisioncomplexity
of thepolynomial 3546
7��8 %:9<;=;<;<9 8>�)� .

It is clearthat *+�,�-�?�2�@�(�)��A5B . A sortof converseis
providedby thefollowing well-known lemmabasedon the
Nullstellensatz(cf. [11, 3]).

Lemma 1.2 Let � bethe irreduciblegenerator of a hyper-
surfacein � � or C � . Thenthere existsa nonzero multiple� of � such that � ���&�D�
*+�(�)� .

Note that if the zerosetof � is not a hypersurface,then
theconclusionbecomeswrong(take � � 8FE!G% A ;<;=; A68FE!G�
over � ). Over thereals,we in factneedtheassumptionthat� is irreducible(see[11] and the discussionbelow). We
remarkthat theconclusionof this lemmaremainstrueover
any infinite field � if � is the generatorof the graphof a
polynomial 
 , thatis, � � 3546
7�,8 % 9<;=;<;H9 8 � � .

This lemmaleadsnaturallyto thequestionof relatingthe
complexity of a polynomial � to thoseof its factors. Un-
fortunately, thereexist polynomials � having factorswith
a complexity exponentialin the complexity of � , as first
discoveredby Lipton andStockmeyer [24]. The simplest
known example illustrating this is as follows: Consider�:� � 8FEJIK4LB �NMPOHQ E I �,8R4TS

O � , whereS �
U<VXW �ZY:[&\^]_Y � � .
By repeatedsquaringwe get � �Z�:�-� �N�`A#B . On theother
hand,onecanprovethatfor almostall acb#d 1 9 B 9=;<;=;H9 Y � 4B_e the randomfactor MfOHgih �,8j4kS O � has a complexity
which is exponentialin � , cf. [9, Exercise9.8]. A simi-
lar reasoningcanbe madeover the rationalsbasedon the
factorizationinto thecyclotomicpolynomials.

This ideayieldsreduciblefactorsof high complexity. It
is plausiblethat this effect may occuralso for irreducible
factors.This is anopenproblem,however, which is related
to the questionof whetherthe degreerestrictionin Theo-
rem 1.1 canbe omitted. Note that in the case� �l� the
following trivial examplefrom [11] shows that � �,�-� may
beexponentiallylarger than *+�,�-� . Let �m�on �7p 8Pq have �
distinctrealroots.Then *+�,�m�)�D�srutmvw� usingbinarysearch,
but � �(�m�-�?x2� if the rootsof � arealgebraicallyindepen-
dentover y .

In the above exampleby Lipton and Stockmeyer, the
degree of the factor � is exponential in the complexity
of � . We restrict now our attention to factors having
a degree polynomially boundedin the complexity of � .
Kaltofen[20] provedthatthecomplexity of any irreducible
factor� is polynomiallyboundedin thecomplexity of � and
in thedegreeandthemultiplicity of thefactor � . OurFactor
Conjecture [6, Conj.8.3] claimsthatthedependenceon the

multiplicity canbe omitted. The main resultof this paper
(Theorem4.1) statesthat thedependenceon themultiplic-
ity canindeedbeomittedwhenswitchingto approximative
complexity.

Theideaof theproofof Theorem4.1is asfollows: After
a suitablecoordinatetransformationone can interpretthe
zerosetof thefactor � locally aroundtheorigin asthegraph
of someanalyticfunction 
 . In orderto copewith a possi-
bly largemultiplicity of � , we applyasmallperturbationto
thepolynomial � withoutaffectingits complexity toomuch.
This resultsin a smallperturbationof 
 . We computenow
thehomogeneouspartsof theperturbed
 by aNewtoniter-
ationupto acertainorder. Usingefficientpolynomialarith-
metic, this givesus an upperboundon the approximative
complexity of the homogeneouspartsof 
 up to a prede-
finedorder(Proposition4.3). In thespecialcase,wherethe
factor � is thegeneratorof the graphof a function,we are
alreadydone.Thisis essentiallythecontentsof Section4.1.

In a secondstep,elaboratedin Section4.2,we view the
factor � as the minimal polynomial of 
 in the variable3z� � 8 � over the field �&��8 % 9<;=;<;H9 8 � $&% � . We show that
the Taylor approximationsup to order Ym{iE uniquelydeter-
minethefactor � andcomputethebihomogeneouscompo-
nentsof � with respectto the degreesin the 8 -variables
and 3 by fastlinearalgebra.

In Section 5 we discussapplicationsto the relation-
ship betweenthe complexity of decisionaland computa-
tional tasks.Therewe alsobuild in theconceptof approx-
imative complexity into Valiant’s algebraic � - � � frame-
work [31, 33] (seealso [9, 6]) and make a connectionto
theBlum-Shub-Smalemodelof computation[4].

For someotheraspectsof theissuesdicussedin this pa-
persee[8].

Acknowledgments:Thanksgo to Erich Kaltofenfor com-
municatingto mehis paper[20] andto ananonymousref-
ereefor pointing out the reference[29]. I am grateful to
Alan Selmanfor answeringmy questionsaboutthe com-
plexity of one-way functions.

2 Preliminaries

In what follows, a|��{X� denotesan upperboundon the
complexity for themultiplicationof two univariatepolyno-
mialsof degree{ over � , i.e.,for computingthecoefficients
of theproductpolynomialfrom thecoefficientsof thegiven
polynomials. It is well known that a|��{}� ��~ ��{�rutmvD{}� if
thefield � “supportsfastFourier transforms”,for instance,
if � is thefield of complex numbers.

The following result is obtainedby a techniqueintro-
ducedbyStrassen[27] for thecomputationof homogeneous
componentsandavoidingdivisions.



Proposition2.1 Assumethat �>��8 9 3?� ������� � ��� ���� 3 � is
the bihomogeneousdecompositionof the polynomial ��n
� p 8 %:9<;<;=;H9 8>� 9 3�q , thus � � ���� is a homogeneouspolynomial
in the 8 -variablesof degree � . Thenwehavefor all ��x�B

� ��d���� ���� � \ 9 �L�R�fe�� �N~ ��a|��� E ��� �����^�
and thesameis true if thecomplexity � is replacedby the
approximativecomplexity � to beintroducedin Section3.

The next lemma follows immediately from the well-
known algorithms for univariate power seriesdescribed
in [9, � 2.4] by interpreting the homogeneouscompo-
nentsof a multivariatepower series �kn�� pup 8 %�9=;<;=;H9 8>�}quq
as the � -adic coefficients of the transformed series���,�'8 %�9=;<;<;<9 �'8>�-� .
Lemma 2.2 (1) We can computethe homogeneousparts

upto degree � of theproduct ����� andof thequotient� ]:� (if �>� 1 �
���1 ) of multivariate power series �
and � fromthehomogeneouspartsof � and � up to
degree � by a|���`� arithmeticoperations.

(2) Assumethat themultivariatepowerseries��� 9<;<;=;<9 �¡ 
and ¢ are given by their homogeneousparts up to
degree � . Thenwe can computefrom this data the
homogeneousparts of �  �u£ � � � ¢ � up to degree � by~ ���¤a|���¤�^� arithmeticoperations.

3 ApproximativeComplexity

In complexity theoryit hasprovenuseful to study“ap-
proximativealgorithms”,which usearithmeticwith infinite
precisionand neverthelessonly give us an approximation
of thesolutionto becomputed,howeverwith any precision
required. This conceptwas systematicallystudiedin the
framework of bilinearcomplexity (borderrank)andthereit
hasturnedout to be oneof the main keys to the currently
bestknown fastmatrix multiplicationalgorithms[12]. We
refer to [9, Chap.15] and the referencestherefor further
information.

Although approximative complexity is a very natural
concept,it hasbeeninvestigatedin lessdetail for compu-
tationsof polynomialsor rational functions. Originally, it
hadbeenintroducedby Strassenin a topologicalway [28].
Griesser[16] generalizedmostof theknown lower bounds
for multiplicative complexity to approximative complex-
ity. Lickteig [22] andGrigoriev andKarpinski[17] employ
the notion of approximative complexity for proving lower
bounds.

It is not known how to meaningfullyrelatethecomplex-
ity of leadingcoefficientsor of factorsof a polynomial to
the complexity of the polynomial itself. However, by al-
lowing approximative computations,we areableto estab-
lish quitesatisfactoryreductionsin thesecases.Thedeeper

reasonwhy thisis possibleseemsto bethelowersemiconti-
nuity of theapproximativecomplexity, whichallowsacon-
trolled passageto the limit andcanbeusedin perturbation
arguments.

Assumethepolynomial � is expandedwith respectto 3 :

� � �_¥m�,8 %�9=;<;=;H9 8>�)��3 ¥ A¦�m¥�§ % �,8 %�9=;<;=;<9 8>�)�^3 ¥�§ % A ;=;<;H;
We do not know whetherthecomplexity of the leadingco-
efficient �_¥ canbe polynomially boundedin the the com-
plexity of � . However, we canmake the following obser-
vation. For themomentassumethat � is thefield of realor
complex numbers.We have ru¨ª©>«<¬��K­ $ ¥ ����8 9 ­)� � �_¥m�,8®�
and �@������8 9 ­)�^�`��� ���&� for all ­�n�� . Thuswe canap-
proximate �_¥ with arbitraryprecisionby polynomialshav-
ing complexity at most � �Z�&� . We will saythat �_¥ has“ap-
proximatecomplexity” at most � �Z�&� .

In what follows, we will formalize this in an alge-
braic way; a topologicalinterpretationwill be given later.
Throughoutthepaper, ¯°� � �&��±!� is arationalfunctionfield
in theindeterminate± over thefield � and ² denotesthelo-
calsubringof ¯ consistingof therationalfunctionsdefined
at ± ��1 . We write �´³ £ � for theimageof �µnF² p 8Pq under
themorphism² p 8Pq " � p 8¶q inducedby ±D·" 1 .
Definition 3.1 Let �FnP� p 8 % 9<;<;=;<9 8 � q . Theapproximative
complexity � ���&� of thepolynomial � is thesmallestnatural
numbeŗ suchthat thereexists � in ² p 8 % 9=;<;<;<9 8 � q satis-
fying �´³ £ � � � and � �����D�s¸ . Herethecomplexity � is to
beinterpretedwith respectto thelargerfield of constants̄ .

Even though � refersto division-freestraight-linepro-
grams,divisionswill occur implicitly sinceour modelal-
lowsthefreeuseof any elementsof ¯ asconstants(e.g.,di-
visionby powersof ± ). In fact,thepoint is thateventhough� is definedwith respectto themorphism±D·" 1 , theinter-
mediateresultsof thecomputationmaynotbeso! Notethat� ���&�¹�s� �Z�&� .

We remarkthat the assumptionthat any elementsof ¯
arefreeconstantsis justmadefor conceptualsimplicity. We
may aswell requireto build up the neededelementsof ¯
from ± 9 ±=$K% and elementsof � . It is easyto seethat this
wouldnot changeourmainresult(i.e.,Theorem4.1).

Assumethat � �Z�&�5�º¸ over � �»� , say � ³ �,.0� ����,./�KAo±!² ³ �,./� and �@��� ³ �D�R¸ . Let a bethesupremumof² ³ �,./� overall ±'n p 1 9 BHq and .¶n � � with �ª� . �u� ¼ ��B . Then
wehavefor such± and . that � � ³ �,./��4f���,./� � � ± � ² ³ �,./� � �a5± . Therefore,for each±¾½ 1 we cancomputeon input .
anapproximationto ���,./� with absoluteerror lessthan a5±
with only ¸ arithmeticoperations.If we would additionally
requirein the definition of � to build up the neededcon-
stantsin ¯ from ± 9 ±=$K% , then � ���&�+�¿¸ would even mean
thatonecancomputeanapproximationwith errorlessthana5± with only ¸ arithmeticoperationson input . and ± .



We omit the proof of the basicpropertiesof � listed in
theremarkbelow. (For part(3) compare[6, Prop.4.1(iii)].)

Remark 3.2 1. (Semicontinuity) The quantity � ����� is
clearly definedfor a polynomial � over ¯ (by adjoining
a further indeterminateto ¯ ). If � is definedover ² and� � � ³ £ � , then � ���&�D�À� ����� .

2. (Eliminationof constants) Let � % bea field extension
of � of degreeat most { and � be a polynomial over � .
Then � �Z�&� ��~ �Za|��{X�-� ÁHÂ:�Z�&�^� , where� ÁHÂ:�Z�&� denotesthe
approximativecomplexity of � interpretedasa polynomial
over � % (i.e.,constantsin � % maybeusedfreely).

3. (Transitivity) Theapproximativecomplexity � ��� � �)�
to compute� from � andthe variablesis definedin a nat-
ural way. We have � ���&�L�k� ��� � �)�´AÀ� �(�)� , anda corre-
spondingobservationis truefor thecomputationof several
polynomials.

We proceedwith a topologicalinterpretationof approx-
imative complexity, which pointsout the naturalityof this
notion from a mathematicalpoint of view. However, this
commentwill not beneededin theremainderof thepaper.
Assume� to beanalgebraicallyclosedfield. Thereis anat-
ural way to put a Zariski topologyon the polynomialringÃ �À� � � p 8 %:9<;<;=;<9 8+�}q asa limit of the Zariski topologies
on thefinite dimensionalsubspacesd��®n Ã � �}Ä U vÅ�6��{�e
for {sn#Æ . If � is the field of complex numbers,we may
definetheEuclideantopologyon

Ã � in asimilar way.
If �2n Ã � satisfies� �Z�&�Ç�È¸ , then it easyto seethat� lies in theclosure(Zariski or Euclidean)of theset d��snÃ � � � ���&�>�¿¸}e . Indeed,we have � ��� ³ £ «_�>�µ�@����� for

all but finitely many ­Çn�� and rª¨u©>«<¬¾��� ³ £ « � � ³ £ � � � .
Alder [1] hasshown that theconverseis trueandobtained
the following topologicalcharacterizationof the approxi-
mativecomplexity.

Theorem3.3 Theset d:��n Ã � � � �Z�&�@��¸}e is theclosure
of theset d:�¶n Ã � � �@���&�7�À¸}e for theZariski topology. If� � C , this is alsotrue for theEuclideantopology.

4 ApproximativeComplexity of Factors

Let É be strictly larger than the exponent Ê of matrix
multiplication,thuswe assumethat � by � matricescanbe
multiplied with ~ �,�&Ë)� arithmeticoperations.(It is known
that YL�sÊÀÌRY ; ÍmÎ , see[9, Chap.15].)

Hereis themainresultof thispaper.

Theorem4.1 Let � bea fieldof characteristiczero andas-
sumethat � is an irreduciblefactor of degree { andmulti-
plicity Ï of a polynomial �FnP� p 8 %:9<;<;=;<9 8+�}q . Then

� �(�)� �N~fÐ a|��{}��a|��{iÑ��^� ���&�¡AÒ{ E^Ë a|��{X� E�Ó ;

Remark 4.2 Thereis roomfor improvementin thisbound.
In fact, theproof of Theorem4.1 yieldsbetterestimatesin
the following cases.If � is thegeneratorof the graphof a
polynomial function, we obtain � �,�-� ��~fÐ a|��{}E=�^� ���&� Ó .
In thecase� �Ô� or C , we get � �,�-� �¿~fÐ a|��{ Ñ ��� ���&��A{iE�Ë-a|��{X� Ó .

The proof of Theorem4.1 will be suppliedin the next
two sections.

4.1 ApproximativeComputation of Graph

We assumethat we are in the situationof Theorem4.1
andwrite � � �-Õ<Ö . Thus � is irreducibleand � and Ö are
coprime.It is convenientto usethenotations3|� � 8+� and8z� � �,8 %�9=;<;<;=9 8>� $K% � . We arefirst goingto transformthe
polynomialsinto a specialform by suitablelinear transfor-
mations.

In somefield extension � % of degreeat most { over �
thereexists a root ��× 9^Ø ��nÀ� �% of � , suchthat Ö aswell as
thegradientof � do not vanishthere.To simplify notation,
weassumethat � % � � . Thisassumptionwill beeliminated
at theendof Section4.2at thepriceof anadditionalfactora|��{X� in thecomplexity bound.

By a coordinate shift we can always achieve that�,× 9�Ø � � � 1 9 1 � . By a substitution Ù�&�,8 9 3?�¦� � �/��8 % AÚ % 3 9=;<;=;H9 8>� $K% A Ú � $K% 3 9^Û 3L� we may achieve that the
degree of Ù� in 3 equals { and that Ü-Ý¾Ù�&� 1 9 1 � doesnot
vanish. Indeed, if � � G � denotesthe homogeneouscom-
ponentof � of degree { , then the coefficient of 3?G in Ù�
equals Ù� � G � � 1 9 B�� � � � G � � Ú 9�Û � . Moreover, Ü Ý Ù�&� 1 9 1 � �Ú % ÜXÞ Â �/� 1 9 1 �?A ;<;<; A Ú � $K% ÜXÞ I_ß Â �&�

1 9 1 ��A Û Ü Ý �&� 1 9 1 � .
Henceit sufficesto chooseÚ 9�Û suchthat this linear com-
binationdoesnot vanishandsuchthat � � G � � Ú 9^Û �¤��¿1 . By
scaling,we mayassumewithout lossof generalitythat Ù� is
monicwith respectto 3 . In thefollowing, we will assume
that this transformationhasalreadybeendone,i.e., Ù� � � ,
which resultsin a complexity increaseof � of at most Y_� .
Notethat �@���&�DxR� if all thevariablesoccurin � .

Summarizing,we achieved the following by a suitable
choiceof a lineartransformation:

�&� 1 9 1 � �#1 9 Ö�� 1 9 1 �-Ü Ý �&� 1 9 1 �@���1 9 Ä U v Ý � � { ; (1)

Theimplicit functiontheoremimpliesthat thereexistsa
uniqueformalpowerseries
ÒnP� pup 8Pquq suchthat

�&�,8 9 
7�,8®��� ��1 9 
7� 1 � ��1 ; (2)

Moreover, thispowerseriescanberecursivelycomputedby
thefollowing Newtoniteration: if weput 
 � �#1 anddefine


�à<§ % � 
�àT4 �&�,8 9 
�àm�Ü Ý �&�,8 9 
 à � 9 (3)



thenwehavequadraticconvergenceof the 
�à towards
 , in
thesensethat 
�à+á5
¶©+t Ä �,8®�^EJâ , where ��8®� denotesthe
maximalidealof � pup 8Pqªq (cf. [9, Theorem2.31]).

It is easyto seethat if the partial derivative Ü Ý ��� 1 9 1 �
would not vanish,thentheabovepowerseries
 couldalso
berecursively computedby the Newton recursion(3) with� replacedby � . However, Ü Ý ��� 1 9 1 � �51 alwaysvanishes
for multiplicities Ï?½5B . Thekey ideais now to enforcethe
nonvanishingof this partialderivative by a suitablepertur-
bationof thegivenpolynomial � . By doingso,we have to
contentourselveswith anapproximativecomputationof the
factor � .

Basedon theseideas,we prove the following assuming
theconditions(1):

Proposition4.3 Thehomogeneousparts 
 � �^� of 
 of de-
gree � satisfy
ã ��xNB��ä� ��
 � % � 9<;<;=;<9 
 �  

� � �#~ Ð a|��� E �^� ���&� Ó ;
Proof. Notethat � , viewedasapolynomialin 3 over �&��8®� ,
is theminimalpolynomialof 
 over �&��8®� . W.l.o.g.wemay
assumethat 
 is not a rational function (otherwise{ � B
and 
 would belinear).

We define the perturbed polynomial �>��8 9 3?�å� ����,8 9 3|A2±æ� 45��� 1 9 ±æ� over the coefficient ring ² . It is
clearthat �>� 1 9 1 � �
1 and ��³ £ � � � . By astraight-forward
calculationweget

Ü-ÝÅ�>� 1 9 1 � � Ð Ï:Ö ÜXÝ��¾Ao�ÅÜ-ÝÅÖ Ó � 1 9 ±!�´�<� Õ!$&% � 1 9 ±!� ;
Assumptions(1) tell usthat �&� 1 9 ±æ� �#ç ±´A ~ ��±!E�� with ç n��è , hence

Ü-Ýw�>� 1 9 1 � � Ï ç Õ Ö¡� 1 9 1 �-± ÕJ$&% A ~ ��± Õ �
andwe concludethat this partialderivativedoesnot vanish
( é!ê�ëmì�� ��1 ).

As in thereasoningbefore,theimplicit functiontheorem
impliesthatthereexistsauniqueformalpowerseries¢ over
thefield ¯ � �&��±!� suchthat �>�,8 9 ¢T�,86�^� ��1 9 ¢T� 1 � ��1
and this power seriescanbe recursively computedby the
Newton iteration

¢ � ��1 9 ¢ à<§ % � ¢ à 4 �>��8 9 ¢7à_�Ü-Ý��>��8 9 ¢7ài� (4)

with quadraticconvergence:¢ à á�¢Ò©�t Ä �,86��E â .
Claim: ¢7à is definedover thecoefficient ring ² for all í .

Weprovethisclaimby inductionon í , theinductionstartí ��1 being clear. So let us assumethat ¢ à is defined
over ² andset ��àî� � �ï¢7à_� ³ £ � . By applyingthemorphism² pup 8Pqªq " � pªp 8Pquq 9 ±Å·" 1 we obtain

��ÜXÝw�>�,8 9 ¢7à_�^� ³ £ � � Ü-ÝÅ���,8 9 ��àm��ðÐ Ï:Ö ÜXÝ��¾Ao�DÜ-ÝwÖ Ó ��8 9 ��à_���H� ÕJ$&% �,8 9 ��àm� ;

Thefirst parenthesismapsunderthesubstitution8�·" 1 to��Ï:Ö'Ü-Ý��-�<� 1 9 1 � , which is nonzeroby our assumptions.The
secondfactor �&�,8 9 � à � canonly vanishif � à � 
 sincethe
powerseries
 is uniquelydeterminedby theconditions(2).
In this case,
 would bea rationalfunction,which we have
excludedat thebeginningof theproof. Wehavethusshown
that ��Ü Ý �>��8 9 ¢ à ���^³ £ � nonzero. By equation(4) this im-
pliesthat ¢7à<§ % is definedover ² andprovestheclaim.

The claim implies that ¢ is defined over ² . From�>�,8 9 ¢T�,8®��� �51 we obtain ���,8 9 �Z¢T�,86�^� ³ £ ��� ��1 , hence�/��8 9 �ï¢T�,8®��� ³ £ ��� �N1 , as Ö���8 9 �ï¢T�,8®��� ³ £ �������1 . We con-
cludethat �Z¢T��8®�^� ³ £ � � 
 . If ¢ � ��� denotesthe homoge-
neouspart of ¢ of degree � , we have �Z¢7à_� � �^� � ¢ � ��� for�LÌ
Y à . This impliesfor �?ÌÀY à that

�^�Z¢ à � � ��� �^³ £ � � �Z¢ � ��� �^³ £ � � �Z¢7³ £ � � � �^� � 
 � ��� ;
As aword of warning,wepointout thatacertaincarein

theseargumentationsis necessary. For instance,examples
show thatin general�Z¢ à ��³ £ � �� 
 à .

We turn now to the algorithmic analysisof the proof.
First of all we notethat �@�����¤�È� �Z�&�wA#Y . A moment’s
thoughtshows that also � �����o�°� ���&�¹A�Y . In order to
provethepropositionit is enoughto show that

�@�Z¢ � % �ñ 9<;<;=;<9 ¢ �  
�ñ � �N~fÐ a|��� E �^� �Z�&� Ó 9 (5)

where òó� �°ô rªtivõ���µA�B��ïö . In fact,by thesemicontinuity
of � , weonly needto provethisestimatefor approximative
complexity on thelefthandside.

The following computationdealswith polynomialsin
the 8 -variables,whicharetruncatedatacertaindegreeand
representedby their homogeneouspartsup to this degree.
We obtainfrom Proposition2.1 for thebihomogeneousde-
compositionof � that

� ��d�� � ���� � \ 9 �L�R�fe�� �N~fÐ a|��� E ��� ����� Ó ; (6)

In thefollowing,weassumethatwehavealreadycomputed
thebihomogeneouscomponents��� ���� for \ 9 �?�s� .

Inductively, we supposethatwe have computedtheho-
mogeneouspartsof ¢ à up to degree Y à . The main work
of oneNewton step(4) consistsin the computationof the
substitutedpolynomials �>��8 9 ¢ à � and Ü Ý �>�,8 9 ¢ à � . By
Lemma2.2 we cancomputethe homogeneouspartsup to
degree Y àH§ % of �>�,8 9 ¢7à_� by ~ ��Y à a|�ZY à �^� arithmeticop-
erations.Analogously, we getthehomogeneouspartsup to
degree Y àH§ % of Ü-Ýw�>�,8 9 ¢7à_� by thesamenumberof arith-
meticoperations.By adivisionanda subtractionweobtain
from thisthehomogeneouspartsof ¢7àH§ % upto degreeY àH§ %
usingfurther ~ ��a|�ZY à ��� arithmeticoperations.Altogether,
weobtain

� �ï¢ � % �ñ 9=;<;<;=9 ¢ �  
�ñ � d���� �^�� � \ 9 �?�s�Pe��

� ~ �
ñ÷
à £ � Y

à a|��Y à �^� �N~ ���`a|���¤��� �#~ �Za|��� E �^� 9



since � ñ à £ � a|��Y à �`�ÈYia|��Y ñ � and �¤a|���¤�¤��a|���îE��
(see[9, Rem.2.10]).Theassertion(5) followsfrom thises-
timateandequation(6) by thetransitivity of approximative
complexity. ø
4.2 Reconstructionof Minimal Polynomial

Considerthebihomogeneousdecomposition�&�,8 9 3L� �� ��� ù-ú G � �
ùi�� 3 � . Let � be an additionalindeterminateand

perform the substitution 8 O ·" � 8 O . The condition�/��8 9 
7�,86�^� �
1 ©+t Ä �,8®�  �§ % translatesto
÷
��� ù-ú G

� � ùi�� � ù � ÷�æú   
 �
�^� � � � � á 1 ©+t Ä �  �§ %

for any �	xÔB . Moreover, we have �0� � �G � B and �õ� ùm�G ��1
for 1 Ì�ûµ�l{ , since � is monic of degree { in 3 . The
next lemmastatesthat theseconditionsuniquelydetermine
thebihomogeneouscomponentsof � if we choose��xÀ{ E .
The proof is basedon well-known ideasfrom the analysis
of the LLL-algorithm [21] (seealso [15, Lemma16.20])
adaptedfrom ü to thesettingof a polynomialring.

Lemma 4.4 Bycomparingthecoefficientsof thepowersof
theindeterminate� , onecaninterpret theconditions

÷
��� ù)ú G

ý ��� ù � ù � ÷�æú EJG!þ

 � �^� � � � � á 1 ©�t Ä � E!G þ § % 9ý G � � � B 9 ý G � % �
1 9<;<;=;H9 ý G � G �
1

as a systemof linear equationsover the field �&�,86� in the
unknowns

ý ��� ù
. (Thereare Y_{}E�AÀB equationsand ��{@ARB��^E

unknowns).This linear systemhasas the uniquesolution
thebihomogeneouscomponents

ý �,� ù � �0� ùm�� of � .
Proof. We define the bivariate polynomial

Ã �,� 9 3L��� ��
��� ù-ú G � �
ùi�� � ù 3 � over �&�,8®� andassignto a solution S ��� ù

of the above linear systemof equationsthe bivariatepoly-
nomial ÿ¤��� 9 3��>� �l����� ù-ú G S �,� ù �

ù 3 � . Note that
Ã

is an
irreduciblepolynomialin 3 over �&��8 9 �@� sinceweassume� to beirreducibleandmonicwith respectto 3 . Thepoly-
nomial ��� � � �æú EJG þ 
 �

��� � � is anapproximativecommon
rootof

Ã
and ÿ in thesensethat

Ã �,� 9 �D��á 1 ©�t Ä � E!G þ § % 9 ÿ¤�,� 9 �D��á 1 ©+t Ä � EJG þ § % ;
The resultantì U�� � Ã 9 ÿ?�¶n2�&�,86� p �¹q of

Ã
and ÿ with re-

spectto 3 satisfiesthedegreeestimate

Ä U v���ì U�� � Ã 9 ÿ?�� Ä U v Ý Ã � Ä U v��LÿNA Ä U v�� Ã � Ä U v Ý ÿ|�ÀYm{ E 9
which is easilyseenfrom thedescriptionof theresultantas
thedeterminantof theSylvestermatrix (cf. [15, � 6.3]). It is
well-known thatthereexist polynomialsÚ 9^Û n¶�&��8®� p � 9 3Tq

suchthat Ú Ã A Û ÿ � ì U�� � Ã 9 ÿ?� . Substitutingtheapprox-
imative commonroot � for 3 in this equationimplies that
ì U�� � Ã 9 ÿ���á 1 ©+t Ä � EJG þ § % , hencethe resultantvanishes.
Since

Ã
is irreducible,it mustbeafactorof ÿ over �&�,8 9 �@� .

However, weassume
Ã

andÿ bothto bemonicwith respect
to 3 . This impliesthatin fact

Ã � ÿ asclaimed. ø
The coefficients of the linear systemof equationsin

Lemma4.4canbecomputedfrom thehomogenouscompo-
nents
 � ��� , �î�NY_{}E , with { multiplicationsof power series
given by their coefficientsup to degree Ym{iE . This canbe
donewith ~ ��{Xa|��{}E���� arithmeticoperations(Lemma2.2).
If É denotesa numberstrictly largerthantheexponentÊ of
matrixmultiplication,thenwecancomputefrom thecoeffi-
cientsof thelinearsystemtheuniquesolutionwith ~ ��{}E^Ë)�
operations(see[9, Chap.16]). This computationcan be
interpretedas a straight-lineprograminvolving divisions.
However, as the bihomogeneouscomponentsof � we are
seekingfor arehomogenousof degreeatmost { , wecanap-
ply Strassen’s ideaof avoidingdivisions[27] andtransform
thisstraight-lineprograminto onewithoutdivisions,which
is atmostby afactorof ~ ��a|��{}��� longer. Summarizing,we
obtainthefollowing:

Proposition4.5 We havefor any ÉF½ÒÊ that

� Ð d=� � ���� � \ 9 �L�R{)e � 
 � %
�
9=;<;<;<9 
 � E!G þ

� Ó �#~ Ð { E�Ë a|��{}� Ó ;
Our main Theorem4.1 is a consequenceof this Propo-

sition andProposition4.3. In fact, this providesan upper
boundon � �(�)� with respectto thefield extension� % of � of
degreeatmost { consideredat thebeginningof Section4.1.
To simplify notation,we assumedtherethat � % � � . This
assumptioncannow be eliminatedat the price of an addi-
tional factor a|��{X� in the complexity boundaccordingto
Remark3.2(2).

5 Applications to DecisionComplexity

By combining Theorem 4.1, Remark 4.2, and
Lemma1.2,weobtainthefollowing corollary.

Corollary 5.1 Let � bethegenerator of an irreduciblehy-
persurfacein � � or C � , { � Ä U vw� , and É bestrictly larger
thantheexponentÊ of matrixmultiplication.Thenwehave

� �(�)� �#~ Ð a|��{iÑ���*+�(�)��A¦{ E�Ë a|��{}� Ó ;
This implies Theorem1.1 of the introductionfor deci-

sion complexity. The claim about randomizedcomplex-
ity (formalizedby randomizedalgebraiccomputationtrees)
follows easily from Corollary 5.1 by the results in [25,
10, 13]. We remarkthat if the hypersurfaceis the graph
of a polynomial function, thenwe obtainthe betterbound� �(�)� �#~fÐ a|��{iE��^*+�,�-� Ó .



In [31, 33] Valianthadproposedananalogueof thethe-
ory of � � -completenessin a framework of algebraiccom-
plexity, in connectionwith his famoushardnessresult for
the permanent[32]. This theory featuresalgebraiccom-
plexity classes

� � and
� � � aswell as

� � � -completeness
resultsfor many familiesof generatingfunctionsof graph
properties,the mostprominentbeingthe family of perma-
nents.Thereis ratherstrongevidencefor Valiant’shypoth-
esis

� �¿�� � � � . In fact, if it werefalse,thenthenonuni-
form versionsof thecomplexity classes�	� and ��
 would
collapse[7]. For a comprehensive presentationof this the-
ory, wereferto [14, 9, 6]. In thefollowing,weassumesome
basicfamiliarity with theconceptsintroducedthere.

It is quitenaturalto incorporatetheconceptof approxi-
mativecomplexity into Valiant’s framework.

Definition 5.2 An approximatively� -computablefamily is
a � -family ���:�)� suchthat � ���:�)� is a � -boundedfunction
of � . Thecomplexity class

� � comprisesall suchfamilies
overa fixedfield � .

It is obvious that
� ��b � � . If the polynomial � is a

projectionof a polynomial � , thenwe clearlyhave � �Z�&� �� �(�)� . Therefore,the complexity class
� � is closedunder� -projections.We remarkthat

� � is alsoclosedunderthe
polynomialoraclereductionsintroducedin [5].

We know very few abouttherelationsbetweenthecom-
plexity classes

� � ,
� � , and

� � � . Intuitively, onewould
think that

� � shouldnot differ too muchfrom
� � . Like-

wise, it could be that the class
� � is containedin

� � � .
Thehypothesis � � ���b � � (7)

is a strengtheningof Valiant’s hypothesis,which is equiva-
lent to sayingthat

� � � -completefamiliesarenot approxi-
mately� -computable.

This hypothesisshould be comparedwith the known
work on polynomial time deterministicor randomizedap-
proximationalgorithmsfor the permanentof non-negative
matrices[23, 2, 19]. Basedon theMarkov chainapproach,
Jerrum,SinclairandVigoda[19] have recentlyestablished
a fully-polynomial randomizedapproximationschemefor
computingthe permanentof an arbitrary real matrix with
non-negativeentries.We notethat this resultdoesnot con-
tradicthypothesis(7), sincetheabovementionedalgorithm
works only for matriceswith non-negativeentries,while
approximativestraight-lineprogramsa fortiori work on all
realinputs.

Underthehypothesis
� � ���b � � , wecancanconclude

that checking the valuesof polynomials forming
� � � -

completefamiliesis hard,evenwhenwe allow randomized
algorithmswith two-sidederror.

Corollary 5.3 Assume
� � �|�b � � over a field � of char-

acteristiczero. Thenfor any
� � � -completefamily �,�m�)� ,

checking the value ­ � �m�0��.0� cannotbe doneby deter-
ministicor randomizedalgebraic computationtreeswith a
polynomialnumberof arithmeticoperationsandtestsin � .

Hypothesis (7) implies a separationof complexity
classesin theBlum-Shub-Smalemodelof computation[4].
See[3] for thedefinitionof theclasses�
� and ������� . (For
the proof use Corollary 5.1 with the permanentpolyno-
mial � .)
Corollary 5.4 If

� � �ð�b � � is true, thenwehave ���N������� � in theBlum-Shub-Smalemodelover thereals.
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