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Abstract

The existenceof string functions,which are not poly-
nomial time computable but whosegraphis chedkablein
polynomialtime, is a basicassumptiorin cryptography We
prove that in the framavork of algebraic compleity, there
are no sud familiesof polynomialfunctionsof p-bounded
degreeoverfieldsof characteristiczen. Theproofrelieson
a polynomialupperboundon the approximativecompleity
of a factor g of a polynomialf in termsof the (approxima-
tive) compleity of f and the degree of the factor g. This
extendsa resultby Kaltofen (STOC 1986). The conceptof
appoximativecompleity allowsto copewith the casethat
a factor hasan exponentialmultiplicity, by usinga pertur-
bation argument. Our resultextendsto randomizedtwo-
sidederror) decisioncomplexity.

1 Intr oduction

Checking or verifying a solution to a computational
problemmight be easierthan computinga solution. In a
certainsensethis is the contentsof the famousP # NP
hypothesis.In [30] Valiant madean attemptto clarify the
principal relationshipbetweenthe complexity of checking
andevaluating.In particular he asledwhetherary (string)
function, thatcanbe checledin polynomialtime, canalso
be evaluatedn polynomialtime. Cryptographerfiopethat
the answerto this questionis negative, sinceit turnsout to
be intimately connectedo the existenceof one-way func-
tions. Indeed,the inversey of a one-way function is not
polynomialtime computableput membershifo the graph
of ¢ canbe decidedin polynomialtime. The corverseis
alsoknown to betrue[18, 26] andequialentto P # UP.

The goal of this paperis to investigatethe relationship
betweenthe compleity of computationaland decisional
tasksin analgebraicframenork of computation.Through-
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outthe paper k denotesa fixedfield of characteristizero.
Are therefamilies of polynomials(y,,) over k, for which
checkingcanbe donewith a polynomialnumberof arith-
metic operationsandtests,but which cannotbe evaluated
with a polynomialnumberof arithmeticoperations2f we
requirethat(y,,) is ap-family, i.e.,thenumberof variables
andthe degreeof ¢,, grow at mostpolynomiallyin n, then
our main result statesthat the answerto this questionis
no! Actually, theresultis slightly weaker andcanbe stated
asfollows (the statementvith detailedboundsis in Corol-
lary 5.1).

Theorem1.1 The approximative compleity L(y) of a
polynomialy is polynomiallyboundedn thedecisioncom-
plexity of the graph of ¢ andthedegreeof . Thisremains
true if weallow randomizatiorwith two-sidederror.

Hereby the decisioncompleity of the graphof ¢ mea-
sureghenumberof arithmeticoperationandequality-tests
in themodelof algebraiaccomputatiortrees.If k is ordered,
for instancek = R, we allow also <-tests. (For formal
definitionssee[9].) The approximatve compleity L(¢p)
measureshe minimal costof “approximatve straight-line
programs”computingapproximationof ¢ with ary preci-
sionrequiredfor aformal definitionseeSection3.

It is not known whetherthe degreerestrictionin Theo-
rem1.1canbeomitted.However, in view of thediscussion
following Lemmal.2below, this seemsunlikely.

Sturtivant and Zhang [29] obtainedthe following re-
lated result, which excludesthe existenceof certainone-
way functionsin the algebraicframewnork of computation.
Let ¢: k™ — k™ be bijective suchthat+ aswell asy—!
arepolynomialmappings.Thenthe compleity to evaluate
1) is polynomially boundedin the complexity to evaluate
theinversey—! andthe maximaldegreeof the component
functionsof ). Again, it is unkown whetherthe degreere-
strictioncanbe omitted.

Let usoutlinetheproofof Theoreml.1. By thestraight-
line compleity L(g) of amultivariatepolynomialg over k
we understandhe minimal numberof arithmeticoperations



sufficientto computeg by a straight-lineprogramwithout
divisionsfrom the variablesandconstantsn k. The deci-
sioncompleity C(g) of g is definedastheminimal number
of arithmeticoperationsandtestssufficient for analgebraic
computatiortreeto decidefor givenpointsz in k™ whether
g(z) = 0. Thedecisioncompleity of the graphof ¢ con-
sideredaboveis formally definedasthedecisioncomplexity
of thepolynomialY — (X, ..., X,).

It is clearthatC(g) < L(g) + 1. A sortof corverseis
providedby thefollowing well-known lemmabasedon the
NullstellensatZcf. [11, 3]).

Lemma 1.2 Letg betheirreduciblegenertor of a hyper
surfacein R” or C*. Thenthere existsa nonzeo multiple
fofgsudthatL(f) < C(g).

Note thatif the zerosewof g is not a hypersuréce,then
theconclusiorbecomesvrong(takeg = X324 + ... + X 24
overR). Overthereals,wein factneedtheassumptiorthat
g is irreducible (see[11] andthe discussionbelow). We
remarkthatthe conclusionof this lemmaremainstrue over
ary infinite field k if g is the generatorof the graphof a
polynomialyp, thatis,g =Y — p(X1,..., X,).

Thislemmaleadsnaturallyto the questiorof relatingthe
compleity of a polynomial f to thoseof its factors. Un-
fortunately thereexist polynomials f having factorswith
a complity exponentialin the compleity of f, asfirst
discoveredby Lipton and Stockmeer [24]. The simplest
known exampleillustrating this is as follows: Consider
fo= X" =1 =] (X =(?), where( = exp(2mi/2").
By repeatedsquaringwe get L(f,) < n + 1. Ontheother
hand,onecanprovethatfor almostall M C {0,1,...,2"—
1} the randomfactor J [, (X — ¢’) hasa compleity
which is exponentialin n, cf. [9, Exercise9.8]. A simi-
lar reasoningcan be madeover the rationalsbasedon the
factorizationinto the cyclotomicpolynomials.

This ideayieldsreduciblefactorsof high compleity. It
is plausiblethat this effect may occuralso for irreducible
factors.This is anopenproblem,however, which s related
to the questionof whetherthe degreerestrictionin Theo-
rem 1.1 canbe omitted. Note thatin the casek = R the
following trivial examplefrom [11] shows that L(g) may
be exponentiallylargerthanC/(g). Let g, € RIX] haven
distinctrealroots. ThenC(g,) < logn usingbinarysearch,
but L(g,) > n if therootsof g arealgebraicallyindepen-
dentoverQ.

In the above example by Lipton and Stockmeer, the
degree of the factor g is exponentialin the compleity
of f. We restrict now our attentionto factors having
a degree polynomially boundedin the compleity of f.
Kaltofen[20] provedthatthe complexity of ary irreducible
factorg is polynomiallyboundedn thecomplexity of f and
in thedegreeandthemultiplicity of thefactorg. Our Factor
Conjectue[6, Conj.8.3] claimsthatthedependencenthe

multiplicity canbe omitted. The main resultof this paper
(Theorem4.1) stateshatthe dependencen the multiplic-

ity canindeedbe omittedwhenswitchingto approximatve
compleity.

Theideaof theproofof Theoremd.lis asfollows: After
a suitablecoordinatetransformationone caninterpretthe
zerosebf thefactorg locally aroundtheorigin asthegraph
of someanalyticfunctionp. In orderto copewith a possi-
bly large multiplicity of g, we apply a smallperturbatiorto
thepolynomialf withoutaffectingits complexity toomuch.
This resultsin a small perturbatiorof . We computenow
thehomogeneoupartsof theperturbedy by a Newtoniter-
ationupto acertainorder Usingefficientpolynomialarith-
metic, this givesus an upperboundon the approximatve
compleity of the homogeneoupartsof ¢ up to a prede-
finedorder(Propositior4.3). In the specialcase wherethe
factorg is the generatoiof the graphof a function, we are
alreadydone.Thisis essentiallfthecontentsof Sectiord. 1.

In a secondstep,elaboratedn Section4.2, we view the
factor g asthe minimal polynomial of ¢ in the variable
Y := X, overthefield k(Xy,...,X,_1). We shaw that
the Taylor approximationsup to order2d? uniquelydeter
minethe factorg andcomputethe bihomogeneousompo-
nentsof g with respectto the degreesin the X-variables
andY by fastlinearalgebra.

In Section5 we discussapplicationsto the relation-
ship betweenthe compleity of decisionaland computa-
tional tasks. Therewe alsobuild in the conceptof approx-
imative compleity into Valiant's algebraicP-NP frame-
work [31, 33] (seealso[9, 6]) and make a connectionto
the Blum-Shub-Smalenodelof computatior4].

For someotheraspect®f theissuesdicussedn this pa-
perseeg[8].

Acknowledgments: Thanksgo to Erich Kaltofenfor com-
municatingto me his paper[20] andto ananorymousref-
ereefor pointing out the reference[29]. | am gratefulto
Alan Selmanfor answeringmy questionsaboutthe com-
plexity of one-way functions.

2 Preliminaries

In what follows, M (d) denotesan upperboundon the
compleity for the multiplication of two univariatepolyno-
mialsof degreed overk, i.e.,for computingthe coeficients
of theproductpolynomialfrom the coeficientsof thegiven
polynomials. It is well known that M (d) = O(dlogd) if
thefield k “supportsfastFouriertransforms” for instance,
if k is thefield of complex numbers.

The following resultis obtainedby a techniqueintro-
ducedby Strassefi27] for thecomputatiorof homogeneous
componentaindavoiding divisions.



Proposition2.1 Assumehat F(X,Y) = 3, 5 FOviis
the bihomayeneoudecompositiorof the polynomial F' €
k[X1,...,Xn, Y], thusFi(‘S) is a homaeneouspolynomial
in the X -variablesof degreed. Thenwehavefor all D > 1

LH{F® |i,6 < D}) = O(M(D?)L(F))

andthe sameis true if the compleity L is replacedby the
appoximativecompleity L to beintroducedn Section3.

The next lemma follows immediately from the well-
known algorithms for univariate power seriesdescribed
in [9, §2.4] by interpreting the homogeneouscompo-
nentsof a multivariatepower seriesf € k[[X1, ..., Xn]]
as the T-adic coeficients of the transformed series
f(TXy,...,TXy,).

Lemma2.2 (1) We cancomputethe homaeneousarts
upto degreeD of theproductF - G andof thequotient
F/G (if G(0) # 0) of multivariate power series F’
and G fromthe homaeneougartsof F and G up to
degree D by M (D) arithmeticopemations.

(2) Assuméhatthe multivariatepowerseriesky, ..., Fp
and ¢ are given by their homayeneousparts up to
degree D. Thenwe can computefrom this data the
homaeneougarts of Z?:o F;®' up to degree D by
O(DM (D)) arithmeticoperations.

3 Approximative Complexity

In complexity theoryit hasproven usefulto study“ap-
proximative algorithms”,which usearithmeticwith infinite
precisionand neverthelesonly give us an approximation
of thesolutionto be computedhoweverwith any precision
required. This conceptwas systematicallystudiedin the
frameawork of bilinearcompleity (borderrank)andthereit
hasturnedout to be one of the main keys to the currently
bestknown fastmatrix multiplication algorithms[12]. We
referto [9, Chap.15] andthe referencegherefor further
information.

Although approximatve compleity is a very natural
concept,it hasbeeninvestigatedn lessdetail for compu-
tationsof polynomialsor rationalfunctions. Originally, it
hadbeenintroducedby Strasserin atopologicalway [28].
Griessel[16] generalizednostof the known lower bounds
for multiplicative complexity to approximatve complex-
ity. Lickteig [22] andGrigoriev andKarpinski[17] employ
the notion of approximatve complexity for proving lower
bounds.

It is notknown how to meaningfullyrelatethe complex-
ity of leadingcoeficientsor of factorsof a polynomialto
the compleity of the polynomialitself. However, by al-
lowing approximatve computationsywe are ableto estab-
lish quite satishictoryreductiondn thesecasesThedeeper

reasorwhy thisis possibleseemgo bethelowersemiconti-
nuity of theapproximatve compleity, which allows a con-
trolled passagéo the limit andcanbe usedin perturbation
arguments.

Assumethe polynomialf is expandedvith respecto Y':

f=f(X,. . Xp) Y9+ for1(Xa, ., Xp) YT

We do not know whetherthe complexity of theleadingco-
efficient f, canbe polynomially boundedin the the com-
plexity of f. However, we canmake the following obser
vation. For themomentassumehatk is thefield of realor
complex numbers.We havelim,_,oy 7f(X,y) = f4(X)
andL(f(X,y)) < L(f) for all y € k. Thuswe canap-
proximate f, with arbitrary precisionby polynomialshav-
ing compleity atmostL(f). We will saythat f, has“ap-
proximatecompleity” atmostL( f).

In what follows, we will formalize this in an alge-
braic way; a topologicalinterpretationwill be given later
Throughouthepaper K := k(e) is arationalfunctionfield
in theindeterminate overthefield ¥ and R denoteghelo-
calsubringof K consistingof therationalfunctionsdefined
ate = 0. We write F—, for theimageof F' € R[X] under
themorphismR[X] — k[X] inducedby € — 0.

Definition 3.1 Let f € k[ X}, ..., X,]. Theapproximative
compleity L( f) of thepolynomial f is thesmallesinatural
numberr suchthatthereexists F' in R[ X1, ..., X,] satis-
fying F.—o = f andL(F) < r. Herethecomplity L isto
beinterpretedvith respecto thelargerfield of constantd.

Even though L refersto division-freestraight-linepro-
grams,divisionswill occurimplicitly sinceour modelal-
lowsthefreeuseof ary element®f K asconstantge.g.,di-
vision by powersof €). In fact,thepointis thateventhough
F' is definedwith respecto the morphisme — 0, theinter-
mediateresultsof thecomputatiormaynotbeso! Notethat
L(f) < L(f).

We remarkthatthe assumptiorthatany elementsof K
arefreeconstantss justmadefor conceptuasimplicity. We
may aswell requireto build up the needecelementof K
from €,e~! and elementsof k. It is easyto seethat this
would notchangeour mainresult(i.e., Theoren#.1).

Assumethat L(f) < r overk = R, say F.(z) =
f(z) + eRc(z) andL(F,) < r. Let M bethe supremunof
R.(z) overall e € [0,1] andz € R" with ||z||x < 1. Then
we havefor suche andz that| F (z) — f(z)] = €| Re(z)| <
Me. Thereforefor eache > 0 we cancomputeon input
anapproximatiorto f(x) with absoluteerrorlessthanMe
with only r arithmeticoperations!f we would additionally
requirein the definition of L to build up the neededcon-
stantsin K frome,e~1, thenL(f) < r would evenmean
thatonecancomputeanapproximatiorwith errorlessthan
M e with only r arithmeticoperationn input 2 ande.



We omit the proof of the basicpropertiesof L listedin
theremarkbelow. (For part(3) compard6, Prop.4.1(iii)].)

Remark 3.2 1. (Semicontinuity The quantity L(F') is
clearly definedfor a polynomial F' over K (by adjoining
afurtherindeterminateo K). If F is definedover R and
f = Fe_o, thenL(f) < L(F).

2. (Eliminationof constant¥ Let k; beafield extension
of k of degreeat mostd and f be a polynomial over k.
ThenL(f) = O(M(d) L, (f)), whereL; (f)denoteshe
approximatve complexity of f interpretedasa polynomial
overk; (i.e.,constantsn k; maybeusedfreely).

3. (Transitivity) The approximatve compleity L(f | g)
to computef from g andthe variablesis definedin a nat-
uralway. We have L(f) < L(f | g) + L(g), anda corre-
spondingobsenationis true for the computatiorof several
polynomials.

We proceedwith atopologicalinterpretatiorof approx-
imative compleity, which points out the naturality of this
notion from a mathematicapoint of view. However, this
commentwill not be neededn the remaindernf the paper
Assumek to beanalgebraicallyclosedfield. Thereis anat-
ural way to put a Zariski topology on the polynomialring
Ap = k[X4,...,X,] asalimit of the Zariski topologies
on thefinite dimensionakubspace$f € A, | deg f < d}
ford € N. If k is thefield of complex numberswe may
definethe Euclideantopologyon A,, in asimilar way.

If f € A, satisfiesL(f) < r, thenit easyto seethat
f liesin the closure(Zariski or Euclidean)of the set{f €
Apn | L(f) < r}. Indeed,we have L(F.—,) < L(F) for
all but finitely mary y € k andlim,_,o Fe—y = Fe—o = f.
Alder [1] hasshown thatthe corverseis true and obtained
the following topological characterizatiorof the approxi-
mative complexity.

Theorem3.3 Theset{f € A,, | L(f) < r} istheclosue
oftheset{f € A, | L(f) < r} for theZariskitopolagy. If
k = C, thisis alsotrue for the Euclideantopology.

4 Approximative Complexity of Factors

Let v be strictly larger than the exponentw of matrix
multiplication,thuswe assumehatn by n matricescanbe
multiplied with O(n) arithmeticoperations.(It is known
that2 < w < 2.38, see[9, Chap.15].)

Hereis the mainresultof this paper

Theorem4.1 Letk beafield of characteristiczeo andas-
sumethat g is anirreduciblefactor of degreed and multi-
plicity e of a polynomialf € k[X1,..., X,]. Then

L(g) = O(M(d)M(d*)L(f) + d*" M (d)*).

Remark 4.2 Thereis roomfor improvementn this bound.
In fact, the proof of Theoremd.1 yields betterestimatesn
thefollowing cases.If g is the generatoiof the graphof a
polynomialfunction, we obtain L(g) = O(M(d?*)L(f)).
In thecasek = R or C, we getL(g) = O(M(d*)L(f) +
d**M(d)).

The proof of Theorem4.1 will be suppliedin the next
two sections.

4.1 Approximative Computation of Graph

We assumehatwe arein the situationof Theorem4.1
andwrite f = ¢g®h. Thusg is irreducibleandg andh are
coprime.lt is corvenientto usethenotationsY := X,, and
X = (X1,...,X,_1). Wearefirst goingto transformthe
polynomialsinto a specialform by suitablelineartransfor
mations.

In somefield extensionk; of degreeat mostd over k
thereexistsaroot (£,n) € kf* of g, suchthath aswell as
the gradientof g do not vanishthere. To simplify notation,
weassumehatk; = k. Thisassumptiomwill beeliminated
attheendof Section4.2 at the price of anadditionalfactor
M (d) in thecomplexity bound.

By a coordinate shift we can always achieve that
(&,m) = (0,0). By a substitutiong(X,Y) = g(X; +
wY, ..., Xn 1 + u,_1Y,vY) we may achiese that the
degreeof g in Y equalsd and that 8y §(0,0) doesnot
vanish. Indeed,if ¢(¥ denotesthe homogeneousom-
ponentof g of degreed, thenthe coeficient of Y¢ in §j
equalsg?(0,1) = ¢@(u,v). Moreover, dy§(0,0) =
u10x,9(0,0) + ... + un_10x,_,9(0,0) + vdyg(0,0).
Henceit suficesto chooseu, v suchthatthis linear com-
binationdoesnot vanishandsuchthat g(® (u,v) # 0. By
scaling,we may assumewithout lossof generalitythat g is
monicwith respecto Y. In thefollowing, we will assume
thatthis transformatiorhasalreadybeendone,i.e., § = g,
which resultsin a compleity increaseof f of at most2n.
NotethatL(f) > n if all thevariablesoccurin f.

Summarizing,we achiesed the following by a suitable
choiceof alineartransformation:

g(Oa 0) =0, h(07 0) aYg(Oa 0) # 0, degy g = d. 1)

Theimplicit functiontheoremimpliesthatthereexistsa
uniqueformal power seriesp € k[[X]] suchthat

9(X,9(X)) =0, p(0) = 0. 2

Moreover, this power seriescanberecursvely computedy
thefollowing Newtoniteration: if we putypg, = 0 anddefine

g(X,QO,,)

6Y9(Xa ‘101/) ’ (3)

Pv+1 = Py —



thenwe have quadraticcorvergenceof thep,, towardsy, in
the sensehaty, = ¢ mod (X)?", where(X) denoteghe
maximalidealof £[[X]] (cf. [9, Theorem2.31]).

It is easyto seethatif the partial derivative dy f(0, 0)
would notvanish thenthe above power seriesp couldalso
be recursvely computedby the Newton recursion(3) with
g replacedby f. However, 0y f(0,0) = 0 alwaysvanishes
for multiplicitiese > 1. Thekey ideais now to enforcethe
nonvanishingof this partial derivative by a suitablepertur
bationof the given polynomial f. By doingso,we haveto
contentourseheswith anapproximatve computatiorof the
factorg.

Basedon theseideas,we prove the following assuming
theconditions(1):

Proposition4.3 The homaeneousparts ¢(% of ¢ of de-
greeé satisfy

VD>1: L(p",..., o) =0(M(D*)L(f)).

Proof. Notethatg, viewedasapolynomialin Y overk(X),
is theminimal polynomialof ¢ overk(X). W.l.o.g.wemay
assumehat ¢ is not a rationalfunction (otherwised = 1
andy would belinear).

We define the perturbed polynomial F(X,Y) :=
f(X,Y + €) — f(0,¢) over the coeficientring R. It is
clearthat F'(0,0) = 0 andF.—q = f. By astraight-forvard
calculationwe get

Oy F(0,0) = (ehdy g+ gOvh)(0,€) - g° (0, ).

Assumptiong1) tell usthatg(0, €) = Xe + O(e?) with X €
k>, hence

Oy F(0,0) = e \° h(0,0) ¢~ + O(€®)

andwe concludethatthis partial derivative doesnot vanish
(chark = 0).

As in thereasonindefore theimplicit functiontheorem
impliesthatthereexistsauniqueformal powerseriesd over
thefield K = k(e) suchthat F(X, ®(X)) = 0, ®(0) =0
andthis power seriescan be recursively computedby the
Newtoniteration

F(X, <I>,,)
- WwF(X,2,)

with quadraticcorvergence:®, = ® mod (X)".

®y=0,®,,1 =9, 4

Claim: &, is definedoverthecoeficientring R for all ».

We provethisclaimby inductiononv, theinductionstart
v = 0 beingclear So let us assumehat ¢, is defined
over R andsety), := (®,).—0. By applyingthe morphism
R[[X]] — k[[X]],e — 0 weobtain

(8YF(Xa (I)u))(-::O = 6Yf(X7 Q,[}u)
= (ehdyg+ gvh) (X, 1) - g7 (X, ).

Thefirst parenthesisnapsunderthe substitutionX — 0 to
(eh 0y g)(0,0), which is nonzeroby our assumptionsThe
secondactorg(X, 1, ) canonly vanishif ¢, = ¢ sincethe
powerseriesp is uniquelydeterminedy theconditions(2).
In this case would bearationalfunction,whichwe have
excludedatthebeginningof theproof. We have thusshavn
that (Oy F'(X, ®,)).—o nhonzero. By equation(4) this im-
pliesthat®, ., is definedover R andprovestheclaim.

The claim implies that @ is definedover R. From
F(X,®(X)) = 0weobtainf(X, (®(X)).=o) = 0, hence
9(X, (®(X))e=0) = 0, ash(X, (®(X))e=0) # 0. Wecon-
cludethat (®(X)).—o = ¢. If ®©) denoteshe homoge-
neouspartof ® of degrees, we have (®,)® = &) for
6 < 2¥. Thisimpliesfor § < 2” that

(2,) )z = (8D) g = (o) ® = (.

As aword of warning,we point outthata certaincarein
theseargumentationss necessaryFor instance gxamples
show thatin general(®,).—¢ # ¢u.

We turn now to the algorithmic analysisof the proof.
First of all we notethat L(F) < L(f) + 2. A moments
thoughtshaws thatalso L(F) < L(f) + 2. In orderto
provethe propositionit is enoughto show that

L@y,...,o\)) = o(M(D*L(f), (5

whereN := [log(D + 1)]. In fact, by the semicontinuity
of L, we only needto prove this estimatefor approximatve
compleity onthelefthandside.

The following computationdealswith polynomialsin
the X -variableswhich aretruncatedata certaindegreeand
representedby their homogeneoupartsup to this degree.
We obtainfrom Proposition2.1 for the bihomogeneoude-
compositionof F' that

L{F" |i,6 < D}) = O(M(D*L(F)).  (6)

In thefollowing, we assumehatwe have alreadycomputed
the bihomogeneousomponentsﬂ(‘s) fori, 6 < D.

Inductively, we supposehatwe have computedthe ho-
mogeneoupartsof &, up to degree2”. The main work
of one Newton step(4) consistsin the computationof the
substitutedpolynomials (X, ®,) and 9y F(X, ®,). By
Lemma2.2 we cancomputethe homogeneougartsup to
degree2v+! of F(X,®,) by O(2” M (2¥)) arithmeticop-
erations.Analogouslywe getthe homogeneoupartsup to
degree2v*! of oy F(X, ®,) by the samenumberof arith-
meticoperationsBy adivision anda subtractiorwe obtain
from thisthehomogeneoupartsof &, ; upto degree2”+!
usingfurther O(M (2")) arithmeticoperations Altogether
we obtain

L@y,...,e | {F” |i,6 <D}

N
= 0()_2"M(2")) = O(DM(D)) = O(M(D?)),
v=0



since>_ M (2¥) < 2M(2N) and DM (D) < M(D?)
(se€]9, Rem.2.10]). Theassertion(5) followsfrom this es-
timateandequation(6) by thetransitiity of approximatve
compleity. d

4.2 Reconstructionof Minimal Polynomial

Considerthe bihomogeneoudecompositiory(X,Y) =
Y ia<d 9!¥Yi. Let T beanadditionalindeterminateand
perform the substitution X; +— 7TX;. The condition
g(X, (X)) = 0 mod (X)P+! translateso

Z gl(a)T"(Z ©DT%)t = 0 mod TP+
i,a<d 3<D

forany D > 1. Moreover, we ha/egflo) =1 andgfla) =0

for 0 < a < d, sinceg is monic of degreed in Y. The
next lemmastateghattheseconditionsuniquelydetermine
thebihomogeneousomponentsf g if we chooseD > d?.

The proof is basedon well-known ideasfrom the analysis
of the LLL-algorithm [21] (seealso[15, Lemma16.20])
adaptedrom Z to the settingof a polynomialring.

Lemma 4.4 By comparingthe coeficientsof the powess of
theindeterminatel’, onecaninterpretthe conditions

3" ZioT( Y DT = 0mod T2+,
i,a<d 6<2d?

Z4o=1,241=0,...,244=0
as a systenof linear equationsover the field £(X) in the
unknownsZ; o. (Therare 2d” + 1 equationsand (d + 1)
unknowns).This linear systemhas as the uniquesolution
thebihom@eneousomponents; , = g§a> of g.

Proof. We define the bivariate polynomial A(T,Y) :=
> ia<d 9! Ty over k(X) andassignto a solution(; ,
of the above linear systemof equationghe bivariatepoly-
nomial B(T,Y) := 3, ,<4Gi.oT*Y". NotethatA is an
irreduciblepolynomialin Y over k(X, T) sincewe assume
g to beirreducibleandmonicwith respecto Y. The poly-
nomialy := 35,2 99T is anapproximatve common
rootof A andB in thesensehat

A(T, ) = 0mod T>* 1, B(T,v) = 0 mod T24°+1.

Theresultantres(4, B) € k(X)[T] of A and B with re-
spectto Y satisfiegshe degreeestimate

degrres(A, B)
< degy A -degy B + degr A - degy B < 2d°,
whichis easilyseenfrom the descriptionof theresultantas

thedeterminanbf the Sylvestematrix (cf. [15, §6.3]). It is
well-knawn thatthereexist polynomialsu, v € k(X)[T,Y]

suchthatuAd + vB = res(A, B). Substitutingthe approx-
imative commonroot ¢ for Y in this equationimpliesthat
res(A, B) = 0 mod T24°+1, hencethe resultantvanishes.
SinceA isirreducible it mustbeafactorof B overk(X, T').
However, we assumed andB bothto bemonicwith respect
toY. Thisimpliesthatin factA = B asclaimed. O

The coeficients of the linear systemof equationsin
Lemma4.4 canbecomputedrom thehomogenousompo-
nentsp(®, § < 242, with d multiplicationsof power series
given by their coeficientsup to degree2d?. This canbe
donewith O(dM (d?)) arithmeticoperationgLemma2.2).
If v denotesa numberstrictly largerthanthe exponentw of
matrix multiplication,thenwe cancomputefrom the coefi-
cientsof thelinear systenmthe uniquesolutionwith O(d?7)
operations(see[9, Chap.16]). This computationcan be
interpretedas a straight-lineprograminvolving divisions.
However, asthe bihomogeneousomponentf g we are
seekingor arehomogenousf degreeatmostd, we canap-
ply Strassersideaof avoiding divisions[27] andtransform
this straight-lineprograminto onewithout divisions,which
is atmostby afactorof O(M(d)) longer Summarizingwe
obtainthefollowing:

Proposition 4.5 We havefor anyy > w that

L{g\” 3,0 <d}[oM,...,0 ") = O M(d)).

Our main Theorem4.1 is a consequencef this Propo-
sition and Proposition4.3. In fact, this providesan upper
boundon L(g) with respecto thefield extensionk; of k of
degreeatmostd consideredtthebeginningof Section4. 1.
To simplify notation,we assumedherethatk; = k. This
assumptiorcannow be eliminatedat the price of an addi-
tional factor M (d) in the compleity boundaccordingto
Remark3.2(2).

5 Applications to DecisionComplexity

By combining Theorem 4.1, Remark 4.2, and
Lemmal.2,we obtainthefollowing corollary.

Corollary 5.1 Letg bethegeneamtor of anirreduciblehy-
persurfacein R* or C*, d = deg g, and+y bestrictly larger
thanthe exponentv of matrix multiplication. Thenwehave

L(g) = O(M(d*)C(g) + d>" M (d)).

This implies Theorem1.1 of the introductionfor deci-
sion compleity. The claim aboutrandomizedcomplex-
ity (formalizedby randomizedalgebraiccomputatiortrees)
follows easily from Corollary 5.1 by the resultsin [25,
10, 13]. We remarkthat if the hypersuréceis the graph
of a polynomialfunction, thenwe obtainthe betterbound
L(g) = O(M(&?)C(g)).



In [31, 33] Valianthadproposedananalogueof thethe-
ory of NP-completenesm a framework of algebraiccom-
plexity, in connectionwith his famoushardnessesult for
the permanen{32]. This theory featuresalgebraiccom-
plexity classed/P andVNP aswell asVNP-completeness
resultsfor mary familiesof generatingunctionsof graph
propertiesthe mostprominentbeingthe family of perma-
nents.Thereis ratherstrongevidencefor Valiant’s hypoth-
esisVP # VNP. In fact,if it werefalse,thenthe nonuni-
form versionsof the complexity classeNC andPH would
collapse[7]. For acomprehensie presentatiorof this the-
ory, wereferto[14, 9, 6]. In thefollowing, we assumeome
basicfamiliarity with the conceptsntroducedthere.

It is quite naturalto incorporatethe conceptof approxi-
mative compleity into Valiant's framework.

Definition 5.2 An approximativelyp-computableamily is
a p-family (f,) suchthat L(f,) is a p-boundedfunction
of n. Thecompleity classVP comprisesall suchfamilies
overafixedfield k.

It is obviousthat VP C VP. If the polynomial f is a
projectionof a polynomialg, thenwe clearlyhave L(f) <
L(g). Thereforethe compleity classVP is closedunder
p-projections.We remarkthat VP is alsoclosedunderthe
polynomialoraclereductiongntroducedn [5].

We know very few abouttherelationsbetweerthe com-
plexity classesvP, VP, andVNP. Intuitively, onewould
think that VP shouldnot differ too muchfrom VP. Like-
wise, it could be that the classVP is containedin VNP.
Thehypothesis

VNP ¢ VP (7)

is a strengtheningf Valiant's hypothesiswhich is equiva-
lentto sayingthat VNP-completefamiliesarenot approxi-
matelyp-computable.

This hypothesisshould be comparedwith the known
work on polynomialtime deterministicor randomizedap-
proximationalgorithmsfor the permanenbf non-neative
matriceg23, 2, 19]. Basedonthe Markov chainapproach,
Jerrum,SinclairandVigoda[19] have recentlyestablished
a fully-polynomial randomizedapproximationschemefor
computingthe permanenof an arbitrary real matrix with
non-negative entries.We notethatthis resultdoesnot con-
tradicthypothesig7), sincethe abore mentionedalgorithm
works only for matriceswith non-n@ative entries, while
approximatve straight-lineprogramsa fortiori work on all
realinputs.

UnderthehypothesisVNP ¢ VP, we cancanconclude
that checkingthe valuesof polynomialsforming VNP-
completefamiliesis hard,evenwhenwe allow randomized
algorithmswith two-sidederror.

Corollary 5.3 Assumé&/NP ¢ VP overafield k£ of char-
acteristiczen. Thenfor any VNP-completefamily (g,,),

chedking the valuey = g,(z) cannotbe doneby deter
ministic or randomizedalgebraic computatiortreeswith a
polynomialnumberof arithmeticoperationsandtestsin n.

Hypothesis (7) implies a separationof compleity
classedn the Blum-Shub-Smalenodelof computatior{4].
Seg[3] for thedefinitionof theclasse®r andPARg. (For
the proof use Corollary 5.1 with the permanentpolyno-
mial g.)

Corollary 5.4 If VNP ¢ VP istrue, thenwe havePgr #
PARg in the Blum-Shub-Smalmodelover thereals.
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