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Abstract. We investigate whether Strassen’s theory of asymptotic spectra [19, 20]
could be simplified by extending the degeneration order into a ring. It turns out that
this must necessarily fail. This negative result shows once more the intricacy of bi-
linear complexity. Along the way, we develop a necessary condition for degenerations
in terms of dimensions of isotropy groups of tensors.

Key words. Matrix multiplication, bilinear complexity, border rank, degeneration
order, asymptotic spectrum.

1. Introduction

We begin by recalling some concepts from the theory of bilinear complexity. For details,
the reader may consult the textbooks by Pan [16], de Groote [12], Bini and Pan [3], or
Biirgisser et al. [5].

A (coordinate) tensor ¢ of format (m,n,p) is a 3-dimensional array [t;;.]; j o € C7*"*P
of complex numbers. A triple of matrices a € lexm, g e C”IX", v E CP' %P transforms ¢
into the tensor s = (a ®@ B @ )t € Cm' xn'xp" which is defined by

Sije = E iy B Yees tivjaty -

i1,51,41

We abbreviate this reduction by s < ¢ and call s a restriction of ¢. If a, 8,~ can be chosen
as invertible matrices, then s is said to be isomorphic to ¢: s ~ ¢. (In this case, s and ¢ have
the same format.)

For 7 € N let the tensor (r) € C™*"*" be defined by (r);;, ;= 1ifi = j = £ and (r);;0 := 0
otherwise. The rank R(s) of a tensor s is defined as the smallest » € N such that s < (r).
This is an important quantity, as R(s) equals (up to a factor of two) the minimum number
of multiplications or divisions sufficient to compute the bilinear forms

ZSij/&Xin, f=1,....p

i3

from the indeterminates X;,Y;. (See [5, Sect. 14.1].)
An approximate reduction < can be defined as follows. Let s/ € C™ xn'xp' ¢ ¢ Cmxnxp,
and € be an indeterminate over C. We say that s is a degeneration of t, s < t, iff there exist



matrices a, 3,7 over C(¢) such that

(a@B@v)t =s+es
holds for some tensor s’ € C[e]™ *»' " This reduction is intimately connected with the
notion of the border rank R(s) of s, which is defined as the smallest » € N such that s < (r).
The border rank was introduced by Bini et al. [2] and Bini [1] as a powerful tool for designing
fast matrix multiplication algorithms. (Cf. [5, Chap. 15].)

To show that a specific tensor s is not a degeneration of another tensor ¢ is in general a
difficult task; in the special case ¢ = (r) this amounts to showing the lower bound R(s) > r
on the border rank of s. In the next section, we will develop the following necessary condition
for a degeneration relation: s < ¢ = v(s) > v(¢), where ¥(¢) denotes the dimension of the
isotropy group of ¢. This condition will be applied to prove our main result, and might also
be useful in future investigations.

In 1987 Strassen developed a theory of relative bilinear complexity and asymptotic spectra
of tensors [19, 20, 21]. His new ideas, extended by Coppersmith and Winograd [6], led to the
currently best estimate w < 2.38 of the exponent w of matrix multiplication. (See also [5,
Chap. 15].) In the sequel, we will discuss an approach to simplify Strassen’s theory. For this,
let us first recall some definitions and facts from [19, 20].

A tensor [tj;e] € C™*"*P is called concise iff the vectors (t1je,...,tmj), 1 < j < n,
1 < ¢ < p, generate C™ | and analogous properties hold if the second and third coordinates
are distinguished. The direct sum t' @ ¢ and the tensor product ¢! ® t? of two tensors
th € CmueXnuXPu = 1,2, are defined by

1 2 ~ (mi+ma)x(ni+nz)xX(p1+p2) 41 2 (m1xmz)x(n1xn2)X(p1Xp2)
t ot eC , et el :

thi ifi <my,j <ny,f<p,
(' @) = o jomydep, T E>mi, > mn1,>p,
0 otherwise,
1 o 42 gl g2
(' @) i), G o) = i e

(For ® we use double indices.) Tt is straightforward to check that direct sum and tensor
product of concise tensors are again concise. (Cf. [5, Lemma 14.40].) Now let BT denote
the set of all isomorphism classes of concise tensors. Direct sum and tensor product induce
operations on BT, which provide it with the structure of a commutative semiring. Moreover,
the degeneration induces a partial order on Bt which is compatible with these operations.
One can prove that additive cancellation holds, which implies that the semiring Bt can be
embedded in an essentially unique commutative ring B satisfying B = BT — Bt. (Cf. [19,
Prop. 2.1]. This is analogous to the embeddding of the semiring of natural numbers in the
ring of integers.) The elements of B are called generalized tensor classes.

Strassen defined an asymptotic version of the degeneration order as follows: a € BT is
called an asymptotic degeneration of b, a < b, iff there is some sequence ey = o(N) of natural
numbers such that a®¥ < &V . 2~ holds in the ring B for all N. Note that a < b implies
a < b. It turns out that < is a preorder on Bt compatible with addition and multiplication.
The surprising and crucial fact is now that < allows an extension to the ring B, compatible

with the ring operations. In this way, B becomes a preordered ring, which allows to bring in
the structure theory of Stone, Kadison, and Dubois [18, 13, 7, 8]. Using this, Strassen [20]
proved the following central result: for any subset X C BT there is a compact space A and
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a ring morphism ¢: Z[X] — C(A) such that ¢(X) separates the points of A, and such that
for all a,b € Z[X]
a < b= (p(a) < @(b) pointwise on A).

(Z[X] denotes the subring of B generated by X, and C(A) stands for the ring of continuous
real functions on A.) The pair (A, ¢) is essentially unique and is called the asymptotic
spectrum of X. For example, let (h, h, h) be the structural tensor of the square matrix
multiplication C**" x C"*" — Ch*" and denote the isomorphism class of (h, h, h) by the
same symbol. Tt is known that the asymptotic spectrum of the set X = {(h,h,h) | h >
1} C B* is the interval A, := [4,2%] together with the map ¢ that sends (h,h,h) to the
continuous function A, — R, z > z'°82"_ In particular, w > 2 iff A, contains more than
one point. If we succeed in computing the asymptotic spectrum of a set of tensor classes
X, then the question of whether a < b for a,b € Z[X] is reduced to the purely analytical
question of deciding whether ¢(a) < ¢(b) holds pointwise on A. In particular, this yields
also a necessary condition for a degeneration relation a < b.

Now we come to the question treated in this paper. Strassen asked whether it is really
necessary to pass from < to the asymptotic degeneration < in the above described construc-
tion in order to make things work. In fact, if the degeneration order, which is defined on
B*t, would allow an extension to the ring B in a way compatible with the ring operations,
then the above theory could be considerably simplified! One can prove that in this case, the
asymptotic degeneration would not differ too much from the degeneration: we had a < b iff
Na < Nb+ ey for some sequence ey = o(N) of natural numbers. The degeneration itself
could therefore be rather accurately described in terms of asymptotic spectra, which would
represent a major step towards a deeper understanding of the degeneration relation, as well
as of border rank.

Unfortunately, this is too nice to be true.

THEOREM 1.1. The degeneration order cannot be extended to the ring B in a way compatible
with the ring operations.

The proof relies on constructions due to Pan [15] and Schénhage [17] which show that
the border rank is not additive. The second ingredient is the necessary condition for degen-
erations in our Thm. 2.2.

We remark that the extendability of < to the ring B would also imply that a cancellation
law holds: a+¢ < b+c would imply a < b. In particular, we would have R(a+(r)) = R(a)+r.
Both of these properties are probably wrong, but we have been unable to prove this.

2. A necessary condition for degeneration
With a tensor ¢t € C™*"*P we associate the polynomial map
S,Dt:mem % (Cnxn % 'Cpo - menxpJ (a,ﬂ,')/) — (a®ﬂ® ’y)t

Let s € C™*™*P be a degeneration of ¢, say (& ® B ® )t = s + es’ for matrices &, 3,4
over C(e) and some tensor s’ € Cle]™*"*P. For any complex square matrices a, 3,7 of size
m,n, p, respectively, we obtain

(aa @Yt = (@@ ) (@2t =(a®e7)s+cla® fo7)s.



Now let (6,,) be a sequence of complex numbers converging to zero and such that d,ﬁ,’y
are defined at 6, for all n. Then (a@(f,) @ BB(6,) ® ¥9(6a))t converges to (o @ § @ 7)s as
n — 0o, hence (& ® F®7)s is contained in the closure of the image im ¢; of ;. In particular,
it is contained in the Zariski closure im; of im¢;, which is defined as the smallest zero

set of polynomials, which contains im ;. As a, 3,7 were arbitrary, we have thus shown the
implication
s <t = 1mp, Cimy;.
In algebraic geometry, one shows that Zariski closed sets have a well defined dimension, which
is monotone with respect to inclusion (cf. [14, §1A]). Hence we have dimim ¢, < dimim ¢,
if s < ¢.
We define now the following invariant.

DEFINITION 2.1. For a tensor t € C™*"XP we put 4(t) := m? + n? + p? — dimim ;.

We have proved the following necessary condition for degenerations.

THEOREM 2.2. If s,t € C™*™*P are such that s <1, then v(s) > v(t).

In order to apply this theorem, we need a method to compute dimensions. For this, the
following result from algebraic geometry is useful (cf. [14, §3A, Prop. (3.6)]).

LEMMA 2.3. Let ¢ = (¢1,...,9%,):C™ — C" be a polynomial map. Then there is some
nonzero polynomial h € C[X1,..., Xp] such that

Opi
axX; (P)]”

dimim g, = rank[

for all p € C™ satisfying h(p) # 0.

Applying this lemma to the map ¢;, we conclude that there exist invertible matrices

ayg, fo, Yo such that the dimension of im¢; equals the rank of the Jacobian matrix of ¢; in
p = (@0, Bo,Y0). On the other hand, the relation

er(e, B,7) = (a5 ' @ By @45 et (aoe, Bof3, Y07)

shows that the rank of the Jacobian matrix of ¢; in p equals those in I := (E, E,, Ep).
Let ¢ be an indeterminate and X, Y, Z be square matrices of size m, n, p, respectively. A
calculation shows that

0t(Bm +€X,En+ €Y, Ep+€Z) = (Bm + eX) ® (Bn +€Y) ® (Ep + ¢2))t
= (Em @ FE,®Ep)t
+ (X ®Ep @ Ep)t + (Ep @Y ® Ep)t + (Em ® E, @ Z)t] + O(€?).

The linear map corresponding to the Jacobian matrix of ¢; in I is called the differential of
@y in I. It maps the tripel (X,Y, Z) to the coefficient of ¢ (in square brackets). We conclude
that the rank of this differential equals dimimy:, hence ¥(¢) equals the dimension of the
kernel of this differential.

Summarizing, we have proved the following.
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LEMMA 2.4. For a tensor t = [t;j,] € C™*"*P the invariant v(t) equals the dimension of the
set of solutions of the homogeneous system of linear equations

m n P
Vi<m,j<nl<p:Y Xigpio+ > Yiplipe+ Y, Zeptijo =0

p=1 p=1 p=1
in the m? 4+ n? 4 p? variables Xiie, Vi, Zaty

For instance, ¥((1)) equals the dimension of the solution space of X +Y + 7 = 0, hence

(D) =2

REMARK 2.5. One can show that v(¢) equals the dimension of the isotropy group T'(¢) of ¢,
which is defined as

D(t) i= {(a,4,7) € GL(m) x GL(n) x GL(p) | (a @ B 7}t = 1}.
The isotropy groups of tensors have been thoroughly investigated by de Groote [9, 10, 11].

As a first application of Lemma 2.4 we show that the invariant v is additive with respect
to direct sums of concise tensors.

PROPOSITION 2.6. Ift! 1% are concise tensors, then (! & t2) = (1) + v(t?).

ProoF. We denote the format of t# by (my,n,,p,). Let X,Y,Z be square matrices of
size m1 +ms, N1 +ns, p1 + po, respectively. We subdivide X into four blocks X#¥ € k™uX"v
(I < p,v < 2) and proceed similarly for Y and 7. The linear system of equations of
Lemma 2.4 for the tensor t' @ ¢? then becomes

1141 1141 1141 _
(a Zp Xiﬂ tpﬂ + Zp Yjp tipﬁ + Ep Zﬁptijp =0,

2141 _ 2141 _ 2141 _
(b) 32, Xiptpie =0, 22, Yiptipe =0, 32, Zipti, =0,

)
)

(©) Zp Xilf?t%jl =0, Zp lefft?pﬁ =0, Zp Zflf?t?jp =0,
)

2242 2242 2242 _
(d) 32, Xt + 22, Yin tipe + 22, Ziptijp = 0,

where i, j, £ vary in the corresponding ranges. The conditions (a) express that (X1, V11 Z11)
is a solution of the system of equations corresponding to ¢! according to Lemma 2.4. Similarly
for (d). If ¢! is concise, then conditions (b) are satisfied iff X! = 0,Y?! = 0,72! = 0.
Similarly for (c). These observations prove the lemma. O

3. Proof of Thm. 1.1

We are going to compute the value of v for the structural tensor of the matrix multi-
plication map C¢*? x Ch** — Ce** (A, B) +— AB. We denote this tensor as usual by
(e, h,f) € k>N @ kh*t @ k¢ it is explicitly described by

(€ B O pr) (o) (m) = Srodsodpr



where §,, is the Kronecker delta (cf. [5, (14.20)]). It can be directly checked from the defi-
nition that (e, h, £) is concise (cf. [5, Prop. (14.41)]). Later on, we will need the fundamental
relation (cf. [5, Prop. (14.26)])

(e1,h1,41) @ (ez, ha, £a) =~ (e1e2, hihy, £103). (3.1)

LEMMA 3.1. We have y({e,h,£)) = e? + h> +¢? — 1 for all e, h, £ > 1.

Proo¥F. The system of linear equations in Lemma 2.4 corresponding to the matrix tensor
(e, h, £) reads as
G50 X (pr)(mp) + o Y(po)(rs) + Orp Z(sm)(op) = 0 (32)

forall 1 <p,mn<e, 1<r,p<h, 1<s,0</l ThsimpliesforallpZm,r#p, s#0c
Xpr)(mp) = Y(po)(rs) = Z(sm)(op) = 0

Moreover, we obtain from (3.2)

VpVr#pVs © Xor)pe) = Xir)(1p) = —Yio1)(r1) = = Yps)(rs)s
VpVpVs# o Yipoyes) = Y10)(1s) = =Z(s1)(01) = ~Z(sp)(op)
Vp#mVr¥s : Zmysp) = Zamap) = —Xp1)(n1) = = X(pr)(ar)-

Furthermore, (3.2) implies for all p,r, s
Xpr)or) + Yirs)rs) + Z(sp)(sp) = 0- (33)

From this we see that the solutions (X,Y,7) of the linear system of equations (3.2) are
uniquely determined by the values of X(1,)(1,), Y(10)(15), Z(1m)(1p) fOr p £ 7, 7 # p, s # 0,
which may be chosen arbitrarily, and by the values of X,y(pr), Yirs)(rs), Z(sp)(sp), Which are
to be chosen subject to the constraint (3.3). On the other hand, it is easy to check that the
solutions of (3.3) may be uniquely obtained as

X(pr)(pr) = —Up — Up, }/(r.s)(rs) = vr + ws, Z(sp)(sp) = Up — Ws

where uy,...,Ue, V1, ..., 05, Ws,...,wy € k and w; = 0. Altogether, we conclude that the
dimension of the solution space of the linear system of equations (3.2) equals

(—e)+ (A —h)+ (> =)+ (e+h+l—1)=€"+h"+{* -1
which shows that y({e, h,€)) = e? + h?+£* - 1. O
In [17] Schonhage discovered that the border rank is not additive. His counterexample is
R((e,1,6) @ (1,n,1)) = el + 1,

for n = (e — 1)(£ — 1), while R({e, 1,£)) = ef and R((1,n, 1)) = n. Using this, we can now
supply the proof of Thm. 1.1. We will denote the r-fold direct sum of a tensor ¢ by rt.

ProoF. (of Thm. 1.1) By Schénhage’s example, we have

s1:={e, ,2)® (l,e—1,1) < (2e + 1) =: t;.
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Moreover, obviously sy := (1,2,1) < (2) =: 5. Using (3.1) it is easy to check that s :=
(s1 ®t2) @ (s2 ®t1) and t := (51 @ s2) @ (t1 @ t3) can be expressed as

s~ 2e,1,2)@21e—1,1)@ (2¢ + 1)(1,2, 1),

¢ (6,2,2) @ (1,2¢ — 2,1) @ (4e + 2)(1, 1, 1).

12

Let [t] € BT denote the isomorphism class of a concise tensor ¢. The asymptotic de-
generation < allows an extension to the ring B of tensor classes, compatible with the ring
operations. Thus we may conclude from [s;] < [t;] that 0 < [t;] — [s;] for ¢ = 1,2. Hence
0 < ([ta] = [s1])([t2] — [s2]), which implies

[s] = [s1][tz] + [s2][t1] < [sal[sa] + [ta][t=] = [2].

Thus s is an asymptotic degeneration of ¢. If the degeneration allowed a compatible extension
to the ring B, then we could conclude that s < ¢ in the same way. It is therefore sufficient
to prove that this is not the case.

With Prop. 2.6 and Lemma 3.1 we obtain by a short computation (recall that matrix
tensors are concise)

v(s) = 4e? 4 6e + 17, 4(t) = 5e? + 16.

This implies that v(s) < ¥(t) for e > 7. Now the point is that s and ¢ have the same format
(m,n,p) := (8¢,6e + 4,6e + 3), so both can be interpreted as (concise) tensors in C™*"*?!
Therefore, Thm. 2.2 implies that s is not a degeneration of ¢, which finishes the proof. O
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