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Abstract. We define a counting class #P, 4 in the Blum-Shub-Smale-
setting of additive computations over the reals. Structural properties of
this class are studied, including a characterization in terms of the classi-
cal counting class #P introduced by Valiant. We also establish transfer
theorems for both directions between the real additive and the discrete
setting. Then we characterize in terms of completeness results the com-
plexity of computing basic topological invariants of semi-linear sets given
by additive circuits. It turns out that the computation of the Euler char-
acteristic is Fl’lﬁ;ﬂdd-complete7 while for fixed k, the computation of the
kth Betti number is FPAR.q4-complete. Thus the latter is more difficult
under standard complexity theoretic assumptions. We use all the above
to prove some analogous completeness results in the classical setting.

1 Introduction

In 1989 Blum, Shub and Smale [4] introduced a theory of computation over the
real numbers with the goal of providing numerical computations (as performed
e.g., in numerical analysis or computational geometry) the kind of foundations
classical complexity theory has provided to discrete computation. This theory
describes the difficulty of solving numerical problems and provides a taxonomy
of complexity classes capturing different degrees of such a difficulty.

Since its introduction, this BSS-theory has focused mainly on decisional prob-
lems. Functional problems attracted attention at the level of analysis of particu-
lar algorithms, but structural properties of classes of such problems were hardly
studied. So far, the only systematic approach to study the complexity of cer-
tain functional problems within a framework of computations over the reals is
Valiant’s theory of VNP-completeness [6,30,33]. However, the relationship of
this theory to the more general BSS-setting is, as of today, poorly understood.
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A detailed account of the research on complexity of real functions within the
classical framework can be found in [14].

A first step in the study of functional properties could focus on complexity
classes related to counting problems, i.e., functional problems, whose associated
functions count the number of solutions of some decisional problem.

In classical complexity theory, counting classes were introduced by Valiant
in his seminal papers [31, 32]. Valiant defined #P as the class of functions which
count the number of accepting paths of nondeterministic polynomial time ma-
chines and proved that the computation of the permanent is #P-complete. This
exhibited an unexpected difficulty for the computation of a function, whose def-
inition is only slightly different from that of the determinant, a problem known
to be in FNC? C FP, and thus considered “easy.” This difficulty was highlighted
by a result of Toda [28] proving that PH C P#P i, that #P has at least the
power of the polynomial hierarchy.

In the continuous setting, i.e., over the reals, the only attempt to define
counting classes was made by Meer [17]. He defined a real version of the class
#P and studied some of its logical properties in terms of metafinite model theory.
Meer did not investigate complete problems for this class.

In this paper we will define and study counting classes in the model of addi-
tive BSS-machines [15]. The computation nodes of these machines perform addi-
tions and subtractions, but no multiplications and divisions. The corresponding
complexity classes are denoted by Paqq and NP,q4>.

The results in this paper can be seen as a first step towards a better under-
standing of the power of counting in the unrestricted BSS-model over the reals
(allowing also for multiplications and divisions). A sequel to this paper studying
this setting is under preparation [§].

Our results can be grouped in two kinds: structural relationships between
complexity classes and completeness results. The latter (for whose proofs the
former are used) satisfy a driving motivation for this paper: to capture the
complexity of computing basic topological invariants of geometric objects in
terms of complexity classes and completeness results.

Due to space limitations, proofs had to be omitted in this extended abstract.

2 Counting Classes and Completeness

Recall that #P is the class of functions f: {0,1}*° — N for which there exists a
polynomial time Turing machine M and a polynomial p with the property that
for all n € N and all « € {0,1}", f(2) counts the number of strings y € {0, 1}7(")
such that M accepts (x,y).

By replacing Turing machines with additive BSS-machines in the above def-
inition, we get a class of functions f : R® — N U {oco}, which we denote by
#P_ 44 Thus f(z) counts the number of vectors y € RP(™) such that M accepts

3 To distinguish between classical and additive complexity complexity classes, we use
the subscript “add” to indicate the latter. Also, to further emphasize this distinction,
we write the former in sans serif.



(z,). By counting only the number of “digital” vectors y € {0,1}?("), we obtain
a smaller class of functions f : R* — N denoted by D#P, 4.

Completeness will be studied either with respect to parsimonious reductions
or with respect to Turing reductions (see [24] for definitions).

We can prove that there is a wealth of natural complete problems for the
class D#P, 4 with respect to Turing reductions. This follows from the following
general principle:

Proposition 1. Let f: R*® — N belong to D#P,4q and assume that the re-
striction of f to Z*° is #P-complete with respect to Turing reductions. Then f
15 #P qq4-complete and thus D#P 44-complete with respect to Turing reductions.

The proof is based on the results of Sect. 3 and extends previous results due
to Fournier and Koiran [11].

Proposition 1 yields plenty of Turing complete problems in D#P, 4. We just
mention two particularly interesting ones. Assume that we are given a graph
G with real weights on the edges and some w € R. We define the weight of a
subgraph as the sum of the weights of its edges.

1. (Counting Traveling Salesman) Let #TSPr be the problem to count the
number of Hamilton cycles of weight at most w in the graph G.

2. (Counting Weighted Perfect Matchings) Let #PMpg be the problem to count
the number of perfect matchings of weight at most w in the graph G (here
we assume that G is bipartite).

Valiant [31, 32] proved the #P-completeness of the problem to count the num-
ber of Hamilton cycles of a given graph, and of the problem to count the number
of perfect matchings of a given bipartite graph. Together with Proposition 1 this
immediately implies the following.

Corollary 1. The problems #TSPr and #PMg are D#P, 44-complete with re-
spect to Turing reductions.

3 The Power of Discrete Oracles and Boolean Parts

One can assign to any complexity class C of decision problems a corresponding
counting complexity class # - C as follows [29]. To a set A € {0,1}* and a
polynomial p we assign the function #% : {0,1}>* — N, which associates to
z € {0,1}" the number #% (z) := |{y € {0, 1}*(™ | (z,y) € A}|. To a complexity
class C of decision problems we assign #-C := {#", | A € C and p a polynomial}.
Similarly, one assigns # -C and D# - C to a complexity class C over R. Note that
# - P =#P, # - Paga = #P,4q, and D# - Paga = D#P 14q.

The following result says that for several classical? complexity classes C con-
sisting of decisional problems, the corresponding additive complexity class Caqq

4 All along this paper we use the words discrete, classical or Boolean to emphasize we
are refering to the theory of complexity over a finite alphabet as exposed in, e.g., [1,
24].



is contained in, or even equal to, P, . That is, all problems in Caqq can be
solved by an additive machine working in polynomial time and having access to
a (discrete) oracle in C. Likewise, if C is a classical complexity class of functions
{0,1}°° — {0,1}*, we obtain that Cagq € FPSy,.

Theorem 1. The following statements hold (k > 0):

L E];dd < P§§d7 T*aaa C ngw PHada = chll-id'

2. DSk, CFPHY DTk, C FPAT | D#. PH,q C FP#PH.
3. PARaqq = PPIRACE.

4. FPAR,qq = FP {ftaaa — ppPSPACE.

This result was already stated and proved for the class NP.4q in Fournier
and Koiran [11]. Moreover, in [11, Remark 2] it was mentioned that the result
for NP,qq can be extended to the classes of the polynomial hierarchy and to
PAR.qq. So what is new in Theorem 1 is the extension to the counting classes,
and to the functional class FPAR,qq. As in [10,11], the proof relies on Meyer
auf der Heide’s (nonuniform) construction of small depth linear decision trees
for point location in arrangements of hyperplanes [19, 20], see also Meiser [18].

An interesting application of the above insights is that Toda’s famous re-
sult [28], as well as its extension by Toda and Watanabe [29], carries over to the
real additive setting.

Corollary 2. We have D#- PH,qq C FP%].

We use this to prove that the counting class #P,q4 is closely related to its
digital variant D#P, 44, in the sense that a #P,44-oracle does not give more
power to an additive polynomial time Turing machine than a D#P,44-oracle

Theorem 2. We have FPfdi“dd = FPanEP“dd = FPﬁiF;. In particular, a counting
problem in D#P, 44 is D#P,qq-complete with respect to Turing reductions iff it
8 #P,4q-complete with respect to Turing reductions.

The Boolean part of D#P, 4 consists of the restrictions of all functions in
D#P, 44 to the set of binary inputs {0,1}°°. The proof of the following proposi-
tion is similar to that of [3, Theorem 2, Chap. 22].

Proposition 2. We have BP(D#P,44) = #P/poly.
An application of our structural insights is the following transfer result.

Corollary 3. We have the following transfer results:

1. #P,qq C FPuuq iff D#Poq C FPoaq iff #P C FP/poly.
2. FPAR,4q C FP7 299 iff PSPACE C P#P /poly.

8. Similar equivalences hold for additive machines without constants and uni-
form classical complezity classes, respectively.



4 Complexity to Compute Topological Invariants

Algebraic topology studies topological spaces X by assigning to X various alge-
braic objects in a functorial way. In particular, homeomorphic (or even homotopy
equivalent) spaces lead to isomorphic algebraic objects. For a general reference
in algebraic topology we refer to [13,23].

Typical examples of such algebraic objects studied are the (singular) homol-
ogy vector spaces Hy(X;Q) over Q, defined for integers k € N. The dimension
bi(X) of Hi(X;Q) is called the kth Betti number of the space X. The zeroth
Betti number bg(X) counts the number of connected components of X, and for
k > 0, br.(X) measures a more sophisticated “degree of connectivity”. Intuitively
speaking, for a three-dimensional space X, b1(X) counts the number of holes
and by(X) counts the number of cavities of X. It is known that by (X) = 0 for
k > n := dim X. The Betti numbers modulo a prime p are defined by replacing
the coefficient field Q by the finite field ).

The Euler characteristic of X defined by x(X) := Y p_(—1)*bx(X) is an
important numerical invariant of X, enjoying several nice properties. For a finite
set X, x(X) is just the cardinality of X.

The notion of a cell complex [13, 23] will be of importance for our algorithm
to compute the Euler characteristic and the Betti numbers. For instance, if
X is decomposed as a finite cell complex having cj cells of dimension k, then
(X) = Sy (1) (X).

We remark that the number of connected components, the Euler character-
istic, and the Betti numbers lead to interesting lower complexity bounds for
semi-algebraic decision problems, see [2, 34, 35] and the survey [7].

4.1 Semi-linear Sets and Additive Circuits

In this paper, we will confine our investigations to semi-linear sets X C R",
which are derived from closed halfspaces by taking a finite number of unions,
intersections and complements. Moreover, we assume that the closed halfspaces
are given by linear inequalities of “mixed type” a1 Xy + -+ + a, X, < b with
integer coefficients a; and real right-hand side b.

We will represent semi-linear sets by a very compact data structure. An
additive circuit C is a special arithmetic circuit [12], whose set of arithmetic
operations is restricted to additions and subtractions. The circuit may have
selection gates and use a finite set of real constants. The set of inputs accepted
by an additive circuit is semi-linear, and any semi-linear set can be described
this way. (See [3] for details.)

The basic problem CSAT.qq to decide whether a given semi-linear set X
is nonempty turns out to be NP,4q-complete [3]. By contrast, the feasibility
question for a system of linear inequalities of the above mixed type is solvable
in Paqq. This is just a rephrasing of a well-known result by Tardos [27].

Over the real numbers, space is not as meaningful a resource as it is in
the discrete setting [21]. The role of space, however, is satisfactorily played by
parallel time formalized by the notion of uniform arithmetic circuits [4,9]. We



denote by PAR,q4q the class of decision problems for which there exists a P,qq-
uniform family (C,,) of additive circuits such that the depth of C,, grows at
most polynomially in n. FPAR,qq denotes the class of functions f which can
be computed with such resources and such that the size of f(z) is polynomially
bounded in the size of z. (The size of a vector is defined as its length.)

In the computational problems listed below, it is always assumed that the
input is an additive circuit C and X is the semi-linear set accepted by C. We also
say that X is defined or given by C.

4.2 Complexity to Compute the Dimension

Our first results deals with the computation of the dimension. For all d > 0, the
problem DIM,44(d) consists of deciding whether the set X given by an additive
circuit C has dimension at least d. We define dim @) := —1 so that we can decide
for nonemptyness using the dimension function.

Theorem 3. For all d > 0, the problem DIMaqq(d) is NP aqq-complete.

4.3 Counting Connected Components

Consider the reachability problem REACH,q4q to decide for a given additive cir-
cuit C and two points s and ¢, whether these points are in the same connected
component of the semi-linear set X defined by C. The corresponding counting
problem #“CSAT ,qq is the problem of counting the number of connected com-
ponents of X given by C.

Theorem 4. The problems REACH,qq and #“CSAT.qq are PAR.qq-complete
and FPAR ,qq-complete with respect to Turing reductions, respectively.

The lower bound in this result is inspired by an early paper by Reif [25] (see
also [26]), which showed the PSPACE-hardness of a generalized movers problem in
robotics. Reif’s result implies that the analogue of REACH,qq for semi-algebraic
sets given by inequalities of (nonlinear) rational polynomials is PSPACE-hard.
We cannot apply this result in our context, since we are dealing here with lin-
ear polynomials (of mixed type). However, we borrow from Reif’s proof the
idea to describe PSPACE by symmetric polynomial space Turing machines [16].
Roughly speaking, this is a nondeterministic Turing machine with the property
that its transition relation is symmetric. Thus its configuration digraph is in fact
a graph, which is essential for capturing the symmetric reachability relation of
REACH 44-

4.4 Euler Characteristic and Betti Numbers

Let EULER,4q denote the following problem: given an additive circuit C defining
a closed semi-linear set X, compute the Euler characteristic x(X) of X. Hence
only circuits defining closed semi-linear sets are considered to be admissible



inputs. By convention, we assume that x(f) := oo, so that we can distinguish
empty sets from nonempty ones.

The next lemma tells us that both closedness and compactness of a semi-
linear set can be checked within the allowed resources.

Lemma 1. Both closedness and compactness of a set X given by an additive
. . . . #P
circuit can be decided in P74 ,.

Theorem 5. The problem EULER,qq is FPjZZ—complete with respect to Turing
reductions.

For k € N, we define BETTI,q4(k) to be the problem of computing the kth
Betti number of a closed semi-linear set given by an additive circuit. The prob-
lem of computing the kth Betti number modulo a prime p shall be denoted by
BETTI,44(k, mod p). Note that for k = 0, these are just the problems of count-
ing the number of connected components, respectively counting them modulo p.

The following result extends Theorem 4.

Theorem 6. For any k € N and any prime p, the problems BETTI,q4(k) and
BETTI,44(k, mod p) are FPAR,qq-complete with respect to Turing reductions.

The PAR,qq-hardness of BETTI,qq4(k) is deduced from Theorem 4 by estab-
lishing a parsimonious reduction from #“CSAT,qq to BETTI,qq(k). This can
be done using the suspension construction of algebraic topology. A short outline
of the upper bound proof is given in Sect. 4.6.

These results give a complexity theoretic distinction between the problems
to compute the Euler characteristic and to compute Betti numbers. The compu-
tation of the Fuler characteristic is strictly easier than the computation of the
number of connected components, or more generally than the computation of the
kth Betti number for any fixed %, unless the unlikely collapse FPSPACE = FP#?
happens. Intuitively, the fact that EULER,q4q is easier than BETTL,qq(k) can
be explained by the various nice properties satisfied by the Euler characteristic.

4.5 Completeness Results in the Turing Model

Let us now restrict the inputs in the three problems P studied above to constant
free additive circuits and denote the resulting computational problem by P°.
Note that constant-free circuits can be encoded over a finite alphabet and thus
be handled by (classical) Turing machines.

Corollary 4. For any k,d € N and any prime p, DIMgdd(d) is NP-complete,
EULER?,, is FP#P_complete, and BETTI,,(k), BETTI?, (k, mod p) both are
FPSPACE-complete.



4.6 Computing Betti Numbers mod 2 in FPSPACE

We outline the proof of BETTI?,,(k,mod2) € FPSPACE. Working modulo 2
has the advantage that we do not have to worry about orientations.

For s,n € N we define ‘H; ,, to be the set of affine linear polynomials ay +
>r ,a;X; with integer coefficients a; such that > 1 |a;| < 2% We denote
by Fs the set of all non-empty sets ' = (\;cyy. {z € R™ | f(2) = o(f)},
corresponding to some sign function o: Hs, — {—1,0,1}. The space R" is the
disjoint union of all F' € F;,,. We will call this the universal cell decomposition
for the parameters s, n, and we call the sets F' € F;,, the corresponding faces or
cells.

It is known [4, Thm. 3, Chapt. 21] that each face F' € F ,, contains a rational
point of bit-size at most (sn)¢, for some fixed constant ¢ > 0. We shall therefore
encode a face F € Fy, by a triple (s,n,7) € N? x Q such that z € F and
the bit-size of z is at most (sn)¢. (Note that one may need exponentially many
inequalities to describe a face F.)

If X C R” is compact and a finite union of faces in Fj ,, then the decom-
position of X is a finite cell complex. The important thing to check here is that
the boundary of a cell in F;,, is a union of cells in Fj ,,.

Let C be an additive circuit of size s that defines a compact semi-linear set
X C R™ We assume that C uses only the constants 0,1 and that it branches
according to the sign of intermediate results in a ternary way (< 0, = 0, > 0).
The set of inputs in R™, whose path in the corresponding computation tree ends
up with a specific leaf v, shall be called the leaf set D, of v. Note that each
nonempty leaf set D, of C is union of faces of F; ,,, where s denotes the size of C.
Therefore, {F € F,,, | F C X} is a finite cell complex.

We are going to define the cellular homology of this cell complex with respect
to the coefficient field Fo. Two faces F, F’ of Fy, are called incident iff F' is
contained in the closure of F, and if the dimensions of F and F’ differ exactly
bye one. Let @ denote the set of the k-cells of the cell complex and C be
the Fo-vector space having @ as a basis. The boundary map Ox: Cryr1 — Cg
is the Fy-linear map defined for F' € ®pyq by Ok(F) = > [F, F'] F', where
the sum is over all I’ € @}, incident to F. The image Bj := imd; of 0y is
called the vector space of k-boundaries, and the kernel Z := ker 0y_1 is called
the space of k-cycles. The kth cellular homology vector space is defined as the
quotient space Hy := Zy/By. It is well known [13,23] that Hj is isomorphic to
the singular homology vector space Hy(X;Fs3). Therefore, by := dim Hy, is the
kth Betti number modulo 2, which is independent of the cell decomposition. We
have by, = dim Zj, — dim By, = ¢ — pr—1 — pi, where py, := rank 9y, and ¢, = |Py|.

Lemma 2. The incidence of faces F, F' in Fs , s,n € N, can be decided in PH.

‘We make now a short digression on space efficient linear algebra. By a succinct
representation of an integer matrix A = (a;;) we understand a Boolean circuit
computing the matrix entry a;; from the index pair (4, j) given in binary.

Combing the results of [22] and [5], we obtain:



Lemma 3. The rank of an N x N integer matriz A given in succinct represen-
tation by a Boolean circuit B can be computed by a Turing machine with space
polynomial in log N, the depth of B, and the log of the mazimal bitsize of the
elements of A.

The proof that BETTI?,,(k,modp) is contained in FPSPACE follows by
combining Lemma 2 with Lemma 3.

5 Open questions

Problem 1. In this paper, we prove completeness with respect to Turing reduc-
tions. Do we also have completeness with respect to parsimonious reductions?
For instance, how about the completeness of #TSPr in D#P_ 447

Problem 2. What is the complexity to deciding connectedness of a semi-linear
set given by an additive circuit?

Problem 3. In this paper we proved that computing the torsion-free part of the
homology of semi-linear sets is FPAR,qq-complete. What is the complexity of
computing the torsion part of this homology?
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