DECISION COMPLEXITY OF GENERIC
COMPLETE INTERSECTIONS
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Abstract. We study the complexity of algebraic decision trees that
decide membership in a semi-algebraic subset X C R™, where R is
a real (or algebraically) closed field. We prove a general lower bound
on the verification complexity (cf. [5, 14]) of the vanishing ideal of an
irreducible algebraic subset X C R™ in terms of the degree of tran-
scendency of its minimal field of definition. As an application, we de-
termine exactly the number of additions, subtractions and comparisons
that are needed to test membership in a generic complete intersection
X = Z(f1,..., fr) € R™; for the number of multiplications, divisions
and comparisons needed, we obtain an asymptotically optimal lower
bound as max;degf; — oco. This generalizes the main results in [6]. A
further application is given to test problems related to partial or con-
tinued fractions.
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1. Introduction

Let fi,..., [ € Rlz1,...,2,] be polynomials. We study the complexity of
the algorithmic problem of deciding whether a given input vector £ € R™ is a
solution of the system of equations

filz)=0,..., f-(z) =0,

i.e. of deciding whether ¢ lies in the zeroset X of these polynomials. Possible

decision procedures are e.g. obtained as follows: let fi,..., f! be a sequence
of polynomials generating the same ideal as f1,..., f.. The decision procedure
then consists in evaluating f,..., f/ at an input £ € R™ and testing the re-

sulting values for zero. More generally, we allow as decision procedures any
algorithms which compute with the four basic arithmetic operations , perform
tests according to =- or <-comparisons and use preconditioned real constants.
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Formally, such algorithms are described as algebraic decision trees. The R-
preconditioned decision complexity C'(X) of a semi-algebraic subset X C R™
is defined as the minimum number of arithmetic operations and comparisons
needed by an algebraic decision tree deciding membership in X.

Let us briefly summarize some known lower bound results. Ben-Or [3]
shows, using a result from real algebraic geometry due to Milnor and Thom,

C(X) = (logy N — mlog, 3)/log, 6,

where N is the number of connected components of a semi-algebraic subset X
of R™. If X is an irreducible hypersurface and (f) its vanishing ideal, then by
Lickteig [14]

C(X) > log,deggraph(z10if,...,2m0nf) |x
—log, deg X —log,(m + 1).

If the coefficients of f are algebraically independent over QQ, then by Biirgisser-
Lickteig-Shub [6]

de m
C(X)N%( g{n—l_ ) as deg [ — oc. (1.1)

In this paper we generalize (1.1) to algebraic subsets X C R™ which are Q-
generic complete intersections, i.e. X is zeroset of r < m polynomials fi,..., f.
whose total system of coefficients is algebraically independent over @ and

codimRn X = r. Let d; := deg f; and write for £ € N

S(dy,..., dr)(é) = { g€ Rlzg,21,...,2,,] : g homogeneous of degree 7,
deg, g < dy,...,deg, g <d,}.

Then we can show

C(X) ~ —ZdlmS dy,... ,dr)(di) as maxd; — oo. (1.2)

=1

We remark that dim S(d;, ... ,dr)(g) is just the value at £ of the Hilbert function
of the homogenization of the vanishing ideal of X. If max; d; < 2min; d;, then
the right-hand side of (1.2) equals

jed; <d; m

?

—Z
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for d = dy = ... = d, this becomes %r((d';m) —r). The upper bound in (1.2) is

obtained in the following way. First, we prove that there exists an ideal basis
floo fhof (fi,..., f) satisfying f! € y¥ + S(dy,...,d,.)%). Then we show,
using a result by Eve [7], that the complexity of f{,..., f is asymptotically
bounded from above by the right-hand side of (1.2) as max;d; — oo. The
lower bound in (1.2) turns out to be a consequence of a much more general
result: if X C R™ is an irreducible algebraic subset with minimal field of
definition K, then

3 .
C(X) > §tr.degQ[&. (1.3)

The proof of (1.3) is based on the transcendence degree bounds for complexity
(cf.[1, 2,6, 16, 17]) and the following observation: let X CY C R™ be algebraic
subsets, X irreducible and assume that Y is defined over a subfield K of R.
fXNW =YnNW for some Euclidean open subset W of R™ containing a
nonsingular point of X, then X is defined over K.

Let us now indicate the organization of the paper. In Section 2 we introduce
notations and give definitions connected with algebraic decision trees. Follow-
ing the approach initiated by Lickteig [14] we focus on the auxiliary, purely
algebraic notion of real verification complexity, which provides lower bounds
on decision complexity. In Section 3 we recall the notion of the minimal field of
definition defg/(I) of an ideal I in R ®; A, A being a k-algebra and & — R a
field extension. A lower bound on the real verification complexities of localiza-
tions (R ®x A), in real prime ideals p of R ®; A in terms of the transcendence
degree of defg/i(p) over k is proved under general assumptions. Section 4 is
devoted to our main application of this result to generic complete intersections.
In Section 5 we give another application to test problems related to “general”
partial or continued fractions, obtaining optimal lower bounds.

In fact, we prove separate lower bounds holding for the number of additions,
subtractions and comparisons, respectively for the number of multiplications,
divisions and comparisons. Also, it is shown that analogous results for alge-
braically closed fields and equality branching trees hold.

2. Some terminology

We recall some definitions following the terminology in Lickteig [14] and
Biirgisser-Lickteig [5]. Let & — R be a field extension, R real closed (e.g. k = Q,
R =R). We consider (Q*, P)-decision trees T' over m € N; these decision trees
take as inputs elements from R™, use operations in QF := &k L1 {0,1, 4+, —,*,/}
(A € k stands for the scalar multiplication with A) and branch according to the
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relations in P := {=,<}. To each leaf of such a tree T is assigned one of the
symbols yes or no. For £ € R™ we denote by T¢ the path in T' defined by the
input £ (leading to a leaf or ending prior to an unexecutable instruction).

Let X C Y C R™ be semi-algebraic subsets. We say that T' decides the
partition {X,Y \ X} of Y (or T'" decides membership in X relative to Y') if for
all £ € X the path T¢ ends up with a yes-leaf and for all £ € Y\ X the path
Te ends up with a no-leaf.

Let ¢ : Q" U P — N be a cost function (e.g. ¢y := 14y or ¢x := Ly, ).
The c-length L(c,m) of a path 7 in T is defined as the sum of the costs along
m; the c-cost of the tree T' is the maximum of the L(¢, 7) taken over all paths
7 in T. The decision complexity C(c,{X,Y \ X}) of the partition {X,Y \ X}
of Y with respect to (k and) ¢ is defined as

Cle,{X,Y \ X}) := ming maxeey L(c, Tg),

where T varies over all (QF, P)-decision trees over m deciding the partition
{X,Y \ X}. One has C(c,{X,Y \ X}) < oo for semi-algebraic X and Y
if and only if X is the trace in Y of a k-definable subset of R™. In order
to deal with arbitrary partitions {X,Y \ X} one must allow preconditioning

of certain (y,...,(s € R. This fits naturally into our model if we view these
preconditioned “constants” (y,...,(, as additional, fixed inputs; so we consider
partitions

H < X AG x (YA X)}

of {(} x Y C R*t™. We define the R-precondilioned decision complexily of
{X,Y \ X} with respect to ¢ as

Cr(e, IX, Y \ X1) = min{C(e, {{C} x X, {C} x (Y\ X)}:s €N, ¢ € R*}.

(The quantity C'(X) in the introduction is defined formally in this way consid-
ering ¢ = 1gQ,p which counts all operations and comparisons at unit cost.)

For proving lower bounds on decision complexity we employ the auxiliary
notion of real verification complexity introduced in [5]. Its definition involves
some real algebraic geometry , in particular the notion of the real spectrum of
a commutative ring. In [5] a short summary of the basic facts of this theory
which are needed for our purposes can be found. For a detailed presentation of
this theory the reader is referred to the books by Bochnak-Coste-Roy [4] and
Knebusch-Scheiderer [10].

Let us recall the definition of real verification complexity. Let A be a
commutative k-algebra. The real verification complexity of a real prime ideal
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p € SpecA in a prime cone a € Spec, A of support p with respect to an input
z € A™ and a cost function ¢ : ¥ — N is defined as

VCiisale,z,a) = min{Ly,a(c,z, F): F C A finite,
Z(IFYNW =Z(p)nW
for some neighbourhood W of a in Spec, A}.

Here Ly a(c,z, F) denotes the straight line program complexity to compute F
in the k-algebra A from the components of x with respect to the cost function
c. So the real verification complexity is the complexity of a cheapest set of
“functions” whose zeroset coincides with that of p locally at . The relation
to decision complexity is as follows: Let X CY C R™ be algebraic subsets, X
irreducible, and let Ox y := (R[z1,...,2,]/I(Y))1(x) be the localization of the
coordinate ring of Y in the vanishing ideal /(X) of X. Then we have for any
prime cone a € Spec, Oxy with suppa = I(X) and 2" := (2, + (V) ..., 2., +
1)

C(Ca {X, Y\ X}) 2 VCTJC—H?X,Y(C |k ', Oz) (2'4)

provided that the cost function ¢ satisfies ¢(—) < min{e(=), ¢(L)}.
When dealing with nonordered fields R we study a counterpart of real veri-
fication complexity, the Zariski verification complexity, which is defined as

VCisale,z,p) = min{Ly,a(c,z, F): F C Afinite, Z(F) = Z(p) in SpecA}

for a commutative k-algebra A, p € SpecA, z € A™ and ¢ : Q¥ — N a cost
function (cf. [5, 14]).

3. Verification complexity and degree of transcendency

Let &k — R be a field extension, A a commutative k-algebra and F C R®@; A
be a subset. There is a smallest subfield K of R containing k such that F' C
K @5 A. We call this subfield the coefficient field of F' in R over k and denote
it by coeff g/ (F).

Let I C R®y A be an ideal. We say that [ is defined over Aif [ = R®y J
for some ideal .J of A. For every ideal I C R @ A there is a unique smallest
subfield K of R containing k such that [ is defined over K ®; A with respect
to the isomorphism R ®; A = R @k (K ®; A) (cf. Lang [13, p. 62, chapt. I1I,
Thm. 7]). K is called the minimal field of definition of I in R over k and
denoted by defg/r(I). defg/i(1) is the smallest subfield K of R containing &
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such that there exists an ideal basis F' of I satisfying coeffr/z(F) C K. We
remark that for a polynomial ¢ € R[z] = R ®; k[x] we have

defr/e(gR[z]) = coeffr/i(g) (3.5)

if one of the coefficients of ¢ lies in k*.

THEOREM 3.1. Let k be a subfield of a perfect field R , let A be a finitely
generated k-algebra and assume p € Spec R @y A. Moreover, let ( € R", a € A®
for some r,s € N. Then:

1. For the real verification complexities we have for any prime cone a €
Spec, R @ A with suppa = p

v

VO, ks (RoxA), (€4, (s @) tr.deg,defr/(p), (3.6)
1
VO hs(Ropa), (e Ca,a) > §(tr.degkdef3/k(p) —htp). (3.7)

2. For the Zariski verification complexities we have

VCisrayay,(c:Ca,p) = tr.degidefr/i(p), (3.8)
1
VCio(rapa),(cx Ca,p') > §(tr.degkdefR/k(p)—htp), (3.9)

where p' 1= p(R @1 A),.
The proof is based on the subsequent Theorem 3.2 and Lemma 3.3.

THEOREM 3.2. Let k& — R be a field extension, A a k-algebra and p €
Spec R ®i A. Moreover assume that F' = {fi,..., f;} is a finite subset of
the localization (R @y A), and let ( € R", a € A® for some r,s € N. Then:

1. there exists U = {ug,...,us} € R @y A with ug & p such that for i =
1 t

Rf; = Rui/uo, Li(re,a),(cy,Ca, F) > tr.deg,coefl g/ (U);

2. there exists U = {ug,...,u;} C R @ A with ug € p such that for 1 =
1 [

gy

fi+ R=wi/uo+ R, 2L} (Re,a),(cx Ca, F) > tr.deggcoeff g/ (U).
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The proof is analogous as in [1, 2, 16, 17] or [6, Thm. 3].

LEMMA 3.3. Let k — R be a separable field extension with the property that k

is algebraically closed in R. Furthermore let A be a finitely generated k-algebra
and let I be an ideal of R ®;, A which is defined over A. Then:

1. All the prime divisors of I are defined over A.

2. Assume that a real prime ideal p € Spec R @ A containing [ satisfies
Z(HNW =Z(p)NW inSpec, (R®; A), (3.10)

for some neighbourhood W of some « in Spec, (R®y A), with supp a = p.
Then p is defined over A.

Proor. W.lo.g. we may assume [ = 0.
1. The canonical morphism A — R ®; A is flat, so by Matsumura [15,
p. 179, Thm. 23.2]

ASSR®kA(R ®k A) = U ASSR®kA((R ®k A)/(R ®k p/)). (311)

p'EAss o (A)

On the other hand the extension R ®@j p’ of any prime ideal p’ € Spec A with
respect to the canonical morphism A — R ®; A is again prime; namely by
Jacobson [8, p. 550, Thm. 8.51] the tensor product R ®j (A/p’) is an integral
domain since the field extension £ — R is assumed to be regular. Therefore by
(3.11) Asspg,a(R®r A) = {R®y p' : p' € Ass4(A)} and the assertion follows.

2. We proceed by induction on the height of p. If ht p = 0, then the
assertion follows from the first part of this lemma. So let us assume htp > 0.
We can replace A by A/p’ where R ®; p’ is a minimal prime ideal contained in
p, hence we may assume w.l.o.g. that A is an integral domain.

If the prime ideal p were regular, then « had a generization 3 with support
zero. (This follows e.g. from the fact that the completion of the regular local
ring (R ®; A), is a power series ring over the residue field x(p) (cf. Zariski-
Samuel[19, p. 307, § 12, Cor.]).) On the other hand our assumption (3.10)
reads as W C Z(p) which would imply p = 0, contradicting our assumptions.

Therefore p is a singular prime ideal and by the Jacobian criterion (cf.
Matsumura [15, p. 216, Lemma 1; p. 233, Thm. 30.3] or Kunz [12, p. 176,
Satz 1.15]) there is a nonzero f € A with 1 ®; f € p. We apply now the induc-
tion hypothesis to the k-algebra A/(f) and to the prime ideal pmod f(R ®; A)
of Ry (A/(f)). O
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PRrROOF. (of Theorem 3.1) 1. Let ¢ € {c4,c.}. By the definition of the real
verification complexity there is a finite subset F' = {f1,..., fi} C (R®r A),
such that

VO, ks(repay, (¢ Ca, a) = Liy(rg,a),(c, Ca, F) (3.12)

and

Z(F)NnW = Z(p) N W in Spec, (R @y A),

for some neighbourhood W of « in Spec, (R ®@; A),. Theorem 3.2 says that
there is a subset U = {ug,...,u;} C R®i A with ug & p such that for 1 < <t

Rfi = Ru;/ug, tr.degycoeffp/i(U) < Ly (re,4),(ct,Ca, F), (3.13)
respectively
fi + R =ui/uo + R, tr.degcoefl g/ (U) < 2Li(rg, ), (cx,Ca, F).  (3.14)

We first settle the case ¢ = ¢;. Let K denote the algebraic closure of
coeffp/i(U) in R. We apply Lemma 3.3 to the field extension K — R, the
K-algebra K ®j; A and to the ideal (uy,...,u;)R ®@x A, which is defined over
K ®; A, and conclude that p is also defined over K ®; A. Therefore

tr.deg,defp/i(p) < tr.deg, K = tr.deg;coeffr/(U)

and (3.6) follows with (3.12) and (3.13).

Assume now ¢ = ¢, and let y; € R such that f; = w;/ug + p;. W g €
Spec R ®; A is a minimal prime divisor of (ujug + w1,. .., guo + uz) which is
contained in p, then

Z(g)NW = Z(p)NnW in Spec, (R ®y A),. (3.15)

k is infinite since chark = 0, so by Kronecker’s trick (cf. Matsumura [15, p. 112,
Thm. 14.14]) there is a matrix A € kP 9*! such that ¢ is minimal prime divisor

of the ideal

t
(D Aij(ujuo +uy) = 1 < i < htg).
7=1
Let K denote the algebraic closure in R of the subfield obtained from coeff g/ (i)
by adjoining {35_; Aiji; : 1 < i < htg}. Lemma 3.3 implies that ¢ is defined
over K ®; A, hence by (3.15) and the same lemma also the ideal p is defined
over K ®; A. Therefore

tr.deg, K < tr.deg,coeffr/r(U) + ht g
2Lk—>(R®kA)p(c*7 Ca, F) +htp

tr.deg,defr/x(p)

<
< (3.16)
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and (3.7) is proved.

Statement (3.8) can be shown as (3.6), and for infinite k& statement (3.9)
can be proved as (3.7). We will show now (3.9) for finite k& by a reduction to
the case of an infinite ground field &.

So assume k being finite, let ¢ be transcendental over R and denote by R’
the perfect closure of R(t). We show first that the extension p’ of p with respect
to the canonical ring morphism ¢ : R @, A — R’ ®; A is prime. Namely, we
have

R @r [R() @r (R @ A)/p)] = (B @ A)/p"

Since R — (R ®y A)/p is separable and R — R(t) is purely transcendental,
FE:=R(t)®r ((R® A)/p) is an integral domain which is separable over R(t);
moreover, R(t) — R’ is purely inseparable which implies that also R’ @p) £
is an integral domain, hence p’ is prime (cf. Jacobson [8, p. 545, Thm. 8.46,
Thm. 8.47]). Since ¢ is flat we have ht p’ = ht p (cf. [15, p. 116, Thm. 15.1]).

Moreover
defrr/iey(p) = k(t)defpyi(p’) = k(t)defr/i(p),

thus tr.degy;ydef prr(s)(p') = tr.degydefr/r(p). Now, by taking into account

VCk—>(R®kA)p(C*7 §a,p(R Ok A)p) > VCk(t)—>(R’®kA)p/ (C*v (aapl(Rl Ok A)p’)7

we obtain statement (3.9) for the k-algebra A and p € Spec R @5 A from the
corresponding statement for the k(t)-algebra k(1) @ A and p" € Spec R’ @y
(k(t)@r A). O

Let us summarize the consequences of the above theorem for R-precondi-
tioned decision complexity.

COROLLARY 3.4. Let R be an algebraically or real closed field, X C Y C R™
algebraic subsets and X irreducible. Moreover, let k be a subfield of R over
which the vanishing ideal I(Y') of Y is defined. Then:

1. For real closed R and an open semi-algebraic subset U C R™ satisfying
Reg(X)NU # 0 we have

Crler.e {X MUY\ X) N UY)
Crlene, {X AU, (Y\ X)NUY)

tr.deg,defr/ (1(X)), (3.17)
L(tr.degydefr/p(1(X)) (3.18)
+1),

where Ct,< i= 1{+7_7:7§}, Cx < ' = 1{*,/,:,§}-
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2. For algebraically closed R and a Zariski-open subset U C R™ we have

Crley = {XNU(Y\X)NU}) > trdegydefr/;(1(X)),  (3.19)
Crlea={XNU,(Y\X)NU}) > I(tr.degpdefp/(I(X)) (3.20)
+ maxy ey codimy X)),

where Y denotes the set of irreducible components of Y containing X and
Cr= = Ly o=y Gz 1= Ly

PROOF. Define A := k[z]/(I(Y) N k[z]) and denote by p the image of (X
under the canonical morphism R[z] — R[z]/I(Y) = R®y A. Then defr/i(p) =
defR/k(](X)) and OX,Y = (R ®k A)p

1. We first show statement (3.17). Let a € U N Spec, Oxy with suppa =
I(X) (such a prime cone exists by [4, p. 133, Prop. 7.6.1]). Furthermore let T

be an (%, {=, <})-decision tree over m deciding membership in X N U relative
to Y NU. Then by [5, Prop. 11, Rem. 12] we have

L(C+7S7 Ta) > VOTJC—K')X,Y (C-H $I? a)

1), ; denoting the coordinate functions on Y; moreover there is

where 2’ = (z!
an open semi-algebraic subset Uy C U with o € Uy and such that T, = T, for

all £ € U;. This implies
Cleg<AXNU,(Y\X)NU}Y) > Licg <, To) 2 VCipnoyy (e, 2, a). (3.21)

For this we did not use that I(Y) is defined over k. Applying (3.21) to the
algebraic subsets {(} x X C {(} x YV C Rt (¢ € R®), the open semi-
algebraic subset R®*x U and to the prime cone determined by « via the canonical
isomorphism

Otapxx (pxy = Oxy

we obtain immediately from the definition of R-preconditioned decision com-
plexity that

Crler. <, {XNU(Y\X)NU}) > mil\rll?el}%n VCiisoyy(cr, (2’ a).  (3.22)

= s€ s s

Theorem 3.1 yields now the asserted bound (3.17).

We turn to the proof of (3.18). Let ( € R, a € R* x U N Spec, O} x {¢}xy
with supp a = I({(} x X), and let T be an (QF, {=, <})-decision tree over s+m
deciding membership in {(} x (X NU) relative to {{} x (Y NU). As before we

have

Clews, HG x (XN U)AG x (YA X)NU)}) 2 Lleag, To).
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The proof of Prop. 11 in [5] shows that there exists /' C Oxy >~ Ofixx,{c}xy
such that

L(C*,Ta) > Lk—)(’)xyy(c*aéﬂxlv F)v L(l{Z,S}vTG) > |F|
and
Z(FYNW = Z(p)nW in Spec, Oxy

for some neighbourhood W of a in Spec, Oxy. Similarly as in the proof of
Theorem 3.1, (3.16) we get that (for this estimate we do not need Kronecker’s
trick)

tr.deg,defr/u(p) < 2Lis0yxy (cx, (', ) + | F. (3.23)

Observing that L(1{=<},7,) > 1 we conclude
tr.deg,defr/i(p) < 2L(c.,To) + 2L(11= <3, T,) = 2L(ce <, Th) (3.24)

and assertion (3.18) follows.
2. The statements (3.19), (3.20) can be demonstrated similarly as (3.17),
(3.18). For the proof of (3.20) note that the condition

Z(F)NW = Z(p) "W in Spec (R @i A),

for a subset ' C R ®; A means that p is a minimal prime divisor of the
ideal (F'), hence by Krull’s principal ideal theorem (cf. [15, p. 100, Thm. 13.5])
ht p < |F|. Instead of (3.24) we therefore get from (3.23) the estimate

tr.deg,defr/i(p) + ht p < 2L(c, =, Th).

Moreover, it is clear that ht p = maxy codimy+X where Y’ varies over all the
irreducible components of Y containing X. O

In the following sections we will give examples {X,Y \ X} where Corol-
lary 3.4 leads to sharp lower bounds.

4. Generic complete intersections

Let &k — R be a field extension, A := R[zy,...,z,,] and

S = Rlxg,x1,..., 2] = G%S(Z)
te

be the standard N-graduation. Let fi,...,f. € A (resp. € S) be (homoge-
neous) polynomials of degrees dy,...,d,. We call (dy,...,d.) the degree format
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of the sequence fi,..., f,; this sequence is called k-generic of degree format

(di,...,d,)if

tr.deg,coellp/u({f1,..., [r}) = (dZ ;I;m)
i=1

Let R be an algebraically closed or real closed field, X C R™ an irreducible
algebraic subset, r := codimpm X < m. We call X a k-generic complete in-
tersection of polynomials of degrees dy,....d. if X = Z(f1,...,f.) for some
k-generic fi,..., f, € A of degree format (d,...,d,).

In order to find the transcendence degree tr.deg,defg/,(1(X)) of the van-
ishing ideal I(X) € A we will work in the homogeneous setting and recall
therefore first some facts to be used later. For f € A

b= xgegff(xl/xo,...,xm/xo) ("0 :=0)

is called the homogenization of f; for homogeneous f € S

f= Lz, o 2m)

is called the dehomogenization of f. For ideals [ in A, "I C S denotes the
homogeneous ideal generated by all *f, f € I. Conversely, ®J C A denotes the
image of a homogeneous ideal .J in S under dehomogenization. One has a 1-1
correspondence between ideals [ in A and homogeneous ideals .J in S having
the property that zq is no zero-divisor of S/.J. We remark that

The Hilbert function of a homogeneous ideal .J in S is defined as
H(J;-): N =N, H(J,0) =dimg(S/J)®.

(Here and in the sequel we use the notation MO .= M n BY for any subset
M of some N-graded B = @GN B(Z).) Consider for r < m and dy,...,d, € N
the R-subspaces

S(dy,...,d.):={g€ S:deg, g<di,...,deg, g<d,}
of S. Tt is clear that H((z{',...,z%);¢) = dimgS(dy,...,d,)".

bl r
Let fi,...,f. € S be a regular sequence of homogeneous polynomials of

degree format (dy,...,d,) and put S; := S/(f1,...,f;). Then we have the

canonical exact sequence of graded S-modules

0—>S]’_1 gS]‘_l —>S]’—>O,
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and by considering homogeneous parts we get for all y > 1,0 € Z
dimpSY = dimpS!, — dimpsiT™).

Hence the Hilbert function of (fi,...,f;) is completely determined by the
Hilbert function of (fi, ..., fj—1) and the number d;. Therefore H((f1,..., f);")

depends only on the degree format (di,...,d,) and we conclude by considering
the regular sequence z%*, . .. .z that
VEeN H((fi,...,f);0) = dimgS(dy, ..., d.)"0, (4.26)

Assume fi,..., f. € S being k-generic of degree format (di,...,d,). Then
this sequence is regular, and we have for all s < r the direct sum decomposition
(fryeoos for it 2O & 5(dy, ... )0 = 5O, (4.27)
(Proof: The condition that S s the sum of the above subspaces can be
expressed by the nonvanishing of certain polynomials over Z on the coefficients
of fi,...,fs (determinantal criterion). It is therefore sufficient to verify the
condition for some specific f1,..., f,. However f; = xf‘ do the job. The above
sum decomposition is direct because of (4.26).) If r < m, then (fi,..., f,) is
a homogeneous prime ideal in S of height r and *(fi,..., f.) is a prime ideal
in A of the same height. (This follows from Bertini’s Theorem, cf. Lang [13,
p. 211-216, Thm. 7, Prop. 12] or Jouanolou [9, p. 66, Thm. 6.3].) Note that if
R is real closed, then *(fi,..., f.) is a real prime ideal if and only if its zeroset
has codimension r in R™.

LEMMA 4.1. If f1,..., f. € S is k-generic of format (dy,...,d.), r < m, p =
(fi,..., fr)S, then

r

tr.deg,defr/i(“p) = tr.deg,defr/i(p) :ZH(p; d;)

i=1

= Y dimgS(dy,...,d,) "

=1
> - 3
B ; ( m jzggzdi m

the latter being an equality if maxd;, < 2mind;. Moreover, p = (fi,...,fl)S
for some f! € :1;?1' + S(dy, . .. ,dr)(di).
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PROOF. The lower bound estimate for y;/_; dimgS(dy, ..., dr)(di) is obvious.
By (4.25) and (4.26) it is sufficient to prove the middle equality tr.deg, defg/x(p)

= 2 H(p; d;).
Let (f:;); be a vector space basis of p‘¥) N defr/x(p)[yo, - - - Ym) and write

dime(di)

fi= 3 Nify (Aij € R).

Hence coeffg/r({f1,--., f-}) lies in the compositum of the subfields defg;x(p)
and k(A;; 11 <i<r1 <5< dime(di)) of R. Therefore, by taking trancen-
dence degrees

r dz r ‘ ‘

> ( * m) < tr.deg,defp/x(p) + > dimpp™),

i=1 m i=1

which is equivalent to
> H(p;di) < tr.degidefpri(p).
i=1

For the reverse inequality we remark that the above mentioned direct sum
decompositions (4.27) of S) allow to find a basis f!,..., f of p with the
property that forz=1,...,r

flead +S(dy,...,d)",
(f]‘ : dj < dz)S = (f]/ : dj < dz)S O

THEOREM 4.2. Let R be a real closed field, r < m. If X C R™ is a k-generic
complete intersection of polynomialsin A = R|[z1,. .., z,,| of degrees dy,...,d,,
then

Crlcr., {X, R\ X}) = Y. dimpS(dy,...,d,) ),

=1

1 r
5 S dimpS(dy, ..., d,.) .

=1

v

CR(C*,Sv {Xv R™ \ X})
For max; d; — oo

14 .
Crlcac, {X,R™\ X}) ~ 5 S dimpS(ds, ..., d,) %),
=1

3 .
Cr(lgeup, {X,R™\ X}) ~ §Zd1m35(d1,...,dr)(d‘).

=1

(Analogously for algebraically closed fields R and cy —, resp. c.=.)
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PROOF. The lower bounds follow from Corollary 3.4 and Lemma 4.1. For the
upper bounds define for e = (e1,...,¢€,) € N™ and a cost function c¢: Q¥ — N

Maxp/i(c; €;£) =
feasio® mig min Liale, (o, f)
(here *S(e)® :={*f: f € S(e)¥}). By Lemma 4.1 it is sufficient to show that
Maxpg/i(ct;e;l) < dimRS(e)(Z),
which is clear, and that

1

. €1 €y
Maxpg/i(ci;e;l) < §d1mRS(e)(£) + (m+ 1);1T¢€¢7 (4.28)
3 . €1 €y
Maxpg/ip(1gr;e; ) < §d1mRS(e)(Z) + SmrilTiei' (4.29)

(Choose e = (dy,...,d,,maxd; + 1,...,maxd; + 1) € N™ and use the rough

estimate
dimRS(e)(Z) >m™ e em (£ > maxe; — 1)

in order to show that the relative error tends to zero.) We prove (4.28) by
induction on m. W.l.o.g. we may assume e; > €3 > ... > e,. The start
“m =17 is covered by Eve [7] (see also Knuth [11, p. 474]). Since

em—1 ) )
“Slery. .., em)(z) = @ (“S(er,..., em_l)(é_]) N Ry, ...y Tmer])zd,,
7=0
we get with Horner’s rule and the induction hypothesis

Maxp/p(ces €1, ...y €mif)
em—1 1

E [idimR(S(el, ey em_l)(é_j) N R[Il, ey CL’m_l])
7=0

+meg- - emt] +em —1

1
< §dimRS(el, e em)(é) +(m+1eg - ep.

Statement (4.29) can be proved similarly. O
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5. Partial and continued fractions

In this section we apply Corollary 3.4 to test problems related to partial or
continued fractions, thus extending some results by Strassen [18].

Let & — R be a field extension, R real closed (resp. algebraically closed),
and let g/h be a rational function with g,h € R|zi,...,z,] relatively prime
and g irreducible. We will study the R-preconditioned decision complexity of
the partition

Hyn:={{& € R™ : g(§) = 0,h(€) # 0}, {€ € R™ : g(§) # 0,h(£) # 01}

Let us introduce the notation

= fae, . ), L= flzr+ M, 2, + M)

for f € R[z1,...,2,] and X € (R)™. It is clear[B from the definition that

Cr(cy.<;pn) = Crleq, gt 1),

5.30
Cr(cw<;gn) = Cr(ceg, gs px) (5-30)

for all A € (R*)™. From (3.5) and Corollary 3.4 we obtain
Cr(ct.<, Hg;r,h;r) = tlr'degkcoeffR/k(g:\}_z -1 (5.31)

> §tr.degkcoeff3/k(g/\)

Cr(Cx,<s gs p1)

under the condition that gR[z] is real.
Let us now consider the (standard) partial fraction of length n

n s
- b
ao—l—;x—b € R(a,b,z)

k3

and its reduced numerator g, and denominator h,

We denote the corresponding partition II,, 5, by PFR,. The polynomial g,,
viewed as an element of R(b,z)[a], is linear and has content one. Therefore
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gn € Rla,b,z] is irreducible. Moreover the ideal g, R[a,b, z] is real, since the
field of fractions of R[a,b,z]/(g,) is isomorphic to the field of fractions of

R(ala <eeyln, blv SRR bn7 ;L’)[ao]/(ao + Zal/(x - bl))
which is is a rational function field over R.
Let A = (ag,. -, Qn, By, Bny 1) € (R*)?*"1. Using
gn = TGn-—1 _'bngn—1'+'anhn—1

and noting that ¢,_1,h,_1; do not depend on a,,b,, we easily see by induction
on n that

coefl p/k((9n)T) = coeffp/1((gn)3) = ko, ..., Bn).
As we may assume w.l.o.g. tr.deg, R > 2n, this implies together with (5.30)
and (5.31) the following
COROLLARY 5.1. If R is real closed, then the partition PFR,, satisfies
Cr(cy <, PFR,) = 2n, Cr(co<,PFR,) =n+ 1.
(Analogously for algebraically closed R and c4 —, resp. ¢, —.)

In the same way one can study the (standard) continued fraction in R(a,b, z)
of length n
xr ‘I’ bn—l ‘I’

Up—2
ao
+ T+ bo'

In order to get a representation of this continued fraction as a quotient of two

relatively prime polynomials we recursively define a sequence of polynomials
fi € Rlag, ... ,a;_1,bg,...,b;,x] by setting f_y :=1, fo := x + by and for s > 1

fi= (2 +b;)fic1 + aiz1 fiva. (5.33)

Let g; be the polynomial obtained from f; by substituting b, — x for b, and put
hi := fofi -+ fic1. It is easy to see that g,/ f,_1 equals the continued fraction
(5.32) and we denote the partition Il,, », by CFR,.

COROLLARY 5.2. If R is real closed, then the partition CFR,, satisfies
Cr(ct,<,CFR,) = 2n, Cgr(ce<,CFR,) =n+1.

(Analogously for algebraically closed R and ¢4 —, resp. ¢.=.)
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PROOF. The upper bounds are trivial. (Note that our assumption that h,_;
does not vanish on inputs guarantees that no denominator in the continued
fraction (5.32) will vanish.)

For the lower bounds we may assume w.l.o.g. that tr.deg, R > 2n. From
the recursion

fi=bifio1r+ a1 fima+ xfic,

observing that f;_;, fi_o do not depend on a;_y, b; and taking into account
deg f; = 1+ 1, one easily deduces by induction on 7 that

coeffp/r((fi)Y) = coeffr/((fi)}) = k(ao, - ., Bi)

for A = (ag,...,i—1,B0,--.,8:,1) € (R*)**1. By induction on i one readily
shows irreducibility of f;; namely f;, viewed as an element of

R[ao, PRI ¢ 7, 8 bo, ey bi—h ZL’][CLZ'_l, bz],

is linear and its three coefficients f;_1, fi_2, xf;_1 are relatively prime by the
induction hypothesis. The field of fractions of R[a,b,z]/(fi) is isomorphic to
a rational function field over R, the ideal (f;) is therefore real. The asserted
lower bounds follows now from (5.30) and (5.31). (The properties proved for
fi are also valid for ¢g;.) O
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