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Abstract To motivate the bounded coefficient model (b.c. for
short), we note that many algorithms for arithmetic prob-
We prove lower bounds of orderlogn for both the lems, like the Fast Fourier Transform and the fast algo-
problem to multiply polynomials of degree and to divide rithms based on it, use only small constants. B. Chazelle [3]
polynomials with remainder, in the model of bounded coef- also motivated the b.c. model as a natural model of com-
ficient arithmetic circuits over the complex numbers. These putation. His argument is that the finite representation of
lower bounds are optimal up to order of magnitude. The numbers is essentially equivalent to bounded coefficients.
proof uses a recent idea of R. Raz [Proc. 34th STOC 2002] Several papers [11, 8, 12] provided size-depth trade-offs
proposed for matrix multiplication. It reduces the linear for b.c. arithmetic circuits. The concept of matrix rigidity,
problem to multiply a random circulant matrix with a vec- originally introduced by Valiant [18], hereby plays a vital
tor to the bilinear problem of cyclic convolution. We treat role. A geometric variant of this concept (euclidean metric
the arising linear problem by extending J. Morgenstern’s instead of Hamming metric) is closely related to the singu-
bound [J. ACM 20, pp. 305-306, 1973] in a unitarily in- lar value decomposition of a matrix and turns out to be an
variant way. This establishes a new lower bound on the important tool, as worked out by Lokam [8].
bounded coefficient complexity of linear forms in terms of  Chazelle [3] refined Morgenstern’s bound by proving a
the singular values of the corresponding matrix. lower bound on the b.c. linear complexity of a matrix
in terms of the singular values of. His applications are
nonlinear lower bounds for range searching problems.
1 Introduction R. Raz [13] recently proved a nonlinear lower bound on
the complexity of matrix multiplication in the b.c. model.
To our knowledge, this paper and the paper by Nisan and
Wigderson [11] are the only ones which deal with the com-
plexity of bilinear maps in the b.c. model of computation.
The main result of this paper is a nonlinear lower bound

Finding lower bounds on the complexity of polynomial
functions over the complex numbers is one of the funda-
mental problems of algebraic complexity theory. It be-

comes more tractable if we restrict the model of compu- of ordern log n to compute the cyclic convolution of two

tat|(|)n 0 arlth{nettlz(ilrcwts,twrlereftge m(;”tép“gat'?r; W'ﬂ: given vectors in the b.c. model. This bound is optimal up
scaiars Is restricted to constants ot bounded absolute Valu&y, , onstant factor. The proof uses the idea of Raz [13] to
This model was introduced in a seminal work by J. Mor-

. lishal th lexity of a bili
genstern [9, 10], where he proved that the complexity of establish a lower bound on the complexity of a bilinear map

. . . : , ,y) in terms of the complexity of the linear
multiplying a vector with some given square matrixis (z,y) = ¢(z,9) piexty

. mapsy — ¢(a,y) obtained by fixing the first input ta
bounded from below by the logarithm of the absolute value (Lemma 2.1; Ho)wever the linear circuit for the computa-
of the determinant ofi. As a consequence, he derived the '

; . . tion ofy — ©(a, y) resulting from a hypothetical b.c. circuit
lower bound%nlog.n for computing the Discrete Fourier for h?{as to<pkge fyrlmsformegd intomZIFI)one with bounded
Transform._ L. Valiant [17, 18] analyzed the_ problem 10 coefficients. This can be achieved with a geometric rigidity
prove nonl!near lower bounds on the c?omplexny of thg Dis- argument by choosing a vectoat random according to the
crete Fpuner Transform_and r_elat_ed I_mear problems in t_he standard normal distribution in a suitable linear subspace of
unrestricted model of arithmetic circuits. However, despite

many attempts, this problem is still open toda ¢ (Lemma 4.1).
Y Pis, P P Y- In the case of matrix multiplication, Raz [13] proceeded

*To appear in Proc. 43rd FOCS 2002, Nov. 16-19, Vanco@@gEEE by again applying a geometric rigidity bound to the result-




ing linear problem via the Hoffman-Wielandt inequality. 2.1 The model of computation
This approach does not seem to yield good enough bounds
in our situation, where we have to estimate the complexity ~ We will base our arguments on the model of algebraic

of structured random matrices; in the case of the convolu- straight-line programs ove, which are often called arith-

tion these are circulant matrices.

Instead, we treat the arising linear problem by extendin
Morgenstern’s bound in a new way. We define theean
square volumef a complex matrix4, which turns out to
be the square root of theth elementary symmetric func-
tion in the squares of the singular valuesofAn important
property of this quantity is that it is invariant under multipli-
cation with unitary matrices from the left or the right. We
prove that the logarithm of the-mean square volume es-
sentially provides a lower bound on the b.c. complexity o

the matrixA (Theorem 3.1). This result contains a restricted by = On+tks
version of Chazelle’s Spectral Lemma [3] as a special case.(Wrs ik Jik

From the lower bound for the cyclic convolution we ob-
tain nonlinear lower bounds for polynomial multiplication,

inversion of power series, and polynomial division with re-

mainder by noting that the well-known reductions betwee

these problems (see, e.g., [2]) preserve the b.c. property.

metic circuits in the literature. For details on this model we
g refer to chapter 4 of [2]. By a result of V. Strassen [16], we
may exclude divisions without loss of generality.

Definition 2.1. A straight-line progranT’ expecting inputs
of lengthn is a sequencél’y, ..., T';) of instructionsl';, =
(Wi ik, Jk ) Wi € {*, +, —} orTy = (wg;ix), wx € Cwith
integersiy, ji satisfying—n < i, jr < k. A sequence
of polynomialsb_,, 11, ..., b, is called theresult sequence
f of I on input variablesi, ..., a,, if for —-n < k& < 0,
and forl < k < r, by = bj,wib;, if Ty =
) andb, = wkbik if Ty, = (wk;ik), wp, €C.Tis
said tocomputea set of polynomialg” on inputay, . .
if the elements irF' are among those of the result sequence
of I" on that input. ThesizeS(I") of I is the number- of its
instructions.

'70’?’“

n
In the sequel we will refer to such straight-line programs

These lower bounds are again optimal up to order of mag-priefly as circuits. A circuit in which the scalar multipli-

nitude.

1.1 Organization of the paper

cation is restricted to scalars of absolute value at riost
will be called abounded coefficient circu{b.c. circuit for
short). Of course, the bound Bfcould be replaced by any
other fixed bound. Any circuit can be transformed into a b.c.
circuit by replacing a multiplication with a scalarwith at

In Section 2, we introduce the models of computation mostlog |A| additions and a multiplication with a scalar of

and recall some previously known results on lower bounds gpsolute value at mo&t Unless otherwise statelhg will
for b.c. linear circuits. We also recall some facts on com- gjways refer to logarithms to the baze

plex random variables. In Section 3 we introduce the mean

We now introduce restricted notions of circuits, designed

square volume of a matrix and prove an extension of Mor- for computing linear and bilinear maps.
genstern’s bound in terms of this quantity. Section 4 con-

tains the statement and proof of our main theorem, the lowerDefinition 2.2. A circuit T' = (T4, ...
bound on cyclic convolution. However, the proof of a key putsXi,...

, ') expecting in-
, X, is called dinear circuit, if w,, € {+, -}

technical lemma is postponed to Section 5. In Section 6,for every instructionl', = (wg;ix,jx), OFr wp € Cif

known reductions are applied to derive lower bounds o

polynomial multiplication, inversion of power series and di- ing inputs.Xy, ..

vision with remainder.
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2 Preliminaries

n the instruction is of the formfwy;ix). A circuit expect-
X, Y1,...,Y, is called abilinear cir-
cuit, if its sequence of instructions can be partitioned as
= (M, 1@ 16 17@W), where

1. T is a linear circuit with theX; as inputs,

2. T is alinear circuit with thé’; as inputs,
n

. each instruction froni’®) has the form(x; i, j), with
I; e 'MW andl; € T3,

. T™ is a linear circuit with the previously computed
results as inputs.

In other words, '™ and I'® compute linear functions
fi,.-, fr inthe X; andgi, ..., g in theY;. T then

We start this section by giving a short introduction to the multiplies thef; with the g; andI'® computes linear com-

model of computation.

binations of the productg;g;.



It is clear that linear circuits compute linear maps and 2.2 Singular values and geometric rigidity
that bilinear circuits compute bilinear maps. On the other
hand, it can be shown that any linear (bilinear) map can be  Following Raz [13] we define a geometric notion of
computed by a linear (bilinear) circuit such that the size in- rigidity of a matrix as follows. Letd € C™*" be a ma-
creases at most by a constant factor (cf. [2, Theorem 13.14rix with column vectorsa; € C™ andr € N. Ther-
Proposition 14.1]). This remains true when considering (geometric) rigidityof a matrix4 € C™*" is defined as
bounded coefficient circuits, as can easily be checked. From

now on, we will only be concerned with bounded coefficient rig.(A) = min max dist(a;, V),
circuits dim V=r 1<i<n

Definition 2.3. By the b.c. complexityC(y) of a bilinear where the minimum is taken over all complex subspaces
mapyp: C™ x C* — CP we understand the size of asmall- ¥ S C™ with dimension- and dist denotes the usual eu-

est b.c. bilinear circuit computing. By theb.c. complexity ~ clidean distance, i.e., digt, V) = min,ey [la — v|.
C(p™) of a linear mapy?: C* — C™ (or the correspond- This notion is closely related to the singular values of the
ing matrixA € C™*"), we understand the size of a smallest Matrix A. For the following definition see [5].

. . . . A
b.c. linear circuit computing*. Definition 2.4. Let A € C™*™andX; > ... > \,, > 0 be

By abuse of notation, we also wrié F') for the smallest  the eigenvalues of the hermitian matr4*. Thesingular
size of a b.c. circuit computing a sEtof polynomials from  valuesof A are defined as;, = VA, for1 < k < p =
the variables. (There is no serious danger of confusion aris-min {m, n}.
ing from this, since these complexity notions differ at most ) o
by a constant factor.) In [5, Thm. 2.5.3] the following characterization of the

Let p: C™ x C" — CP be a bilinear map described Singular values ofl is given:
by @k(X7 Y) - Zza’TJkX7)/J Assuming‘aijk‘ <2t N mxn
is clear that(p) < 37mnp. Therefore, iffy, ..., fi are the or41 = min{|[A - Bl2 | B € C™,1k(B) < r}, (1)
linear maps computed on the first set of inputs by an optimal
b.c. bilinear circuit forp, we havek < S(T") < 3mnp.

The complexity of a bilinear map can be related to the
complexity of the associated linear mafu, —), wherea €
;Cm. [Vl\lg] have taken the idea behind the following lemma | emma 2.2. For A € C™*™ andr € N we have
rom .

where the matrix nornfj - ||» denotes th&-norm.
We show now that the-geometric rigidity is equal to the
(r 4 1)-th singular value up to a small constant factor.

1 .
Lemma2.1. Letp: C™ x C" — CP be a bilinear map and n or1(4) <r1ig,(4) < 0r11(4) < 0, (A).

I" be a b.c. bilinear circuit computing. If fi,..., fi are
the linear maps computed by the circuit on the first set of p.)o¢  Assume according to (1) that 1 (A) = ||A—DB||2
inputs, then for alk € C™: with a matrix B of rank at most-. Let V' be the subspace
spanned by the column vectdrsof B. Then we have
Clpla,-)) < S(T) + plog (max| f;(a))). panneay =

|A = B|l2 > max||a; — b;|| > maxdist(a;, V) > rig, (A).
Proof. Leta € C™ be chosen and set= max; |f;(a)|. ’ '
Transform the circuil” into a linear circuitl” by the fol- This shows the right-hand inequality.
lowing steps: Assume nowrig,(A) = max;dist(a;, V) for a sub-
spaceV of dimensionr. Chooseb; € V such that

1. replace the first argumentof the input bya, dist(as, V) = ||a; — bs|| and consider the matri# of rank

2. replace each multiplication bfy(a) with a multiplica- ~ at mostr with column vectors;. Then
tion by 2y~ f;(a), .
. . . . . . dist(a;, V) = i —bi|| > —=[|A — Bl|2,
3. multiply each output with//2 by simulating this with e {a:, V) max la = vn | 2
at mostlog (v/2) additions and one multiplication ) .
with a scalar of absolute value at mast where the rightmost estimate follows from

This is anb.c. linear _CIrCUIt computing the map max [|a; — biHQ > = Z lla; — bi||2 > —||A— BH%-
o(a,—): C* — CP. Since there are outputs, the i n < n
size increases by at mgstog . O



To explain the naming of the geometric rigidity, we re-
mark that if we replace in (1) the-norm by the following
matrix norm @; are the columns ofl)

IA[| :== max |las],
1<i<n

then we just obtainig, (4). On the other hand, if we re-
place in (1) the-norm by the the Hamming metric, then we
get the usual matrix rigidity as introduced by Valiant [18].
For similar reasonings we refer to Lokam [8].

2.3 Complex normal random variables

A random vectorX = (Xi,...,X,) in R" is called
(multivariate) standard normal distributed iff its compo-
nentsX; are i.i.d. standard normal distributed. It is clear

that an orthogonal transformation of such a random vector

is again standard normal distributed.

Throughout this paper, we will be working with ran-
dom vectorsZ assuming complex values i@"™. How-
ever, by identifyingC™ with R2", we can think ofZ as a
2n-dimensional real random vector. In particular, it makes
sense to say that suc¢his (standard) normal distributed.

Let U be anr-dimensional linear subspace Gf'. We
say that a random vectdf with values inU is standard
normal distributed inU iff for some orthonormal basis
bi,....b, of U we haveZ =}, (;b;, where the random
vector((;) of the components is standard normal distributed

uating the corresponding integrals yields

I Ry
V= t e ‘logtdt ~ 2.83
VT Jo
1 o
0 = 3 / e /2 log2 tdt ~ 3.45.
0

Proposition 2.1. Let Z be a complex random variable,
which is centered and normal distributed. Then

0 < logE[|Z|?] — E[log |Z|*] < v, Var(log|Z|?) < 6.
Proof. By a principal axis transformation, we may assume
thatZ = A\ X + i\Y with independent standard normal
X,Y. The difference\ := log E[| Z|?]—E[log | Z|?] is non-
negative, sincéog is concave (Jensen’s inequality). By lin-
earity of the mean) as well asVar(log | Z|?) are invariant

under multiplication ofZ with scalars. We may therefore
w.l.0.g. assume that= \; > \,. From this we see that

logE[|Z?] = log E[X? + \2Y?] < logE[X? +Y?] =1
E[log|Z|?] = E[log (X* + AY?)] > Eflog X*] =1 — v,

which implies the first claim. The estimates
Var(log|Z|?) < E[log? |Z|%] < E[log?(X? 4+ Y?)] = 6.

prove the second claim. O

3 An extension of Morgenstern’s bound

Morgenstern’s bound [9] states thatAf € C™**", then

in C". Itis easy to see that this description does not dependC(A) > log|det (A)|, see also [2, Chapter 13] for details.

on the choice of the orthonormal basis. In fact, the trans-

An immediate generalization of Morgenstern’s bound is as

formation of a standard complex normal distributed vector follows. We define the-volumevol,.(A) of a matrix A €

with a unitary matrix is again standard normal distributed,
since a unitary transformatid™ — C" induces an orthog-
onal transformatiofR?” — R2".

The easy proof of the following lemma is left to the
reader.

Lemma 2.3. Let (Z4,...,Z,) be standard normal dis-
tributed in C*. Consider a complex linear combination
S = f121 + ...+ f”Zn with f = (fl,...,fn) e C".
Then the real and imaginary parts Sfare independent and
normal distributed, each with medhand variance| f||*.
Moreover, T := |S|?/2||f||? is exponentially distributed
with parameterl. That is, the density function is for

t > 0 and the mean and the variance éf are both equal
to 1.

2.4 Two useful inequalities

Let X, Y be i.i.d. standard normal random variables and
sety := 1 — E[log X?] andd := E[log?(X? + Y'?)]. Eval-

C™*™ as the maximum among the absolute values of all
r x r subdeterminants od. Then we have

C(A) > logvol,(4) )

for any matrix4A € C™*™ and1 < r < min{m,n}.

It will be important to use a variant of thevolume that
is invariant under unitary transformations. Instead of tak-
ing the maximum, we will use the sum of the squares of
the absolute values of all x » minors of the matrix under
consideration.

Definition 3.1. Let A € C™*" be a matrix. Then the-
mean square volumesv,.(A) of A is defined as

1/2
msv,.(A) = Z |det A7 s |? )
1,J
where I and J run over all subsets ofl,...,m} and
{1,...,n} of cardinality r, respectively, and4; ; is the

r X r submatrix consisting of the rows indexed byand
columns indexed by.



We remark that ford € C™*™ andA € C Theorem 3.1. For A € C"™*™ and1 < r < min{m,n}
we have

C(A) > logmsv,(A) — %log <m> (")

r r

msv,(A) = msv,.(A*), msv,.(AA) = |A|" msv,(A),

where A* denotes the complex transposeAf Moreover,
we havemsv,,(A) = |det A| for A € C**™.

The next lemma presents further properties of this new Note that this theorem implies Morgenstern's bound

C(A) > log|det A| for A € C"*™ in the case = n.

invariant. The fact that the mean square volume Afis invari-
Lemma 3.1. Let A € C™*" and letU € C™*™ V ¢ ant under unitary transformations allows us to express it in
C™*" be unitary matrices. Then, fdr< r < min {m, n}, terms of the singular values of the matrix

Proposition 3.1. Let A € C™*"™ with singular values

vol,(4) < msv,(A) < m\(n vol,(A) 01,...,0p, p =min{m,n}. Then we have for <r <p
' - ! = r)\r T that
and (unitary invariance) msv7(A) = msvi(diag(ay,...,0p) = > [] ot
I kel

v, (A) = msv,.(UAV). ,
ms v (A) = msvy( ) whereT runs over all subsets dfl, . . ., p} with r elements.

Proof.  The first claim is obvi For th d clai Hence, the square of themean square volume of a matrix

root. € first claim 1S obvious. For the second Claim ;¢ a1 elementary symmetric polynomial in the squares
we use an argument based on the Gramian determmantOf the si

T X nr e singular values.

Let A = (a1,...,a,n)" be a matrix inC with rows
;ljtfl (%n' thFor absubts.ef t%l {1"'.',[’.m} V;”EE 1l = " Proof. It is well known (see [5]) that there are unitary ma-
et A, be the submatrix ol consisting of the ToWS - yjcas 17 ¢ Ccm*m and vV e C"*" such thatU* AV =
dexed byI. Define the Gramian matrig&'; = A;A7 =
((aj,ar));ker € C™*". By the Binet-Cauchy formula (see
[1, Chapter 4]), we have that

diag(o1,...,0,). The claim then follows from the unitary
invariance of the mean square volume. m]

Proposition 3.1 implies thatsv,.(A) > of.. Combining
det Gy = det AjAT = Z |det Ag 5|2, ©) this with Theorem 3.1 and Lemma 2.2, we conclude that

! C(A) > rlogo, —n > r logrig,(A) — n. 4)

where J runs over the subsets ¢fl,...,n} of cardinal- ) o o )
ity 7. Since the scalar product definidg is invariant un- ~ We note that this bound implies the rigidity bound in
der unitary transformations, we get from (3) for a unitary Raz [13, Cor. 3.4] up to the additive term

V € C"*" that The mean square volume can be applied to obtain a vari-
ant of Chazelle’s Spectral Lemma [3]. Using entropy con-
Z |det (AV)r.s]* = det Gy = Z |det A7 ;% siderations, Chazelle obtained a lower bound for the b.c.
7 7 complexity of linear map&™ — C™ in terms of its singu-

lar values, even if up ta/2 help gates are allowed (nodes
hencemsv,. (AV) = msv, (A). Using the fact that the mean in the circuit that are allowed to compuémy function of
square volume is invariant under taking the complex trans-the previous intermediate results). We now show that the
pose, we conclude that alsesv, (A) = msv,.(UA). O mean square volume bound allows us to deal with a weaker

variant of help gates. This result is not needed for under-
Remark3.1 Ther-volume can be seen as the maximum- standing the rest of the paper.
norm of the map\" A induced byA between the exterior In what follows, we will call arunboundedyate in a lin-
algebrasA"C™ andA"C™ (see e.g., [7] for background on  ear circuit an instruction corresponding to a scalar multipli-

multilinear algebra). Similarly, the mean square volume can cation with a constant of absolute value greater than two.
be interpreted as the Frobenius normAGfA. The unitary

invariance of the mean square volume then follows from Proposition 3.2, Lethi C" — C" be alinear map and
the fact thatA” is equivariant with respect to unitary trans- b€ ab.c. circuit forp”* containingk < n unbounded gates.
formations and that the Frobenius norm is invariant under Then for anyk <r <n,

such.
ST) > (r—k)logo, — (n— k),
Lemma 3.1, combined with the bound (2), immediately
yields the following fundamental theorem. whereg,. is ther-th largest singular value ofi.



Proof. Letg;, i € I, be the linear forms computed at
the unbounded gates &f We transform the circuif into
a b.c. circuitl” by replacing each unbounded gate with a
multiplication by zero. This new circuit is obviously a b.c.
circuit of sizeS(I'") = S(I') — k, computing a linear map
P corresponding to a matri®. Let V be the orthogonal
complement ofpan{g; | ¢ € I}. Clearly,codimV < k.
The linear maps># andy? coincide onV and we denote
their common restriction t&” by (.

Leto! > --- > o2 ando? > --- > oF be the singular
values ofp? and?, respectively, andy > --- > o,y
be the firsth — k singular values op. The Courant- Fischer
min-max Theorem (see [4, Chapt. 1, Sect. 4]) gives the fol-
lowing description of the/-th singular value of a matri¥l
in terms of its associated quadratic foirhA* Ax:

¥ A" Ax,

0] = min  max
W zeW,|z|=1
where the minimum is taken over all subspaéf codi-
mension, — 1. This description easily implies that tiieh
singular value of the linear map? restricted to a hyper-
plane lies in the intervgb 2, |, o7]. Using this observation
repeatedly, we obtain that (see [4, Chapt. 1, Sect. 4.2])

®)
Using Theorem 3.1, Proposition 3.1, and (5) we thus get

o8, >0, >0t fork<r<n.

S(T) —k=8(I") >logmsv,_B—n

1 B2

= QIOg(l:[l(ai ) ) n
> (r—k)logo?, —n
> (r—k)logo? —n,

and the proof is finished.

(aog, .- .,an—1), this map turns into a linear transformation
with the circulant matrix

ag a ap—1
_ Un—1 ap An—2
Cla) =
ai az ao

LetDFT,, = (wfk)ogj,k@ be the matrix of the Discrete
Fourier Transform, witlw = ¢27*/"_ It is well known (see,
e.g., [5, Sect. 4.7.7]) that

1 L
vn vn
where the eigenvalueg, of C(a) are given by

(Mo, -, (6)

Hence the singular values @¥(a) are |\o, ..., |[An—1]-
Note that,~'/2DFT,, is unitary.

We recall that the Fast Fourier Transform provides a
b.c. bilinear circuit of sizeé)(n logn) that computes the-
dimensional cyclic convolution.

We now state the main result of the paper.

C(a) = (—=DFT,,)” 'diag(\o, . .-

) )\n71> DFT'ru

)\n_l)T = DFTn(ao, ..

.,an_l)T.

Theorem 4.1. Letp,,: C" x C™ — C™ be the bilinear map
of then-dimensional cyclic convolution. Then we have for
n— oo

1
Clpn) > Enlogn — O(nloglogn).

In fact, the proof of the theorem shows that we can
replace the constant factdr/12 by the slightly larger
value0.086. We state the theorem withy/12 for simplic-
ity of exposition.

To prepare for the proof, we need some lemmas. The
idea behind the following lemma is already present in [13].

We note that this bound does not give useful results if the We will identify linear forms ornC™ with vectors inC".

number of unbounded gates is closeito

4 A lower bound on cyclic convolution

In this section we use Theorem 3.1 to prove a lower
bound on the bilinear map of the cyclic convolution.

Letf = 37 a;a’ andg = 37" bz’ be polynomials
in C[X]. The cyclic convolution off andg is the polyno-
mial h = 27 ¢;a?, which is given by the product of
andyg in the quotient ringC[X]/(X™ — 1). More explicitly:

>

i+j=k mod n

Ccx = abj, 0<k<n.

Cyclic convolution is a bilinear map on the coefficients.
For a fixed polynomial with coefficient vecton

Lemma 4.1. Let f1,..., fr € C™ be linear forms and let
1 < r < n. Then there exists a complex subspéice C"
of dimensionr such that for a standard normal distributed
complex random vectar with values inl/, we have

DN | =

P [max |i(a)] < 2/ (1K) rig,,_, (f1,- ., fi)] =

Proof. SetR = rig,_,(f1,...,fr). Then there exists
a linear subspack C C™ of dimensionn — r such that
dist(f;, V) < Rforall 1 <i < k. Let f/ be the projection
of f; alongV onto the orthogonal complemedit := V+
of V. By our choice of the subspatéwe have|| f/|| < R.
Let (b1,...,b,) be standard normal distributed @¥*.
anda be the orthogonal projection é¢fonto U along V.
Thena is standard normal distributed with values ih



Moreover, we havef/(b) = f;(a). By Lemma 2.3, the
random variablel’ = |f/(b)|?/(2|f/||?) is exponentially
distributed with parametdr. For any real\, we get:

P[T > A = E[lr>,] < E[eT™N/2] = ¢ V2E[T/2],

On the other hand,

E[e?/?] =

sinceE[T*] = [ z*e~*dx = k!. It follows that

0
PIT >N =P[lfi®)F = 20I51]°] < 2¢72.
Since|| /|| < R, we have for a fixed that
P[Ifi(e)l > V2XR| < 2e72
By the union bound we obtain
P [max |fi(a)] = V2AR] < 2ke /2,

Setting\ = 21n (4k) completes the proof. O

In the next lemma, we state a lower bound on the b.c.
linear complexity of the circulant.

Lemma 4.2. LetU C C™ be a subspace of dimensien
For a standard normal distributed complex random veetor
with values inl, we have

>1
27

1
P |C(C(a)) > §rlogn—cn
wherec = 1(3 + v + v/20) ~ 4.23, and~, ¢ are the con-
stants introduced in Section 2.2.3.

The proof of this lemma is given in the next section. We
proceed with the proof of the main theorem.

Proof. (of Theorem 4.1) Lel” be an optimal b.c. bilinear
circuit for ¢,,, which computes the linear formp, . .., f
on the first input. Fixl < r < n, to be specified later,
and setR rig,,_,(f1,.--, fx). By Lemma 4.1 and
Lemma 4.2 there exists an € C”, such that the follow-
ing conditions hold:

1. maxj<i<k |fl(a)| S 2\/ln (4]€) R,
2. C(C(a)) > irlogn — cn.

By Lemma 2.1 and the fact that< 3n3, we get

S(T) +nlog (24/In(12n3) R) > C(C(a)).  (7)

On the other hand, by Equation (4), we get the following
upper bound orR in terms ofS(T):
ST) >C(f1,..., fx) > (n—r)log R —n.

By combining this with (7) and using the second condition
above, we obtain

2

n r
1+ ——)8( > —logn — ] .
( +n77')8( )+ 2 5 logn O(nloglogn)

Settinge = r/n yields

e(l—¢)
ST >
() = 2(2—¢)
A simple calculation shows that the coefficient of the
nlogn term attains the maximurd.086 for e 0.58.
Choosinge = 1/2 for simplicity of exposition finishes the
proof. m]

nlogn — O(nloglogn).

~
~

5 Proof of Lemma 4.2

Before going into the proof, we provide a lemma on
bounding the deviations of products of (possibly dependent)
random variables. For this we need the following auxiliary
result.

Lemma5.1. Let A = (ax;j)i<k,j<r € C™*7 be a positive
definite hermitian matrix. Thetiet A < []7_, a;;.

Proof. For a proof, see for example [1, Chapter 8]. O

Lemmab.2.LetZ = (Zy,...,Z,) be anormal distributed
random vector inC™ with mean0. Define the complex co-
variance matrix oZ by ¥ := (E[Z;Z]);x. Then we have

1
Pl|Zif | Z,|* > 6" det 2] > 5
wheres = 2~ (+v20) ~ (.02.

Proof. We first transform the product into a sum by tak-
ing logarithms. For every > 0 the Chebychev inequality
yields the bound

P[H Z(log |Z;|” — Ellog |Zj|2])‘ > 6}
= (8)
- Var(37_, log | Z;]?)

627a2
For the variance we have by Proposition 2.1

Var() log|Z;|*) = > Cov(log|Z;|*, log | Zy|?)
7,k

< Z \/Var(log |Z;|2)Var(log | Zx|2) < 726.
ik

Jj=1




Settinge? = 26 in this equation and after exponentiating
in (8) we obtain

<

P [Izll2 2P < 2mertiia E[loglzjlzl} )

1
5
By combining Lemma 5.1 with Proposition 2.1 we get
T s
logdet ¥ <> logE[|Zi|*] < yr + Y _Ellog|Z;[?].
1=1 =1

Hence we conclude from (9) that

P12 |2, <27+ dets] <

| =

from which the lemma follows. O

Proof. (of Lemma 4.2) By equation (6) we have =
DFT,a and the singular values of the circulafi{a) are
given by the absolute values of the componentsa.oSet-
ting

a=n"1?)\= n_l/QDFTna,

we obtain for the--mean square volume by Proposition 3.1

msvy(C(a)) = n" Y I lol?, (10)
I kel
wherel runs over all subsets éfi, . .., n} with » elements.

Let nowa be a standard normal distributed random vec-
tor with values in the subspadé of dimensionr. Let
W by the image ofU under the unitary transformation
n~Y/2DFT,. As a unitary transformation of, « is stan-
dard normal distributed with values in the subspate
(cf. Section 2.3). This means that there is an orthonorma
basisby, ..., b, of W such that

a=Piby + -+ Brby,

where(;) is standard normal distributed ii". Let B €
C™*" denote the matrix with the columas, . . ., b, and let
B be the submatrix o3 consisting of the rows indexed
by I, forT C{1,...,n},|I|=r.

Settinga; = («;)ier We haveay = B;3. The com-
plex covariance matrix of; is given byY := Elaaj]
B Bj, hence

det ¥ = | det By|?.

We remark that det B;|? can be interpreted as the volume
contraction ratio of the projectiof” — C!,a — ay re-
stricted tolV.

By the Binet-Cauchy formula (compare (3)) and the or-
thogonality of the basi&;) we get

Z |det B[‘2 = det ((biabj>)1§i,j§r =1.
[ I|=r

Therefore, we can choose an index 5stich that

—1
| det B |? > (:) .

By applying Lemma 5.2 to the random vectey and us-
ing (10), we get that with probability at least2,

2
msv,,

—1
(C(a)) > n"6" det & > n"o" <7:) ,
wheres = 2-(+V29) Therefore, usind”) < 2", we get
from Theorem 3.1 that
C(C(a)) > logmsv,(C(a)) —n

1 1
> §rlogn - 5(3 +log 6~ H)n,

with probability at least /2. This proves the lemma. O

6 Applications

By reducing the cyclic convolution to several other im-
portant computational problems, we are going to derive
lower bounds of orden logn for these problems. These
bounds are optimal up to a constant factor. However, we
did not attempt to optimize these factors.

6.1 Polynomial multiplication

Letf = 37 a;a’ andg = 37" bz’ be polynomials
in C[X] andfg = 27", ;2. Clearly, we can obtain the

|coeﬁicients of the cyclic convolution of andg by adding

¢ 10 ¢gay, for 0 < k < n. This observation and Theo-
rem 4.1 immediately imply the following corollary.

Corollary 6.1. Letyp,,: C* x C* — C?"~! be the bilinear
map of multiplying polynomials of degree less tharThen
we have fom — oo

Clp) > %nlogn — O(nloglogn).

6.2 Division with remainder

We will first derive a lower bound on the inversion of
power seriesnod X”*! and then use this to get a lower
bound for the division of polynomials.

Let C[[X]] denote the ring of formal power series in the
variable X. We will study the problem to compute the
first n coefficientshy, , .. ., b, of the inverse iIrC[[X]]

o
fh=14) X"
k=1



of the polynomialf =1 — """, a; X* given by the coeffi-
cientsa;. We remark that thé;, are polynomials in the,,
which are recursively given by

k—1
].7 bk = Zak,ibi.
=0

Note that the problem to invert power series is not bilinear.
M. Sieveking [14] and H.T. Kung [6] designed a a b.c. cir-
cuit of sizeO(n logn) solving this problem.

We now prove a corresponding lower bound on the b.c.
complexity of this problem by reducing polynomial multi-
plication to the problem to invert power series.

b():

Theorem 6.1. Let ¢,, be the map assigning to, , . . ., a,
the firstn coefficientdy, ..., b, of the inverse of = 1 —
", a; X" in the ring of formal power series. Then we
have forn — oo

1
> —nlogn —

O(nloglogn).

Proof. Putg =", a;X". The equation

oo 1 oo
1+kz:1kak=m:ng.

k=0
shows thatg? is the homogeneous quadratic part of
> re, b X* in the variables:;.

Let I be an optimal b.c. circuit computing, ..., b,.
According to proof of [2, Theorem 7.1], there is a b.c. cir-
cuit of size at mos® S(I') computing the homogeneous
quadratic parts of théy,...,b, with respect to the vari-
ablesa;. This leads to a b.c. circuit of size at ma@ss(T")
computing the coefficients of the squared polynomfal

Now letm := |n/3], and assume thagt= g; + X>™go
with g1, g2 of degree smaller tham. Then

9* =g} + 2012 X" + g3 X',

By the assumption on the degrees we have no “carries” and (5]

we can therefore find the coefficients of the product polyno-
mial g, go among the middle terms gf. Thus we obtain a
b.c. circuit for the multiplication of polynomials of degree
m — 1. The theorem now follows from Corollary 6.1. O

We now show how to reduce the inversion of power se-
ries to the problem of dividing polynomials with remainder.
The reduction in the proof of the following corollary is due
to V. Strassen [15], see also [2, Section 2.5].

Corollary 6.2. Let f, g be polynomials witlm = deg f >
m = deg g and g be monic. Let; be the quotient and be
the remainder off divided byg, so thatf = qg + r and
degr < degg. If ¢, denotes the function that maps the

coefficients off andg to the coefficients af andr, then we
have

1
on) > ——nlogn — O(nloglogn).
C(v2n,n) 324n ogn — O(nloglogn)
Proof. Dividing f = X?" by g = > I ;a; X%, where
ap = 1, we obtain:

n n n—1
X2 — (; ini) (; aiX"_i) + ; re X',

By substitutingX with 1/X in the above equation and mul-
tiplying with X", we get

7 n—1
= (S0 ) (S axt) + 3 rxens
=0 i=0 =0

Since the remainder is now a multiple 87+, we get

(i:aiXZ)il = (iin"_i) mod X"+,
i=0 i=0

From this we see that the coefficients of the quotient
are precisely the coefficients of the invetsed X"t of
> 5 a; X" inthe ring of formal power series, and the proof
is finished. |
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